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Ââåäåíèå. Â äàííîé ðàáîòå èçó÷àþòñÿ îáðàòíûå çàäà÷è ñïåêòðàëüíîãî

àíàëèçà äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ îïåðàòîðîâ. Îáðàòíûå ñïåêòðàëü-

íûå çàäà÷è çàêëþ÷àþòñÿ â âîññòàíîâëåíèè îïåðàòîðîâ ïî íåêîòîðûì èõ ñïåê-

òðàëüíûì õàðàêòåðèñòàì.Íàèáîëåå ïîëíûå ðåçóëüòàòû â òåîðèè îáðàòíûõ

ñïåêòðàëüíûõ çàäà÷ ïîëó÷åíû äëÿ äèôôåðåíöèàëüíîãî îïåðàòîðà Øòóðìà-

Ëèóâèëëÿ −y′′ + q(x)y. Îáðàòíûå çàäà÷è äëÿ îïåðàòîðà Øòóðìà-Ëèóâèëëÿ

èññëåäîâàëèñü â ðàáîòàõ Â.À. Àìáàðöóìÿíà, Ã. Áîðãà, Ì.Ã. Ãàñûìîâà, È.Ì.

Ãåëüôàíäà, Ì.Ã. Êðåéíà, Í. Ëåâèíñîíà, Á.Ì. Ëåâèòàíà, Â.À. Ìàð÷åíêî, Ô.Ñ.

Ðîôå-Áåêåòîâà, À.Í. Òèõîíîâà, Ë.Ä. Ôàääååâà è äðóãèõ àâòîðîâ. Ïåðâûé ðå-

çóëüòàò â ýòîì íàïðàâëåíèè ïðèíàäëåæèò Â.À. Àìáàðöóìÿíó. Îí ïîêàçàë,

÷òî, åñëè ñîáñòâåííûå çíà÷åíèÿ êðàåâîé çàäà÷è −y′′ + q(x)y = λy, y′(0) =

y′(π) = 0 ñóòü λk = k2, k ≥ 0, òî q(x) = 0. Òåîðèÿ îáðàòíûõ çàäà÷ ñïåêòðàëü-

íîãî àíàëèçà ÿâëÿåòñÿ èíòåíñèâíî ðàçâèâàþùåéñÿ íà ïðîòÿæåíèè ïîñëåäíèõ

äåñÿòèëåòèé îáëàñòüþ ìàòåìàòèêè, ïîñêîëüêó èíòåðåñ ê òàêèì çàäà÷àì ïî-

ñòîÿííî ðàñò¼ò.

Èññëåäîâàíèå îáðàòíûõ ñïåêòðàëüíûõ çàäà÷ îáû÷íî ñâÿçàíî ñ òðåìÿ îñ-

íîâíûìè ýòàïàìè:

1) âûÿñíåíèå òîãî, êàêèå ñïåêòðàëüíûå äàííûå îäíîçíà÷íî îïðåäåëÿþò

îïåðàòîð, è äîêàçàòåëüñòâî ñîîòâåòñòâóþùèõ òåîðåì åäèíñòâåííîñòè;

2) êîíñòðóêòèâíîå ðåøåíèå îáðàòíîé çàäà÷è: ðàçðàáîòêà ìåòîäà ðåøå-

íèÿ è ïîñòðîåíèå àëãîðèòìà âîññòàíîâëåíèÿ îïåðàòîðà ïî ðàññìàòðèâàåìûì

ñïåêòðàëüíûì äàííûì;

3) íàõîæäåíèå õàðàêòåðèñòè÷åñêèõ ñâîéñòâ ðàññìàòðèâàåìûõ ñïåêòðàëü-

íûõ äàííûõ, ïîëó÷åíèå íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèé ðàçðåøèìîñòè

îáðàòíîé çàäà÷è.

