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Jlekins 1.

COJIEPKAHUE

1. CxoaumocThb hyHKIMOHABHOIT 110C/IeI0BATEILHOCTH 1 (PYHKIIMOHAIBHOI'O Psi-
J1a B TOYKE 1 Ha MHOXKECTBE

2. PaBHoMepHast cxoinMOCTh (PYHKITMOHAJBLHON ITOCTIEI0BATETLHOCT U (DYHK-
[IIOHAJILHOI'O Ps/Jla

3. Kpurepuit Komu pasnomepmoit cxomumocTu (hyHKIINOHAJILHBIX TOCTET0Ba-
TEeJIbHOCTEeN U PSI0B

CxomumocTh PYHKIIMOHAJBLHOI MOCJIeIOBATEJIbHOCTI 1
byHKINOHAJILHOTO psJia B TOYKEe M Ha MHO>KECTBE

[Iycts dynknnn f,(x) (n = 1,2,...) onpenesnenst na muoxecrse X. Ecan 3a-
bukcupoBarh TOUuKy & € X, MOMXKHO I'OBOPHTH O CXOANMOCTH HHCJIOBOI IOCJIE-
JI0BATeIbHOCTH [, (). DTa ujies Mo3BoJsieT HaM BBECTH CJICLYIONIee Olpe/IeIeHne
cXommMocTH QYHKITHOHAIBLHOM TTOCIC/IOBATEIBHOCTH ([OCIEI0BATEILHOCTH (DY HK-
nuit) B Touke r € X.

Omnpenenienne 1. [lycmo dana nocaedosamesvrnocmo dyrruuts {fr(x)},
onpedenérnvix na mroscecmese X . Qyukyuonasvras nociedosamesvrocmy { fr,(x)}
cxodumea 6 mouke x € X x wucay l uau nll_)l’l(;lo fulz) =1, ecau

Ve>03aNy :Vn> Ny |fulz) =1 <e.

Cueyioniee onpejieieHne Kaxkercss abcoJIOTHO eCTeCTBEHHBIM 000OIIeHneM
onpe/jiesienus 1.

Omnpepesiernue 2. Qyuryuonarvhas nocaedosamenviocms { fr,(x)} naswea-
emca crodauwetica na muosrcecmee X, €CAl 0Ha CTOOUMCA 8 KaHcAot Mmouke MHO-
orcecmea X.

HanomumuM, 4To Mbl Ha3bIBAJIK YUCIOBLIM PSIOM HOCJIEA0BATEILHOCTD YaCTI Y-
HBIX €YMM HEKOH 4ncjIoBoil mocsegoparenbaocT. Crieyst TeM »Ke MyTeéM, JIaJIuM
oupeeenne GyHKIHOHAILHOIO Psijia.

Onpenenenune 3. [Tycmv dana nociedosamesvrocms GyHruul
fi(x), falz) ..., fulT), ..., onpedeaénnvix na mnosicecmee X. Pacemompum

Si(z) = fi(z),
Ss(x) = fi(x) + fa(z),

Su(@) = i) + falz) + -+ fal®) = Y fil),



Iocaedosamenvrocmo {S,(x)} nasweaemes dynryuonarvrvm padom u 0603na-
waemes Yy | ful(z).

Ecau nocaedosamenvrocms Sy(x) cxodumes na mnosicecmee X, mo dynryu-
onanvnvil pad >y fr(x) nasweaemes cxodaugumes nwa mrooicecmee X u 7}1_{](()10 Sp(x)

o0
> fulz) nasweaemes cymmoti GyHKyUOHAADHOZ0 PAJA.
n=1

Emgé pas orMeTuM, 9TO CXOJIMMOCTH (PYHKITMOHAJIBHBIX MTOCIEI0BATEILHOCTEH
1 PsAJIOB Ha MHOYKECTBe 9KBHUBAJEHTHA CXOIUMOCTH UHCJIOBBIX IIOCJIEI0BATEIBHO-
cTeil U psiioB, PACCMOTPEHHBIX B TOUKAX 3aJIaHHOI0 MHOXKecTBa. [losromy yTBep-
JKJICHWSA, JIOKA3aHHbIE JIIST IUCJIOBBIX IOC/IE0BATEILHOCTEN 1 PsIJIOB, JIETKO Iie-
PEHOCSITCSI U Ha CXOJUMOCTH (DYHKIIMOHAIBHBIX IOCIEI0BATEIHLHOCTEN 1 PSIIOB.
Hamnpuwmep, copmyaupyem kpurepuii Kormm cxommmoctn hyHKINOHATIBHON 10~
CJIeJI0BATE/IbHOCTH Ha MHOXKecTBe X .

