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Ââåäåíèå. Ââåä¼ì â ðàññìîòðåíèå êëàññ S, ãîëîìîðôíûõ è îäíîëèñòíûõ

ôóíêöèé â åäèíè÷íîì êðóãå D = {z : |z| < 1}:

f(z) = z +
∞∑
n=2

anz
n.

Ñ ïîìîùüþ òåîðåìû 6.2. Pommerenke [4] çàïèøåì ëèíåéíóþ âåðñèþ öåïî÷êè

Ë¼âíåðà. f(z) = f(z, 0) - íà÷àëüíîå çíà÷åíèå öåïî÷êè îòîáðàæåíèé

f(z, t) = et(z + a2(t)z
2 + a3(t)z

3 + . . .), t ≥ 0.

Êàæäàÿ ôóíêöèÿ f(z, t) ÿâëÿåòñÿ ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ

âèäà
∂f

∂t
= z

1 + k(t)z

1− k(t)z
∂f

∂z
.

Ôóíêöèÿ k(t) èìååò âèä eiθ(t), ãäå θ(t) - âåùåñòâåííàÿ, êóñî÷íî-íåïðåðûâíàÿ

ôóíêöèÿ íà [0,∞). Â 1967 ãîäó E.Bombieri [5] ïîñòàâèë çàäà÷ó íàõîæäåíèÿ

÷èñåë

σmn = lim
am→m

inf
n− Re an
m− Re am

, m, n ≥ 2.

Áóäåì íàçûâàòü σmn ÷èñëàìè Bombieri. Â ñâîåé ðàáîòå îí ïðåäïîëîæèë, ÷òî

σmn = Bmn, ãäå

Bmn = min
θ∈[0,2π)

n sin θ − sin(nθ)

m sin θ − sin(mθ)
.

Äàííàÿ ìàãèñòåðñêàÿ ðàáîòà ïîñâÿùåíà ÷èñëåííîìó îïðîâåðæåíèþ ãèïîòåçû

Bombieri äëÿ îáëàñòè 0.5m ≤ n ≤ 0.8194m, m ≤ 81.

Âûáîð òåìû îáóñëîâëåí âîçðîñøèì èíòåðåñîì ê çàäà÷å â 2016-2017 ãîäàõ.

Çàäà÷è ðàáîòû çàêëþ÷àþòñÿ â ñëåäóþùåì:

- âûâåñòè âàðèàöèîííûå ôîðìóëû â êëàññå S;

- èçó÷èòü ïîèñê σ32, σ42, ïðåäëîæåííûé Leung;

- ðàññìîòðåòü ðàçëè÷íûå ñïîñîáû íàõîæäåíèÿ ÷èñåë Bombieri;

- ïðîâåñòè ÷èñëåííûé ýêñïåðèìåíò ïîèñêà Bmn.

Îñíîâíàÿ ÷àñòü. Îñíîâíàÿ ÷àñòü ðàáîòû ñîñòîèò èç 4 ðàçäåëîâ, à èìåí-

íî:

- âûâîä âòîðîé âàðèàöèîííîé ôîðìóëû êîýôôèöèåíòà an;
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- ÷èñëà Bombieri σ32 è σ42;

- ñëó÷àè σmn < Bmn;

- ÷èñëåííîå îïðîâåðæåíèå ãèïîòåçû Bombieri.

Ïåðâàÿ ÷àñòü ðàáîòû ïîñâÿùåíà ðàññìîòðåíèþ êîýôôèöèåíòîâ ôóíêöèè

f(z, t):

an(t) = etn+ εvn(t) + ε2qn(t) +O(ε3), n > 1, a1(t) = et.

Â ýòîì ðàçäåëå ïîêàçàíî, ÷òî êàæäûé êîýôôèöèåíò vn(t) ÿâëÿåòñÿ ìíèìûì,

à êàæäûé qn(t) - äåéñòâèòåëüíûì. Òàêèì îáðàçîì,

n− Re an(0) = −ε2qn(0) +O(ε3).