Â äàííîé ðàáîòå èññëåäóåòñÿ îáðàòíàÿ çàäà÷à ñïåêòðàëüíîãî àíàëèçà äëÿ

èíòåãðî-äèôôåðåíöèàëüíîãî îïåðàòîðà c óñëîâèÿìè ðàçðûâà

`y = −y′′ + q(x)y +

∫ x

0

M(x− t)y(t) dt = λy, x ∈
(

0,
π

2

)
∪
(π

2
, π
)
, (0.0.1)

y
(π

2
+ 0
)

= α0y
(π

2
− 0
)
, y′

(π
2

+ 0
)

= α1y
′
(π

2
− 0
)

+ βy
(π

2
− 0
)
, (0.0.2)

2



y(0) = y(π) = 0, (0.0.3)

Ïðèñóòñòâèå ðàçðûâà â ìàòåìàòè÷åñêîé ìîäåëè ñâÿçàíî ñ ðàçðûâíûìè ñâîé-

ñòâàìè ìàòåðèàëîâ èëè ñ íàëè÷èåì ðàçðûâà â ñîîòâåòñòâóþùåì ôèçè÷åñêîì

ïðîöåññå.

Îáðàòíàÿ çàäà÷à çàêëþ÷àåòñÿ â âîññòàíîâëåíèè ôóíêöèè M(x) ïî ñïåê-

òðó {λk}k≥1 êðàåâîé çàäà÷è (0.0.1)-(0.0.3). Äîêàçàíà åäèíñòâåííîñòü ðåøåíèÿ
ýòîé îáðàòíîé çàäà÷è è ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ å¼

ðàçðåøèìîñòè. Ïðè ýòîì äîêàçàòåëüñòâî êîíñòðóêòèâíî è äà¼ò àëãîðèòì ðå-

øåíèÿ îáðàòíîé çàäà÷è.

Â ïåðâîé ãëàâå ïðèâåäåíà ïîñòàíîâêà çàäà÷è è ðàññìîòðåíà õàðàòåðåñòè-

÷åñêàÿ ôóíêöèÿ. Çàäà÷à ñâîäèòñÿ ê, òàê íàçûâàåìîìó, îñíîâíîìó íåëèíåéíî-

ìó èíòåãðàëüíîìó óðàâíåíèþ, êîòîðîìó ïîñâÿùåíà âòîðàÿ ãëàâà.

Âî âòîðîé ãëàâå èññëåäóåòñÿ îñíîâíîå íåëèíåéíîå èòåãðàëüíîå óðàâíåíèå

è äîêàçûâàåòñÿ åãî ãëîáàëüíàÿ ðàçðåøèìîñòü.

Òðåòüÿ ãëàâà ïîñâÿùåíà äîêàçàòåëüñòâó åäèíñòâåííîñòè ðåøåíèÿ îáðàò-

íîé çàäà÷è è ïîëó÷åíèþ íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèé å¼ ðàçðåøèìî-

ñòè. Ïîñëåäíèå ïîëó÷åíû â òåðìèíàõ àñèìïòîòèêè ñïåêòðà.

Îñíîâíîå ñîäåðæàíèå ðàáîòû. Ïóñòü {λk}k≥1 -ñïåêòð êðàåâîé çàäà÷è
L = L(M) âèäà

`y = −y′′ + q(x)y +

∫ x

0

M(x− t)y(t) dt = λy, x ∈
(

0,
π

2

)
∪
(π

2
, π
)
, (0.0.4)

y
(π

2
+ 0
)

= α0y
(π

2
− 0
)
, y′

(π
2

+ 0
)

= α1y
′
(π

2
− 0
)

+ βy
(π

2
− 0
)
, (0.0.5)

y(0) = y(π) = 0, (0.0.6)

ãäå q(x), M(x) - êîìïëåêñíîçíà÷íûå ôóíêöèè, òàêèå ÷òî q(x) ∈ L2(0, π) è

(π − x)M(x) ∈ L2(0, π), (0.0.7)
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à α0, α1, β-êîìïëåêñíûå ÷èñëà, ïðè÷åì âûïîëíÿåòñÿ óñëîâèå ðåãóëÿðíîñòè

α0 + α1 6= 0.

Òåîðåìà 0.0.1. Ñîáñòâåííûå çíà÷åíèÿ λk, k ∈ N, çàäà÷è L èìåþò âèä

λk =
(
k +

ω1 − (−1)kω2

πk
+

κk
k

)2
, {κk}k∈N ∈ l2, (0.0.8)

ãäå

ω1 =
β

α0 + α1
+

1

2

∫ π

0

q(x) dx,

ω2 =
β

α0 + α1
+

α0 − α1

2(α0 + α1)

(∫ π

π/2

q(x) dx−
∫ π/2

0

q(x) dx
)
. (0.0.9)

Ðàññìîòðèì ñëåäóþùóþ îáðàòíóþ çàäà÷ó.