Teopema 1. Qynrxyuonasvran nocaedosamesvrocmnv { fr(x)} crodumes na
MmHuoorcecmee X mozda u moavko mozda, xoz2da 6 kaxcdott mouke r € X oHa
asasemcs pyndamenmanvroti. To ecmo,

Ve e X Ve >03dNy:Vn> Ny, k>Ny |fulz) — fe(z)| <e.

Homep Ny B Teopeme 1 3aBucuT HE TOJIBKO OT €, HO U OT Touku x € X. B
JAJIbHERIIeM Mbl BBEJIEM JPYTOil B/ CXOAUMOCTH (PYHKITHOHAJBHBIX ITOCJIEI0BA~
TeJIbHOCTEN U PsIJIOB, IJIe MOTpedyeM He3aBUCUMOCTh Ny OT KOHKPETHONH TOUYKH.

[Tpu umcciegoBannn GyHKINOHAIBHBIX [TOCJIE0BATEIBHOCTEN 1 PSJIOB OYEHD
BayKHBIM SIBJISETCSI BOIIPOC O HACIEI0OBAHNN (DYHKIIMOHAIBHBIX CBONCTB UJIEHOB 110~
CJIeJI0BATEJIbHOCTU WJIK Psjia UX MIPEJIeJIOM NN cyMMoil. Bojiee KOHKpeTHO, ycTh
nocsaesoBarebHocTh { f, ()} onpenenena va muoxkectse X u f(x) = nh_)n(;lo fn(x).

1. Eciin f,(x) menpepbiBEBI Ha MHOXKeCTBe X, OyieT Jin HenpepbiBHOI f(z)7

()
2. Ecimu f,, () muddepentmpyembr Ha MHOKecTBe X, Oyiet jin auddepeHnnpy-
emoit f(x)?

3. Ecnu f,(x) unrerpupyembr Ha muoKecTBe X, Oyier jin uarerpupyemoit f(xz)?

Anasiormynnie BOIIPOCBHI MO2KHO ITOCTaBUTHb WU B OTHOHICHUUN CYMMDbI CbYHKL[I/IO—
HaJIbBHOT'O pda.

PaBHoMepHas cxoquMocTh (pYyHKITMOHAJILHOMW IOCJ/I€/I0BATEILHOCTH 1
dbyHKIIMOHAJILHOTO ps/ia

Bsenénunblit criocod cxoauMocTu (PYHKIIMOHAJILHOM I10C/IeI0BATEILHOCTA HE MO-
JKeT JIaTh IOJIOXKUTEILHOIO OTBETa Ha IIOCTaBJIEHHBIE BOIPOCHI. JlelicTBUTE/IBHO,



pacemorpuM ciiejytoruit mpumep. [lyers f,(z) = 2", X = [0, 1]. Bee dyukiun
fn(x) aBasiores menpepbiBabiME Ha [0, 1]. Beramesamv

f(z) = lim 2" = 0, z€0, 1);

n—00 17 x = 1.

By, garTo npenen gyHKINOHAIBHON OCIE0BATEIHLHOCTH ABISIeTCs PYHKIINEN,
paspbiBrOit Ha [0, 1].

st perrennst 1pobJieMbl BBEJIEM JIPYTOil BIJI CXOAUMOCTU (PYHKIMOHAJIBHBIX
I10CJIe/I0OBATE/IBHOCTEI U PAJIOB.

Omnpenesienne 4. [lyems pynxuyuu fr(x) (n =1,2,... ) onpedeaenv, na mmo-
orcecmee X . Qyuruyuonasvras nocaedosamesvrocms fn(r) Hazvieaemcs pasHo-
mepHo crodawetica x dynrkyuu f(x) na mmoocecmee X, ecau

Ve>0dNy :Vn> Ny Vo e X |fulz) = fo)] <e.