Êðîìå òîãî, ïîëó÷åíû qn(t), íåîáõîäèìûå äëÿ ðàññóæäåíèé â ñëåäóþùèõ ãëà-

âàõ: q(z) = q2z
2 + q3z

3 + q4z
4 + q5z

5 + . . ..

q2 = −
1

2

1∫
−1

θ2(x)dx;

q3 = −
1

2

1∫
−1

(2 + U1(x))θ
2(x)dx− 3

4
µ20 −

1

2

1∫
−1

1∫
x

θ(x)θ(t)dtdx =

= −
1∫

−1

(1 + x)θ2(x)dx− 3

4

( 1∫
−1

θ(x)dx

)2

− 1

4

( 1∫
−1

θ(x)dx

)2

=

= −
1∫

−1

(1 + x)θ2(x)dx−

( 1∫
−1

θ(x)dx

)2

;

q4 = −
1

2

1∫
−1

(3 + 2U1(x) + U2(x))θ
2(x)dx− 3

4
(4µ20 + 2µ0µ1)−

−1
2

1∫
−1

1∫
x

θ(x)θ(t)(2 + x+ t+ 2t)dtdx = −
1∫

−1

(2x2 + 2x+ 1)θ2(x)dx−
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−3
4
(4µ20 + 2µ0µ1)−

1

2

(
µ20 + µ0µ1 +

1∫
−1

1∫
x

2tθ(x)θ(t)dtdx

)
=

= −
1∫

−1

(2x2 + 2x+ 1)θ2(x)dx− 7

2
µ20 − 2µ0µ1 −

1∫
−1

1∫
x

tθ(x)θ(t)dtdx;

q5 = −
1

2

1∫
−1

(4 + 3U1(x) + 2U2(x) + U3(x))θ
2(x)dx− 3

4
(10µ20 + µ21 + 10µ0µ1)−

−1
2

1∫
−1

1∫
x

θ(x)θ(t)(1 + 6t+ 2x+ 3tx+
15

2
t2 +

3

2
x2)dtdx =

= −
1∫

−1

(4x3 + 4x2 + x+ 1)θ2(x)dx− 3

4
(10µ20 + µ21 + 10µ0µ1)−

−1
2

1∫
−1

1∫
x

θ(x)θ(t)(1 + 6t+ 3tx+ 2x+
15

2
t2 +

3

2
x2)dtdx.

Èñïîëüçóÿ θ(x) =
N∑
k=0

ajpj(x), ìîæíî âû÷èñëèòü ñîáñòâåííûå çíà÷åíèÿ êâàä-

ðàòè÷íîé ôîðìû ñ ïîìîùüþ êîíå÷íîé ñèììåòðè÷íîé ìàòðèöû M ðàçìåðíî-

ñòè (N + 1)× (N + 1). Äèàãîíàëüíûå ýëåìåíòû M :

M(1, 1) = 8, M(j, j) = 4, j ≥ 2.

Ýëåìåíòû íàä ãëàâíîé äèàãîíàëüþ:

M(1, 2) = 3
√
3, M(j, j + 1) = 4j/

√
4j2 − 1, j ≥ 2,

M(j, j + 2) = (2j + 1)/
√

(2j − 1)(2j + 3), j ≥ 1.

Äëÿ ýòîé ìàòðèöûM ñóùåñòâóåò ñêîïëåíèå ñîáñòâåííûõ çíà÷åíèé ðàñïðåäå-

ëåííûõ âíóòðè èíòåðâàëà (1, 10) è äèñêðåòíîå çíà÷åíèå σ = 19.97714 . . . Êî-

ãäàN áîëüøå 10, ñîáñòâåííîå çíà÷åíèå ìåíüøå 1. ×òîáû ïîëó÷èòü 0.97040 . . .,

òðåáóåòñÿ âçÿòü N > 25. Ýòî çíà÷åíèå áëèçêî ê ïîëó÷åííîìó Ïðîõîðîâûì è
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Âàñèëüåâûì [14] çíà÷åíèþ σ24 = 0.96955. Çàìåòèì, ÷òî 1/σ = 0.050057 î÷åíü

áëèçêî ê σ42, ïîëó÷åííîìó àâòîðàìè â òîé æå ðàáîòå [14].

Â ñëåäóþùåé ãëàâå ðàññìîòðåíû ÷èñëà Bombieri σ32 è σ42. Â 2001 ãîäó

R.Greiner è O.Roth[12] ïîëó÷èëè ÷èñëî Bombieri σ32 =
e− 1

4e
. Ýòî ñëåäñòâèå

îöåíêè
3− Re a3
2− Re a2

≤ 4e

e− 1
,

ïîëó÷åííîé äëÿ ôóíêöèé èç êëàññà S. Â ðàáîòå ïîêàçàíî, ÷òî ýòó êîíñòàíòó

ìîæíî ðàññìàðèâàòü êàê íàèáîëüøåå ñîáñòâåííîå çíà÷åíèå ÷èñëà Rayleigh

q3/q2 [13].