Îáðàòíàÿ çàäà÷à 0.0.2. Ïî çàäàííîìó ñïåêòðó {λk}k≥1 êðàåâîé çàäà÷è L

âèäà (0.0.4)-(0.0.6) íàéòè ôóíêöèþ M(x) â ïðåäïîëîæåíèè, ÷òî ïîòåíöèàë

q(x) è ïàðàìåòðû ðàçðûâà α0, α1, β èçâåñòíû àïðèîðè.

Íàëîæèì ñëåäóþùåå äîïîëíèòåëüíîå îãðàíè÷åíèå íà ïàðàìåòðû ðàçðûâà

α0 + α1 /∈ (−∞, 0). (0.0.10)

Òåîðåìà 0.0.3. (Ïóñòü çàäàíà ïðîèçâîëüíàÿ êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ

q(x) ∈ L2(0, π) è êîìïëåêñíûå ÷èñëà α0, α1, β, ïðè÷åì âûïîëíåíî (0.0.10). Òî-

ãäà äëÿ âñÿêîé ïîñëåäîâàòåëüíîñòè êîìïëåêñíûõ ÷èñåë {λk}k∈N âèäà (0.0.8),

(0.0.9) ñóùåñòâóåò åäèíñòâåííàÿ (ñ òî÷íîñòüþ äî çíà÷åíèé íà ìíîæåñòâå

íóëåâîé ìåðû) ôóíêöèÿ M(x), (π − x)M(x) ∈ L2(0, π), òàêàÿ ÷òî ïîñëå-

äîâàòåëüíîñòü {λk}k∈N ÿâëÿåòñÿ ñïåêòðîì ñîîòâåòñòâóþùåé êðàåâîé çàäà÷è

L(q,M, α0, α1, β).

Òàêèì îáðàçîì, àñèìïòîòèêà (0.0.8), (0.0.9) ÿâëÿåòñÿ íåîáõîäèìûì è äî-

ñòàòî÷íûì óñëîâèåì ðàçðåøèìîñòè îáðàòíîé çàäà÷è.

Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ è îïåðàòîðû ïðåîáðàçîâàíèÿ. Ïî-

ñòðîèì ðåøåíèå y = U(x, λ) óðàâíåíèÿ (0.0.4), óäîâëåòâîðÿþùåå íà÷àëüíûì

óñëîâèÿì

U(0, λ) = 0, U ′(0, λ) = 1, (0.0.11)
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à òàêæå óñëîâèÿì ðàçðûâà (0.0.5). Äëÿ ýòîé öåëè ðàññìîòðèì íåïðåðûâíî

äèôôåðåíöèðóåìûå ðåøåíèÿ C(x, λ) = C(x, λ; q,M), S(x, λ) = S(x, λ; q,M)

óðàâíåíèÿ (0.0.4), óäîâëåòâîðÿþùèå íà÷àëüíûì óñëîâèÿì

C(0, λ) = S ′(0, λ) = 1, C ′(0, λ) = S(0, λ) = 0. (0.0.12)

Çäåñü è äàëåå äëÿ òîãî, ÷òîáû ïîä÷åðêíóòü çàâèñèìîñòü òîé èëè èíîé ôóíê-

öèè f(x1, . . . , xn) îò êàêèõ-ëèáî ôóíêöèé f1, . . . , fm, èíîãäà áóäåì ïèñàòü

f(x1, . . . , xn; f1, . . . , fm). Íåïîñðåäñòâåííîé ïîäñòàíîâêîé â (0.0.4), (0.0.5) è

(0.0.12) ëåãêî ïðîâåðèòü, ÷òî ôóíêöèÿ U(x, λ) èìååò âèä

U(x, λ) =



S(x, λ), 0 ≤ x <
π

2
,

S(x, λ) + (α0 − 1)S
(π

2
, λ
)
C1

(
x− π

2
, λ
)

+

+
(

(α1 − 1)S ′
(π

2
, λ
)

+ βS
(π

2
, λ
))
S1

(
x− π

2
, λ
)
,

π

2
< x ≤ π,

(0.0.13)