OTMmernM, 9TO B OTJINYHIE OT BBEJIEHHOI paHee HOTOUYETIHON CXOIUMOCTH, HOMEp
Ny 3aBucut Juiib oT Beibopa € > (. Takum obpaszoM, paBHOMEpPHAasi CXOIMMOCTb
QYHKIIMOHAJIBHON T10CJIE/I0BATE/IbHOCTU SABJISIETCsS 0oJiee CUJIBLHOM, YeM M0TOYeY-
Has, TO €CTh, €CJIN MOCIe0BATETbHOCTE CXOUTCSI paBHOMEPHO Ha MHOYKeCTBe X,
TO OHA CXOJUTCS HA 9TOM MHOXKECTBe, 00paTHoe, KaK Oy/eT MoKa3aHo B JaJbHell-
1eM, He BEPHO.

Kpurepuii Koru paBHOMepHOIT cxoAUMOCTU (PYHKITMOHAJIbHBIX
ITOCJIeJOBATEJIbHOCTEN N PsJIOB

CohopmynupyeM u JoKarkeM Kpurepuii Ko paBHOMEpHOIT ¢XOUMOCTH (DYHK-
[IOHAILHOI 1TOC/IEI0BATEILHOCTH.

Teopema 2. Qyuryuonasvhas nociedosamesvrocms fr(x) pasnomepro cxo-
dumceaa na muootcecmee X mozda u moavko moeada, xKoz20a

Ve>03dNy :Vn> Ny, k> NVe € X |fu(z) — fe(2)] < e.

Jlokazamenvcmeo. Heobxomnmocts. [ycrs mocieioBareibHOCTE f, () paBHOMED-
HO cxozutest Ha MHOKecTBe X K yukuuu f(x). Torma mo onpeeenmuto,

Ve>0dNy :Vn> NyVee X |fu(x) — f(z)] <e.

IIyctb n > Ny, k > Ny. Torma, /st Bcex T U3 MHOXKECTBa X BBIIOJIHACTCS
|fulz) — f(2)] <eu|fe(x) — f(x)] < e. Pacemorpum

(@) = fi(@)| = [(fulz) = f(2) + (f(2) = fi(2))] <
< | fulw) = f(2)] + [ firlx) — f(2)] < 2e.

4



OkoHYaTeIbHO MOJIyJaeM:
Ve>0dNy :Vn> Ny, k> Nog Ve € X |fulz) — fr(x)] < 2e.

Bremonnsgerca yeiosue Kormn.
Hoctarounocts. [lycTs BhImongeTcsa yemosue Kot

Ve>03dNy :Vn> Ny, k> Ny Ve € X |fu(x) — fr(z)] <e. (1)

[Tokazkem, 9TO MOCJIEIOBATETHLHOCTD [, () CXOIUTCS pABHOMEPHO HA MHOYKECTBE
X.

JleficTBUTEILHO, IPU KazKJIOM (PUKCUPOBAHHOM & U3 MHOXKECTBa X I10CJIe/I0Ba-
TeJILHOCTD [, () siBJisieTcst (byHIaMeHTAIBHOI, c/ieioBaTebHO. cxonTest. Obo3Ha-
anm depes f(z) = 7}1_{210 fn(z). Hasee, 6e3 orpanntemust o0IHocTn Oy/1eM CIUTATD,

aro Ny < n < k, Torjia, pacKpbiBasi HEpaBeHCTBO ¢ MojyJieM B (1), mojydaem
Ve e X, fi(x) —e < fo(x) < filx) + €.

[Tepeiiiém B JaHHOM HEPABEHCTBE K IIPeAeIy IIpu k — 00
Ve e X, f(x) —e < fulz) < f(z) +¢,

nJim

Ve e X, [fu(2) = fz)] <&

Taxum ob6pa3oM, HAMH IOKA3aHO
Ve>03dNy :Vn> NoyVe e X [fu(z) — f(x)] <e < 2,

9TO TOBOPUT O PABHOMEPHOMN CXOJIMMOCTH MOCIE0BATEIBHOCTH fi, (). O

o0

Omnpepestenune 5. Dynrxyuonasviodi pad > fo(x) pasnomepro cxrodumcs
n=1

na mHovicecmee X, ecau nocaedosamesvhocms e2o wacmuswnvir cymm {S, ()}

PAGHOMEPHO CTOOUMCA Ha MHoscecmee X .