Â ðàáîòå Ïðîõîðîâà Ä.Â. è Âàñèëüåâà À.Þ. [14] ÷èñëî Bombieri σ42 ïî-

ëó÷åíî ñ ïîìîùüþ îïòèìàëüíîãî óïðàâëåíèÿ [15]. Â ìàãèñòåðñêîé ïðîäåìîí-

ñòðèðîâàíî, ÷òî êîíñòàíòó ìîæíî âû÷èñëèòü ÷èñëåííî êàê íàèáîëüøåå ñîá-

ñòâåííîå çíà÷åíèå ïðîñòîé ñèììåòðè÷íîé ìàòðèöû[16]:

2
1√
3

0 0 0 0 0 . . .

1√
3

0
2√
3 · 5

0 0 0 0 . . .

0
2√
3 · 5

0
3√
5 · 7

0 0 0 . . .

0 0
3√
5 · 7

0
4√
7 · 9

0 0 . . .

0 0 0
4√
7 · 9

0
5√
9 · 11

0 . . .

0 0 0 0
5√
9 · 11

0
6√

11 · 13
. . .

0 0 0 0 0
6√

11 · 13
0 . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .


Òðåòèé ðàçäåë ñîñòîèò èç ñëó÷àåâ íàðóøåíèÿ ãèïîòåçû Bombieri:

σmn < Bmn.

Ïîêàçàíî, ÷òî ãèïîòåçà Bombieri σmn = Bmn íå ñïðàâåäëèâà äëÿ:

1. m > 2, n = 2;
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2. m > 3 è íå÷åòíîãî, n = 3.

Äëÿ ýòîãî îïðåäåëåíû ÷èñëà:

Ln(τ) =
1

sin τ

n−2∑
k=0

(n− 1− k) sin((k + 1)τ) =
n sin τ − sin(nτ)

2 sin τ − sin(2τ)
.

Îòêóäà Bmn:

Bmn = min
τ

n sin τ − sin(nτ)

m sin τ − sin(mτ)
= min

τ

Ln(τ)

Lm(τ)
.

Èç íåðàâåíñòâà | sin(kx)| ≤ k| sin x| ∀x ∈ <, k > 0, k ∈ ℵ:

Ln(τ) =
1

sin τ

∣∣∣∣∣
n−2∑
k=0

(n− 1− k) sin((k + 1)τ)

∣∣∣∣∣ ≤
n−2∑
k=0

(n− 1− k)(k + 1)

íà [0, 2π]. Ðàññìîòðåâ ñóììó, ïîëó÷èì:

n−2∑
k=0

(n− 1− k)(k + 1) =
n3 − n

6

ïðè τ = 0. Ñëåäîâàòåëüíî, Ln(τ) íå ìåíåå
6

n3 − n
, n > 1.

Òåîðåìà 3.1.1. [24]

Äëÿ âñåõ m > 2, σm2 < Bm2. Äëÿ âñåõ íå÷åòíûõ m > 3, σm3 < Bm3.

Ââåäåì îáîçíà÷åíèÿ:

An(t) = n− sin(nt)

sin t
, t ∈ <, n ∈ ℵ,

ϕ(n) =
2n2 − 4n+ 3

n(n+ 1)
.

Òåîðåìà 3.2.1.[25]

Ïóñòü m > n ≥ 2 - öåëûå è òàêèå, ÷òî âûïîëíÿåòñÿ îäíî èç ñëåäóþùèõ

óñëîâèé:
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- m,n - íå÷åòíûå;

- m,n - ÷åòíûå;

- m - íå÷åòíîå, n - ÷åòíîå è n ≤ m+ 1

2
.

Òîãäà Bmn =
n3 − n
m3 −m

è ãèïîòåçà Bombieri äëÿ òàêèõ ïàð íå ñïðàâåäëèâà.

Äëÿ äîêàçàòåëüñòâà ýòîé òåîðåìû äîêàçàíû ëåììû:

Ëåììà 3.2.2.[25]

Äëÿ âñåõ öåëûõ n ≥ 2 è t ∈ (0, π) ñïðàâåäëèâî, ÷òî

An(t)

n3 − n
≥ An+2(t)

(n+ 2)3 − (n+ 2)
.

Ëåììà 3.2.3. [25]

Äëÿ âñåõ t ∈ < è N ≥ 2,

An(t) ≥ 0, An(2π − t) = An(t).

Êðîìå òîãî, An îáðàùàåòñÿ â 0 òîëüêî â t = 2lπ, l ∈ Z, êîãäà n ÷åòíî è

òîëüêî äëÿ t = lπ, l ∈ Z, êîãäà n íå÷åòíî.