ãäå

C1(x, λ) = C(x, λ; q1,M), S1(x, λ) = S(x, λ; q1,M),

q1(x) = q
(
x+

π

2

)
, 0 < x <

π

2
. (0.0.14)

Íåòðóäíî âèäåòü, ÷òî â ñèëó åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè (0.0.4),

(0.0.5), (0.0.6) ñîáñòâåííûå çíà÷åíèÿ êðàåâîé çàäà÷è L ñîâïàäàåò ñ íóëÿìè

öåëîé ôóíêöèè

∆(λ) := U(π, λ) (0.0.15)

ñ ó÷åòîì êðàòíîñòè, êîòîðàÿ íàçûâàåòñÿ õàðàêòåðèñòè÷åñêîé ôóíêöèåé çà-

äà÷è L.

Îïåðàòîðû ïðåîáðàçîâàíèÿ.
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Ëåììà 0.0.4. Èíòåãðàëüíûå óðàâíåíèÿ

F (x, t, τ) = F0(x, t, τ) +
1

2

(∫ x

t

q(s) ds

∫ t

τ

F (s, ξ, τ) dξ +

∫ t

t+τ
2

q(s) ds

∫ 2s−t
τ F (s, ξ, τ) dξ −

∫ x

τ−t
2 +x

q(s) ds

∫ 2(s−x)+t

τ

F (s, ξ, τ) dξ +

∫ t−τ

0

M(s) ds∫ x
t dξ

∫ t−s
τ F (ξ − s, η, τ) dη+

+

∫ t−τ

0

M(s) ds

∫ t

t+τ+s
2

dξ

∫ 2ξ−t−s

τ

F (ξ − s, η, τ) dη−

−
∫ t−τ

0

M(s) ds

∫ x

s+τ−t
2 +x

dξ

∫ 2(ξ−x)+t−s

τ

F (ξ − s, η, τ) dη
)
, 0 ≤ τ ≤ t ≤ x ≤ π,


(0.0.16)

G(x, t, τ) = G0(x, t, τ) +
1

2

(∫ x−t

0

ds

∫ t+s

τ+s

q(ξ)G(ξ, ξ − s, τ) dξ+

+

∫ t−τ
2

0

ds

∫ t−s

τ+s

q(ξ)G(ξ, ξ − s, τ) dξ+

+

∫ x− t+τ2

x−t
ds

∫ 2x−t−s

τ+s

q(ξ)G(ξ, ξ − s, τ) dξ+

+

∫ t−τ

0

M(s) ds

∫ x−t

0

dξ

∫ t−s

τ

G(ξ + η, η, τ) dη+

+

∫ t−τ

0

M(s) ds

∫ t−τ−s
2

0

dξ

∫ t−s−2ξ

τ

G(ξ + η, η, τ) dη+

+

∫ t−τ

0

M(s) ds

∫ x− t+τ+s2

x−t
dξ

∫ 2(x−ξ)−t−s

τ

G(ξ + η, η, τ) dη
)
, 0 ≤ τ ≤ t ≤ x ≤ π,


(0.0.17)

ñ íåïðåðûâíûìè ñâîáîäíûìè ÷ëåíàìè F0(x, t, τ) è G0(x, t, τ) èìåþò åäèí-

ñòâåííûå ðåøåíèÿ F (x, t, τ) = F (x, t, τ ; q,M) è G(x, t, τ) = G(x, t, τ ; q,M),

ñîîòâåòñòâåííî, òàêæå ÿâëÿþùèåñÿ, â ñâîþ î÷åðåäü, íåïðåðûâíûìè ôóíêöè-

ÿìè.
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Ëåììà 0.0.5. Ïîëîæèì ρ2 = λ. Èìåþò ìåñòî ñëåäóþùèå ïðåäñòàâëåíèÿ

S(x, λ) =
sin ρx

ρ
+

∫ x

0

P (x, t)
sin ρ(x− t)

ρ
dt, (0.0.18)

C(x, λ) = cos ρx+

∫ x

0

Q(x, t) cos ρ(x− t) dt, (0.0.19)

ãäå ôóíêöèè

P (x, t) = P (x, t; q,M) = F (x, t, 0; q,M), Q(x, t) = Q(x, t; q,M) = G(x, t, 0; q,M)

(0.0.20)

ÿâëÿþòñÿ ðåøåíèÿìè óðàâíåíèé (0.0.13) è (0.0.14), ñîîòâåòñòâåííî, ïðè τ = 0

è

F0(x, t, 0) =
1

2

(∫ x− t
2

t
2

q(s) ds+

∫ t

0

(x− t)M(s) ds
)
, (0.0.21)

G0(x, t, 0) =
1

2

(∫ x− t
2

0

q(s) ds+

∫ t
2

0

q(s) ds+

∫ t

0

(x− s)M(s) ds
)
.