[Tepedopmymuposka TeopeMbl 2 151 TOCIEI0BATEILHOCTH YACTHYHBIX CYMM
bYHKIMOHAJIBLHOTO PsJ1a IIO3BOJISIET HaM II0J1yYUThL KpuTepuii Komn pasnomepHoii
CXOAUMOCTH (DYHKIMOHAJILHOIO PsAJIA.

o0
Teopema 3. Qynruyuonarvuviti pad Y fn(x) pasromepro cxodumes na mro-

n=1
otcecmee X mozda u moavko moezda, xoz2da

n—+p
Ve>0dNy :Vn> Ny, p=>1Vre X Z fr(x)| <e.
k=n+1



BOHpOCbI AJId TeCTUPOBAaHUA N KOHTPOJILA

. [Tokazarh, 4TO paBHOMEPHAS CXOAUMOCTH (DYHKIIMOHAJIBHOI T10C/Ie/10BaTE /b
wHoctu f,,(x) Ha MHOXKecTBe X PABHOCHJIBLHO TOMY, UTO

lim sup | fu(z) — f(2)] = 0.

n— 00 zeX

. Jlokazarb, 9TO ecsm MOC/IeNOBATEIBLHOCTD fp, () PABHOMEPHO CXOAMTCS Ha
muokectBe X K f(x) = 0, a mocsie10BaTebHOCTD ¢y, () OrpaHindena, To o-
CJIeJIOBATENILHOCTD [, ()¢, (%) pAaBHOMEPHO CXOIUTCs HA MHOYKeCTBE X .

. Moxer jin bYyHKINOHAIBHBI Psijl HA OTPE3Ke:
a) CXOJIUTHCST PABHOMEPHO 1 HE CXOJIUTHCsT aDCOJTIOTHO,
0) CXOUTHCsT ADCOTIOTHO U HE CXOJUTHCSI DABHOMEPHO !

oo

. IlokazaTb 9T0 Ynca0BOI Psij Z Cp, CXOJINTCSI PABHOMEPHO Ha JIIOOOM MHOXKE-
n=1
crBe X.

. Ilycte mocnenoBarensuoctn f,(x) u g,(x) cxonsdrces paBHOMEPHO HA MHOXKe-
crBe X coorBercTBeHHO K f(z) 1 g(x). YTO MOXKHO CKazaTh O CXOAUMOCTH
nocsiesoBarebocT o f,(x) + B¢, (x)?



Jlekmsa 2.

COJIEPZKAHUE
1. CymecTBoBanme 1pejiesia CyMMbl PABHOMEPHO CXOJISIIIEr0Cst Psijia
2. InTerpupyeMocTb CyMMBI PABHOMEPHO CXOISIIETOCH PsIa,

3. IuddepennupyeMocTb CyMMbl pABHOMEPHO CXOJISIIEI0CS Psijia

CymecTBoBaHue mpejiejia CyMMbl PABHOMEPHO CXOAAIIErocsd psajia

BoisgcanM, Hac/IeyeT Jin CyMMa PABHOMEPHO CXOJIAMIErocs (DyHKIIMOHATIBLHOTO -
Ja PyHKIMOHAIbHBIE CBOIICTBA YJIEHOB Psijia. s 9TOT0 JI0KazKeM psiJi TEOPEM.

CaMbIM MPOCTBIM, HO HE MeHee BarKHBbIM CBOWCTBOM . CYMMbI psijla SBJISETCS
e€ HelpPEPBIBHOCTD U CYIIECTBOBAHUE Ipejesia B TOUKE Y CYMMbl (DYHKITMOHAb-
HOro psjia. JlokaxkeM TeopeMy O mepexojie K Mpeiey paBHOMEDPHO CXOJISIIErocs
pyHKIIMOHATLHOTO Psjia.