Ñëåäóþùèé ðåçóëüòàò ïðîäåìîíñòðèðîâàí â ðàáîòå Efraimidis, Pastor.

Òåîðåìà 3.3.1. [26]

Ïóñòü m,n öåëûå è òàêèå ÷òî m - íå÷åòíîå, n - ÷åòíîå, 0.5 ≤ n/m ≤ 0.8194

è m ≥ 81. Òîãäà

min
x∈<

f(x) = f(0),

ãäå

f(x) =
n sinx− sin(nx)

m sinx− sin(mx)
,

f(0) =
n3 − n
m3 −m

.

Â ÷àñòíîñòè, ãèïîòåçà Bombieri íå ñïðàâåäëèâà äëÿ âñåõ òàêèõ ïàð.

Â ÷åòâåðòîì ðàçäåëå ðåàëèçîâàíî îïðîâåðæåíèå ãèïîòåçû Bombieri äëÿ

îáëàñòè 0.5 ≤ n/m ≤ 0.8194, m ≤ 81. Â ñîîòâåòñòâèè ñ ðèñóíêîì 1 îíà èìååò

âèä:
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Ðèñóíîê 1

×èñëåííûé ýêñïåðèìåíò âûïîëíåí ñ ïîìîùüþ ÿçûêà ïðîãðàììèðîâàíèÿ

Ñ++ è ñîñòîèò èç:

1. ïîèñêà

Bmn = min
x

n sinx− sin(nx)

m sinx− sin(mx)
;

Vmn =
(n− 1)(2n2 − 4n+ 3)

(m− 1)(2m2 − 4m+ 3)
;

2. ñðàâíåíèÿ Bmn è Vmn.

Òàêîé àëãîðèòì îñíîâàí íà ðåçóëüòàòàõ Leung [24], Efraimidis [25], Efraimidis

è Pastor [26], ïî êîòîðûì σmn < Bmn, åñëè

Bmn > Vmn.

Â ðåçóëüòàòå ïîëó÷èëè îïðîâåðæåíèå ãèïîòåçû Bombieri äëÿ 1057 òî÷åê èç

ðàññìîòðåííîé îáëàñòè. Íàïðèìåð,

1 B_2_1 = 0, V_2_1 = 0, sigma_2_1 < B_2_1

2 B_3_2 = 0.25, V_3_2 = 0.166667, sigma_3_2 < B_3_2

3 B_4_2 = 0.1, V_4_2 = 0.0526316, sigma_4_2 < B_4_2
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4 B_4_3 = 0.4, V_4_3 = 0.315789, sigma_4_3 < B_4_3