Ïðè ýòîì ôóíêöèè P (x, t) è Q(x, t) íåïðåðûâíû â òðåóãîëüíèêå 0 ≤ t ≤
x ≤ π. Êðîìå òîãî, P (x, · ), Q(x, · ) ∈ W 1

2 [0, x] äëÿ âñåõ x ∈ (0, π] è

P ( · , t), Q( · , t) ∈ W 1
2 [t, π] äëÿ âñåõ t ∈ [0, π), à òàêæå

P (x, 0) = Q(x, 0) =
1

2

∫ x

0

q(t) dt, P (x, x) = 0, 0 ≤ x ≤ π. (0.0.22)

Ðàçëè÷íûå ïðåäñòàâëåíèÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè.

Ëåììà 0.0.6. Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ êðàåâîé çàäà÷è L èìååò âèä

∆(λ) =
α0 + α1

2

sin ρπ

ρ
+

∫ π

0

w(x)
sin ρx

ρ
dx, w(x) ∈ W 1

2 [0, π], (0.0.23)

ïðè÷åì ôóíêöèÿ w(x) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì

w(0) =
β

2
+
α0 − α1

4

(∫ π

π
2

q(x) dx−
∫ π

2

0

q(x) dx
)
, w(π) =

β

2
+
α0 + α1

4

∫ π

0

q(x) dx.

(0.0.24)
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Ïðè ýòîì èìååò ìåñòî ïðåäñòàâëåíèå

w(π − x) =
β

2
+ w1(x) + V (x), 0 ≤ x ≤ π, (0.0.25)

ãäå

V (x) = V (x;M) =
1

2



(α0 − 1)
(
w2 + w3 + w2 ∗ w3

)
(x)+

+(α1 − 1)
(
w4 + w5 + w4 ∗ w5

)
(x)+

+β
(
w2 + w4 + w2 ∗ w4

)
∗ 1(x), 0 ≤ x ≤ π

2
,

(α0 − 1)V1(x) + (α1 − 1)V2(x) + βV3(x),
π

2
< x ≤ π,

(0.0.26)

w1(x) = w1(x;M) = P (π, x; q,M), 0 ≤ x ≤ π, (0.0.27)

w2(x) = w2(x;M) = P
(π

2
, x; q,M

)
,

w3(x) = w3(x;M) = Q
(
π
2 , x; q1,M

)
,

w4(x) = w4(x;M) = P
(π

2
, x; q1,M

)
,

w5(x) = w5(x;M) = K
(
π
2 , x; q,M

)
,

w6(x) = w6(x;M) = w4 ∗ 1(x),


0 ≤ x ≤ π

2
, (0.0.28)

K(x, t; q,M) = P (x, t; q,M) +

∫ t

0

Px(x, τ ; q,M) dτ, (0.0.29)
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V1(x) = V1(x;M) = w3(π − x)− w2(π − x) +

∫ π
2

x−π2
w2(t)w3(x− t) dt−

−
∫ π

2

π−x
w2(t)w3(x− π + t) dt+

∫ x−π2

0

w2(t)w3(π − x+ t) dt,

V2(x) = V2(x;M) = w5(π − x)− w4(π − x) +

∫ π
2

x−π2
w4(t)w5(x− t) dt−

−
∫ π

2

π−x
w4(t)w5(x− π + t) dt+

∫ x−π2

0

w4(t)w5(π − x+ t) dt,

V3(x) = V3(x;M) = w6(π − x) + w2 ∗ 1(π − x) +

∫ π
2

x−π2
w2(t)w6(x− t) dt−

−
∫ π

2

π−x
w2(t)w6(x− π + t) dt+

∫ x−π2

0

w2(t)w6(π − x+ t) dt.