Teopema 1. [Iycmw 6 Kaotcdot -0kpecmHOCTNUY MOYKU Ty COOEPAHCAMCA MOY-
Ku muooicecmea X, omauunvie om To. Dynkyuu fr(r) onpedeaenvi na mrorce-

cmee X u cywecmsyrom npedeav, Um' f,,(x) = 1,,. Toeda, ecau dpynruuonarvrold
T—Tg

pad Y fu(x) pasnomepno cxodumes na muoocecmee X, mo pad Y l, crodumes

n=1
u
o0 o]
lim E folz) = E lim f,(z E L.
T—rTg T—Xo
n=1 n=1
0
Joxasameavcmeo. TlokaxkeMm CXOIUMOCTb psfa » | ly,.
n=1

o0
[Tycre psag > fn(x) paBHOMepHO cxopnTest Ha MHOXKecTBe X. Tora mo Kpu-
Tepuio- Ko paBHOMEPHO# cX0nMOCTH (DYHKITMOHAJIBHOTO PsiJIa

n+p
Ve>03Ny :Vn>Ny,p21VaeX | ) filz) <e.
k=n+1

Ilepeiiyiém K mipejiesty pu & — xg B 1IOCJI€/IHEM HEPABEHCTBE

n—+p n—+p
:}1_>H;|ka ’—\Zlk\
* k=n+1 k=n-+1



Takum obpaszoM, IoJiydaeM

n—+p
Ve>03dNy :Vn> Ny, p=>1 | Z | <e < 2e.
k=n-+1
0
st psijia Y 1, BBIOHAIOTCA yCJIOBHs KpuTepns Kormm, cj1e0BaTesbHo, O
=1
cxomuTes.
Ocrajioch OKa3aTh, 4TO CyIIeCTByeT lim Z fn(z) m on paBer Y I,.
T=T0 p=1 n=1
0
Bamnuiem onpejesaeHne paBHOMepHO# cxoaumoctn |, f,(x) Muoxecrse X
n=1
n o
Ve>03N, :Vn>Ni Vo€ X | fulz) =D fulr)| <e. (1)
k=1 k=1
o0
Hagtee, psag Y 1, cxonures,
n=1
n o0
Ve>03N, :Vn>Ny [ li—) U] <e (2)
k=1 k=1

n
[To ycmoBuio Teopembr lim f,(z) = I, ciemoBarensho, lim Z fr(z) = > Ik
T—T T=T0 f.—q =

To ecTb, 110 ompejie/IeHIO TIpeIea,

Ve>030>0Va: 0< |z —mo| <6 | frlz) =) Il <e. (3)

k=1

[Iycts n > max(Ny, Ns), a ToUKa & NPUHAIEKUT J-OKPECTHOCTH TOUKH ().
Paccmorpum

\ka Zlk =" fulx) ka(x)+2fk(x)—2lk+
k 1 k=1 = k=1 k=1
+sz—2zk <[ fil@) ka D)+ 12 ) = DIl
k= 1 k=1 = k=1 k=1
+|Zlk—21k}.
k=1 k=1

C yuérom (1) — (3), OKOHUATEJHHO MOJTydaeM

Ve>036>0Va: 0<|o—x| <[> frlz) =) Il <3,
k=1 =

9TO IIOJIHOCTBIO JOKa3bIBacT TECOPEMY. []



HanomunMm, 4To GyHKIMA HA3LIBACTCS HENPEPLIBHOI B TOUYKE T, €C/IH
lim f(z) = f(xp). exoasg u3 9m0ro moJyduM 1mpocToe CJIeJCTBIHe TeopeMbl 1, B
—T

caydae, KOrJa 4JIeHbl psijia HellpepbIBHbIE (DYHKIINN.
o0

Teopema 2 [Tycmo dynryuonarvhvid pad Y fn(x) pasnomepro crodumces

K pynrkyuu S(x) na mmoocecmee X. Ecau ece dynxyuu fr(x) nenpepueros 6
mouke rog € X, mo cymma pada S(x) nenpepwisna 6 mouke x.

Jlokazamenavcmeo. @yuxinn f,(x) HelIPepbIBHBL B TOUKE Ty € X, CI€0BATE/THHO,
lim f(x) = f(z0). Ilo Teopeme 1
T—XTg

5, 5 JLI%Oan )= 2 Jolaw) = S,

9TO JIOKA3BIBAET HEMPEPLIBHOCTH S(X) B TOUKE Z. O

NnaTerpupyeMocTh CyMMbl PABHOMEPHO CXOISIIETrocs psaa

[TokazkeM, 94TO cyMMa PABHOMEPHO CXOJAIIEr0Cs Psjia MHTEIPUPYEMbIX (DYHKIINI
Tak»kKe OyJIeT NHTErpupyema.