5 B_5_3 = 0.2, V_5_3 = 0.136364, sigma_5_3 < B_5_3

6 B_6_3 = 0.114286, V_6_3 = 0.0705882, sigma_6_3 < B_6_3

7 B_5_4 = 0.5, V_5_4 = 0.431818, sigma_5_4 < B_5_4

8 B_6_4 = 0.285714, V_6_4 = 0.223529, sigma_6_4 < B_6_4

9 B_7_4 = 0.178571, V_7_4 = 0.130137, sigma_7_4 < B_7_4

10 B_8_4 = 0.119048, V_8_4 = 0.0822511, sigma_8_4 < B_8_4

11 B_7_5 = 0.357143, V_7_5 = 0.30137, sigma_7_5 < B_7_5

12 B_8_5 = 0.238095, V_8_5 = 0.190476, sigma_8_5 < B_8_5

13 B_9_5 = 0.166667, V_9_5 = 0.127907, sigma_9_5 < B_9_5

14 B_10_5 = 0.121212, V_10_5 = 0.0899796, sigma_10_5 < B_10_5

15 B_8_6 = 0.416667, V_8_6 = 0.367965, sigma_8_6 < B_8_6

16 B_9_6 = 0.291667, V_9_6 = 0.247093, sigma_9_6 < B_9_6

17 B_10_6 = 0.212121, V_10_6 = 0.173824, sigma_10_6 < B_10_6

18 B_11_6 = 0.159091, V_11_6 = 0.126866, sigma_11_6 < B_11_6

19 B_12_6 = 0.122378, V_12_6 = 0.0953984, sigma_12_6 < B_12_6

20 B_9_7 = 0.466667, V_9_7 = 0.424419, sigma_9_7 < B_9_7

21 B_10_7 = 0.339394, V_10_7 = 0.298569, sigma_10_7 < B_10_7

22 B_11_7 = 0.254545, V_11_7 = 0.21791, sigma_11_7 < B_11_7

23 B_12_7 = 0.195804, V_12_7 = 0.163861, sigma_12_7 < B_12_7

24 B_13_7 = 0.153846, V_13_7 = 0.126298, sigma_13_7 < B_13_7

25 B_14_7 = 0.123077, V_14_7 = 0.0993873, sigma_14_7 < B_14_7

26 B_10_8 = 0.509091, V_10_8 = 0.472393, sigma_10_8 < B_10_8

27 B_11_8 = 0.381818, V_11_8 = 0.344776, sigma_11_8 < B_11_8

28 B_12_8 = 0.293706, V_12_8 = 0.259259, sigma_12_8 < B_12_8

29 B_13_8 = 0.230769, V_13_8 = 0.199827, sigma_13_8 < B_13_8

30 B_14_8 = 0.184615, V_14_8 = 0.15725, sigma_14_8 < B_14_8

31 B_15_8 = 0.15, V_15_8 = 0.125954, sigma_15_8 < B_15_8

32 B_16_8 = 0.123529, V_16_8 = 0.102439, sigma_16_8 < B_16_8

33 B_11_9 = 0.545455, V_11_9 = 0.513433, sigma_11_9 < B_11_9

Çàêëþ÷åíèå. Ãèïîòåçó Bombieri äëÿ ôóíêöèé èç S, èìåþùèõ äåé-

ñòâèòåëüíûå êîýôôèöèåíòû â ðàçëîæåíèè Òåéëîðà, äîêàçàëè D.Bshouty

è W.Hengartner[23]. Â 2001 ãîäó R.Greiner è O.Roth[12] ïîëó÷èëè ÷èñëî

Bombieri

σ32 =
e− 1

4e
<

1

4
= B32.

Â 2005 ãîäó Ïðîõîðîâ Ä.Â. è Âàñèëüåâ À.Þ.[5], ïðèìåíÿÿ ïàðàìåòðè-

÷åñêîå ïðåäñòàâëåíèå îäíîëèñòíûõ ôóíêöèé èíòåãðàëàìè óðàâíåíèÿ Ë¼â-
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íåðà è ìåòîä îïòèìàëüíîãî óïðàâëåíèÿ, íàøëè ÷èñëà Bombieri σ42 =

0.050057 . . . , σ24 = 0.969556 . . . , σ34 = 0.791557 . . ..

Â ýòîé ðàáîòå ïîâòîðíî ïîëó÷åíà âòîðàÿ âàðèàöèîííàÿ ôîðìóëà äëÿ êî-

ýôôèöèåíòîâ an ñ ïîìîùüþ ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

∂f

∂t
= z

1 + k(t)z

1− k(t)z
∂f

∂z
.

Íàéäåíû êîýôôèöèåíòû q(z) = q2z
2 + q3z

3 + q4z
4 + q5z

5 + . . ., íåîáõîäèìûå

äëÿ ðàññóæäåíèé â ñëåäóþùèõ ãëàâàõ.

Ïîêàçàíî, ÷òî ñóùåñòâóåò íåñêîëüêî ñïîñîáîâ íàõîæäåíèÿ ÷èñåë Bombieri,

à èìåííî ïîâòîðíî ïîëó÷åíû σ32, σ42.

Â ðàáîòå èçó÷åíû ðåçóëüòàòû Leung, Efraimidis, Pastor. Îíè ïîêàçàëè, ÷òî

ãèïîòåçà Bombieri íå ñïðàâåäëèâà äëÿ:

- m > 2, n = 2;

- m > 3 è íå÷åòíîì, n = 3;

- m,n - íå÷åòíûõ;

- m,n - ÷åòíûõ;

- m - íå÷åòíîì, n - ÷åòíîì è n ≤ m+ 1

2
;

- m - íå÷åòíîì, n - ÷åòíîì, 0.5 ≤ n/m ≤ 0.8194 è m ≥ 81.

Ñ ïîìîùüþ ïðîãðàììíîãî ïàêåòà Mapple ïîñòðîåíà îáëàñòü äëÿ m è n.

Íà ÿçûêå ïðîãðàììèðîâàíèÿ Ñ++ ïðîâåäåí ÷èñëåííûé ýêñïåðèìåíò, ïî êî-

òîðîìó ãèïîòåçà Bombieri î òîì, ÷òî σmn = Bmn íå ñïðàâåäëèâà äëÿ m, n èç

îáëàñòè 0.5 ≤ n/m ≤ 0.8194, m ≤ 81.

Òàêèì îáðàçîì, âñå ïîñòàâëåííûå öåëè è çàäà÷è ðàáîòû âûïîëíåíû.
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