(0.0.30)

Ëåììà 0.0.7. Âñÿêàÿ ôóíêöèÿ ∆(λ) âèäà (0.0.23), (0.0.24) èìååò áåñêîíå÷íîå

ìíîæåñòâî íóëåé λk, k ∈ N, âèäà (0.0.8), (0.0.9).

Ëåììà 0.0.8. Âñÿêàÿ ôóíêöèÿ ∆(λ) âèäà (0.0.23) îïðåäåëÿåòñÿ ñâîèìè íó-

ëÿìè îäíîçíà÷íî. Ïðè ýòîì

∆(λ) = π
α0 + α1

2

∞∏
k=1

λk − λ
k2

. (0.0.31)

Äîïîëíèòåëüíûå ñâîéñòâà ÿäåð îïåðàòîðîâ ïðåîáðàçîâàíèÿ.

Ëåììà 0.0.9. Ñóùåñòâóþò δq ∈ (0, π] è Cq > 0, çàâèñÿùèå òîëüêî îò ôóíêöèè

q(x), òàêèå ÷òî äëÿ ëþáîãî δ ∈ (0, δq] è äëÿ âñåõ M, M̃ ∈ Bδ ïðè (x, t) ∈ Dδ

ñïðàâåäëèâû îöåíêè

|P (x, t)| ≤ Cq, |P̂ (x, t)| ≤ Cq
√
δ‖M̂‖δ, |Q(x, t)| ≤ Cq, |Q̂(x, t)| ≤ Cq

√
δ‖M̂‖δ,

(0.0.32)

ãäå P̂ (x, t) = P (x, t; q,M)−P (x, t; q, M̃), Q̂(x, t) = Q(x, t; q,M)−Q(x, t; q, M̃),

M̂ = M − M̃.
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Â äàëüíåéøåì äëÿ êàæäîãî ôèêñèðîâàííîãî δ ∈ (0, π] áóäåì èñïîëüçîâàòü

îáîçíà÷åíèÿ

M1(x) =

 M(x), x ∈ (0, δ),

0, x ∈ (δ, σ),
M2(x) =

 0, x ∈ (0, δ),

M(x), x ∈ (δ, σ),
(0.0.33)

ãäå σ = min{2δ, π}.

Ëåììà 0.0.10. Äëÿ âñÿêîãî δ ∈ (0, π/2] èìååò ìåñòî ïðåäñòàâëåíèå

P (x, t; q,M) = P (x, t; q,M1) +

∫ t

0

F (x, t, τ ; q,M1)M2(τ) dτ, (x, t) ∈ D2δ,

(0.0.34)

ãäå ôóíêöèÿ F (x, t, τ ; q,M1) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (0.0.16) ïðèM1(x)

âìåñòî M(x), (x, t, τ) ∈ D2δ è

F0(x, t, τ) =
1

2

(
x− t+

∫ x

t

ds

∫ t−τ

0

P (s− τ, ξ; q,M1) dξ +

∫ t

t+τ
2

ds∫ 2s−t−τ

0

P (s− τ, ξ; q,M1) dξ −
∫ x

τ−t
2 +x

ds

∫ 2(s−x)+t−τ

0

P (s− τ, ξ; q,M1) dξ
)
.


(0.0.35)

Ëåììà 0.0.11. Äëÿ âñÿêîãî δ ∈ (0, π/2] èìååò ìåñòî ïðåäñòàâëåíèå

Q(x, t; q,M) = Q(x, t; q,M1) +

∫ t

0

G(x, t, τ ; q,M1)M2(τ) dτ, (x, t) ∈ D2δ,

ãäå ôóíêöèÿG(x, t, τ ; q,M1) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (0.0.17) ïðèM1(x)

âìåñòî M(x), (x, t, τ) ∈ D2δ è

G0(x, t, τ) =
1

2

(
x− τ +

∫ x−t

0

ds

∫ t−τ

0

Q(ξ + s, ξ; q,M1) dξ+

+

∫ t−τ
2

0

ds

∫ t−τ−2s

0

Q(ξ + s, ξ; q,M1) dξ +

∫ x− t+τ2

x−t
ds

∫ 2(x−s)−t−τ

0

Q(ξ + s, ξ; q,M1) dξ
)
.
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Îñíîâíîå íåëèíåéíîå èíòåãðàëüíîå óðàâíåíèå. Äèôôåðåíöèðóÿ