Teopema 3. [lycemv dynxuyuu fr(x) unmeepupyemv, na ompeske [a,b], a

Pynruuonaronod pad Y fn(x) pasnomepro crodumes na |a,b]. Toeda cymma
n=1
Pyrryuonavroz0 pada unmezpupyema na ompeske [a, bl u cnpasedausa gopmy-

| /bifn(ﬂi) dwi/bfn(w) dx

Hoxazamenvcmeo. Oboznaunm depe3 S(x) n S, () COOTBETCTBEHHO CyMMY psjia
1 9aCTHIHYIO CyMMY Dsijia, TO €CTh

=S f@), Sulw) =S fula)
n=1 k=1

Torma ycioBre paBHOMEPHON CXOIMMOCTH psijia Ha OTpeske [a,b] MoxkeT OBbITH
3aIMICaHO CJIEIYIONNUM 00pa30oM

Ve>03dNy :Vn > Ny Vx € [a,b] |Sn(x) — S(:L‘)| < e.
[To Teopeme O cpesHeM Jis BEPXHEro ¥ HUZKHEr0 HHTErPajoB MOJIydaeM

I(S—S,) > —¢e(b—a), I(S—S,) <elb—a).



Paccmorpum

7<S) - T(Sn +5— Sn) < ](Sn) + Y(S o Sn) < 7<Sn) + €<b o a)' (1)
AmnaJjiornvso,

§) = —I(=8) = —I(=8u = S+ 5u) > —(I(=5,) + (=S + Sy)) =

l(s )4+ 1(S = S,) > L(S,) —elb—a). (2)

Tak kak dyuknun f,(r) uaTerpupyeMbl Ha orpeske |a,b], To u S, (&) unre-
rpupyema Ha [a,b], cienosarensho, 1(S,) = I(S,). Berarem us nepaserncrsa (1)
HEpPaBEHCTBO (2)

I1(S) = I(S) < I(S,) — L(S,) + 2¢(b —a) = 2¢(b — a).
Ilepexona k npegeny upu € — 0, nmoayuaaem, 1(S) — I(S) < 0 mwm I(S) = I(9).

CrenoBaresbho, Gyukuns S(z) I/IHTerI/IpyeMa Ha OTpe3ke [a, b].
b

Hasee nokazxem, uro [ S(x)dr = lim f Sp(x) dx. eiicrBuresbHo,
a

’/bs(x)dx_/bsn(x)dx‘ = /bS(l’) dx‘ /|S x)|dx < e(b—a).

Takum obpazoM, Oy I

b
Ve>03dNy :Vn > Ny ‘/S(m)dm—/Sn(aj)dx‘<5(b—a),

YTO JIOKA3bIBAET YTBEPIKICHUE TEOPEMBI. []
dunddepennmmpyeMocTb CyMMbl PABHOMEPHO CXOAAIIErOCsd P

BoisicHuM, 1pu KakKuX YCJIOBHAX CyMMa (PYHKIIMOHAJIBLHOTO psijaa OyaeT jnd-
depentupyemoii. OTBeT Ha TOT BONPOC M3JOXKWUM B JIBYX TeopeMax. Buadasre
noTpedyeM, IYTOOBI UJIeHbl Psjga ObLIN HENMPepPbIBHO JuddepeHnnpyeMbiMu (DyHK-
UM,

Teopema 4. [lycmo fy(x) (n = 1,2,...) nenpepuero duddepervyupyemo:

o

60 ecex mouxaxr unmepsana (a,b), dynrkyuonasvrodi pad Y f)(x) cxodumea
n=1

pasromepro, a pad > fn(x) crodumesa 6 nexomopot mouke xy € (a,b). Toeda
n=1

10



o0

Pynruuonasonod pad > fn(x) crodumes paswomepro na (a,b), e2o cymma dudgh-
n=1

dpepenyupyema na (a,b) u cnpasedausa dopmyaa

(Z fn(x)) = foz(ﬂf)a z € (a,b).