ñîîòíîøåíèå (0.0.25) ïî x, ïîëó÷àåì

−w′(π − x) = w′1(x;M) + V ′(x;M), 0 < x < π. (0.0.36)

Òåîðåìà 1. Ïóñòü âûïîëíåíî óñëîâèå (0.0.10). Òîãäà äëÿ ëþáîé ôóíêöèè

w(x) ∈ W 1
2 [0, π], óäîâëåòâîðÿþùåé êðàåâûì óñëîâèÿì (0.0.24), óðàâíåíèå

(0.0.36) èìååò åäèíñòâåííîå ðåøåíèåM(x), óäîâëåòâîðÿþùåå óñëîâèþ (0.0.7).

Äëÿ êàæäîãî k = 1, 5 ðàçëîæèì ôóíêöèþ wk(x) íà ñóììó òðåõ ôóíêöèé:

wk(x) = wk,1(x) + wk,2(x) + wk,3(x),

Êðîìå òîãî, ïîëîæèì

wk,4(x) := wk,2(x) + wk,3(x), k = 2, 5. (0.0.37)

Ñ ó÷åòîì ââåäåííûõ îáîçíà÷åíèé, à òàêæå ôîðìóë (0.0.26)-(0.0.29) óðàâíåíèå

(0.0.36) íà ïåðâîé ïîëîâèíå èíòåðâàëà (0, π) ïðèìåò âèä

g(x) = A(x)M(x) + FM(x), 0 < x <
π

2
, (0.0.38)

ãäå g(x) ∈ L2(0, π/2) - ñâîáîäíûé ÷ëåí.

FM(x) =
1− α0 − 2α1

4

∫ x

0

M(t) dt+ w′1,3(x)+

+
α0 − 1

2

(
w′2,3 + w′3,3 + w2(0)w3,4 + w′2,1 ∗ w3,4 + w′2,4 ∗ w3

)
(x)+

+
α1 − 1

2

(
w′4,3 + w′5,3 + w4(0)w5,4 + w′4,1 ∗ w5,4 + w′4,4 ∗ w5

)
(x)+

+
β

2

(
w2,4 + w4,4 + w2,1 ∗ w4,4 + w2,4 ∗ w4

)
(x).


(0.0.39)

Ëåììà 0.0.12. Êîýôôèöèåíò A(x) â óðàâíåíèè (0.0.38) óäîâëåòâîðÿåò óñëî-

âèþ

A(x) 6= 0, x ∈
[
0,
π

2

]
, (0.0.40)
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òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿåòñÿ óñëîâèå (0.0.10).

Ëåììà 0.0.13. Ïóñòü D1,D2 ∈ Eb, à g1(x) è g2(x) � îãðàíè÷åííûå íà èí-

òåðâàëå (0, b) ôóíêöèè. Òîãäà D ∈ Eb, ãäå îïåðàòîð D îïðåäåëåí ëþáûì èç

ñëåäóþùèõ ñïîñîáîâ:

a) Df(x) = g1(x)D1f(x) + g2(x)D2f(x);

b) Df(x) = D1f ∗ D2f(x);

c) Df(x) = D1f ∗ (g1f)(x);

d) Df(x) =

∫ x

0

K(x, t)f(t) dt;

e) Df(x) =

∫ x

0

K(x, t)D1f(t) dt;

f) Df(x) = f1(x).

Çäåñü ôóíêöèÿ K(x, t) ñóììèðóåìà ñ êâàäðàòîì â òðåóãîëüíèêå 0 < t < x <

b, à ôóíêöèÿ f1(x) ∈ L2(0, b) íå çàâèñèò îò f(x).

Òåîðåìà 2. Ïóñòü f(x) ∈ L2(0, b) è D ∈ Eb. Òîãäà óðàâíåíèå

f(x) = y(x) +Dy(x), 0 < x < b, (0.0.41)

èìååò åäèíñòâåííîå ðåøåíèå y(x) ∈ L2(0, b).

Ðåøåíèå îñíîâíîãî óðàâíåíèÿ íà ïåðâîé ïîëîâèíå èíòåðâàëà.

Ëåììà 0.0.14. Îïåðàòîð F , îïðåäåëåííûé ôîðìóëîé (0.0.39), ïðèíàäëåæèò
êëàññó Eπ/2.

Ðåøåíèå îñíîâíîãî óðàâíåíèÿ íà âòîðîé ïîëîâèíå èíòåðâàëà.

Ñîãëàñíî (0.0.27) è (0.0.34) èìååì

w1(x;M) = w1(x;M1) +

∫ x

0

F (π, x, t; q,M1)M2(t) dt, 0 ≤ x ≤ π, (0.0.42)
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ãäå ôóíêöèè M1(x) è M2(x) îïðåäåëåíû ïî ôîðìóëàì (0.0.33) ïðè δ = π/2,

σ = π. Â ñèëó (0.0.16) è (0.0.35) ñïðàâåäëèâî òîæäåñòâî

F (π, x, x; q,M1) =
π − x

2
. (0.0.43)

Äèôôåðåíöèðóÿ ïðåäñòàâëåíèå (0.0.42) ïî x è ó÷èòûâàÿ (0.0.43), ïîëó÷àåì

w′1(x;M) = w′1(x;M1) +
π − x

2
M2(x) +

∫ x

0

Φ(x, t; q,M1)M2(t) dt, 0 < x < π,

(0.0.44)

ãäå ôóíêöèÿ

Φ(x, t; q,M) =
∂

∂x
F (π, x, t; q,M) (0.0.45)

ñóììèðóåìà ñ êâàäðàòîì â òðåóãîëüíèêå 0 < t < x < π. Èñïîëüçóÿ (0.0.44),

ìîæíî çàïèñàòü îñíîâíîå óðàâíåíèå (0.0.36) ñëåäóþùèì îáðàçîì:

g1(x) = (π − x)M2(x) + 2

∫ x

π
2

Φ(x, t; q,M1)M2(t) dt, 0 < x < π, (0.0.46)

ãäå ôóíêöèÿ g1(x) ∈ L2(0, π) èìååò âèä

g1(x) = −2w′(π − x)− 2w′1(x;M1)− 2V ′(x;M), 0 < x < π. (0.0.47)

Ðåøåíèå îáðàòíîé çàäà÷è.

Ëåììà 0.0.15. Ïóñòü çàäàíû ïðîèçâîëüíûå êîìïëåêñíûå ÷èñëà λk, k ≥ 1,

âèäà (0.0.8), (0.0.9). Òîãäà ôóíêöèÿ ∆(λ), îïðåäåëåííàÿ ïî ôîðìóëå (0.0.31),

èìååò âèä (0.0.23), (0.0.24).

Àëãîðèòì 6.1. Ïóñòü çàäàíû ñïåêòð {λk}k≥1 íåêîòîðîé êðàåâîé çàäà÷è

L(q,M, α0, α1, β), ôóíêöèÿ q(x) è ÷èñëà α0, α1, β.

1) Ñòðîèì ôóíêöèþ ∆(λ) ïî ôîðìóëå (0.0.31);

2) Â ñîîòâåòñòâèè ñ (0.0.23) âû÷èñëÿåì ôóíêöèþ w(x) ïî ôîðìóëå

w(x) =
2

π

∞∑
k=1

k∆(k2) sin kx;

3) Íàõîäèì ôóíêöèþ M(x) èç îñíîâíîãî óðàâíåíèÿ (0.0.36).
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Çàêëþ÷åíèå. Â ðàáîòå ðàññìîòðåíà êðàåâàÿ çàäà÷à âèäà (0.0.1)�(0.0.3).

Áûë ðàçðàáîòàí ìåòîä ðåøåíèÿ ñîîòâåòñòâóþùåé îáðàòíîé ñïåêòðàëüíîé

çàäà÷è è ïîñòðîåí àëãîðèòì âîññòàíîâëåíèÿ îïåðàòîðà ïî ðàññìàòðèâà-

åìûì ñïåêòðàëüíûì äàííûì. Òàêèì îáðàçîì, áûëî ïîñòðîåíî êîíñòðóê-

òèâíîå ðåøåíèå îáðàòíîé çàäà÷è ñïåêòðàëüíîãî àíàëèçà äëÿ èíòåãðî-

äèôôåðåíöèàëüíûõ îïåðàòîðîâ âòîðîãî ïîðÿäêà ñ óëîâèÿìè ðàçðûâà.
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