Jloxazameavcmeo. 11o ycioBuio TeopeMbl psiji Z fl(z) cxomures paBHOMEPHO
n=1

u wieHbl pgajga f)(x) wenpepbBubl Ha (a,b). Ilo Teopeme 2, dyukius o(x) =

o0

> fl(x) aBnsiercs nenpepbiBHOii Ha (a,b). Besikast nenpepbiBHag (DYHKIUS UMe-

er mepBoobpasnyo. ObosHaunm mepBoodbpasuyo o(x) depes S(x), TO ecTh s

e (a,b), S'(z) = o(x).

[To onpejesiennto onpee/IEHHONO HHTerpaJsia, 3aluiem st © € (a, b)

/a(t)dt = /S’(t)dt = S(x) — S(xo). (1)

C npyroit cTOpPOHBI, B CUJIy T€OPeMbI- 1,

/ f)dt = /Zf )t = Z/f )t = (fn<> folw)). (2)

Lo

Cpasuusas (1) u (2), gesmaem BoiBoj, uaro psit Y (fn(z) — fu(xg)) cxopures
n=1
a (a,b).

[Tokazkem, 9TO OH paBHOMEpHO cxoauTcst Ha (a,b).

o0
Psan > fi(z) cxomurest paBHOMEpHO, cJieloBaTeIbHO, 10 Kputeprio Korrm

n—+p
Ve > 03Ny: Vn > No,p 2 1Vx € (a,b) | Y fi() (3)
k=n+1
n+p
O6oznaunm ugepes S, p(r) = > fr(x). Oyukuun f,(x) zenpepsisHO And-
k=n-+1

depennupyemsr Ha (a,b), nosToMy u Sy, () Takzke HenpepelBHO Juddepenin-
pyembr. Torga, mo Teopeme Jlarpamxka s Joboro © € (a,b) cymecrsyer (,
JIesKAIIasd MEXKJy T U X, TaKasl, 4TO

n—+p

Snp(t) = Suplo) = 8,z —w0) = Y filQ)(x — o). (4)

k=n+1

11



Oxonuaresnbio, u3 (3) u (4) ciaeayer

n+p n+p
> Uil@) = fu(x0))| = ISup(@) = Suplwo)l = | D f;i(C)’ |(z—20)| < e(b—a),
k=n-+1 k=n+1
9ITO TOBOPHUT O PABHOMEPHOf CXOJNMOCTH Dsijia il (fn(x) = fulzo)).
Psn "
> halw) = (fal@) = fulz0)) + D falxo)
n=1 n=1 n=1

nmpeacrasuM B BUJIEC CYMMbI PaBHOMEPHO CXOIAIIECIOCA N 9UCJIOBOT'O PAIOB, CJIEIO-

BaTEJILHO, ABJIZAETCA PaBHOMEPHO CXOIAITIMCA.
00

N3 (1) u ycioBust paBHOMEPHOIT CXOMUMOCTH psifga » . f,(Z), mosydaem, 9To
n=1

S(z) = > fu(x). Hamomuum, uro S(x) — nepsoobpasuas o(z) = > f!(x), u mo
n=1 n=1

ompeJiesieHn o mepBoobpastoii, s z € (a,b)

§'(x) = (Z fn(w)> =Y fil@).

Teopema mokazaHa MOJHOCTHIO. ]

B neiicTBuresbHOCTH TeopeMa o auddepeHnnpyeMocT pyHKIIMOHAIBHOIO Psi-
Jla CIIPaBeIJINBA 1PN MeHee »KECTKUX YCJI0BUsIX. B 9acTHOCTH, MOXKHO OTKA3aThCs
OT yCJIOBUsI HENpepbiBHOI judepentupyemoct hyHkIiwmit f,(x), 3amMenus ero
yesioBueM Juddepernupyemoct 3tuX gpyuknuii. [Ipapna, B 3ToM ciaydae Teope-
Ma 11oTpedyeT DoJiee U3OMIPEHHOIO JI0Ka3aTe/IbCTBA.
Teopema 5. Ilyemo f,(x) (n=1,2,...) duddepenyupyemv, 60 6cex moukax
o

unmepsana (a,b), gynryuonaronod pad > . f1(x) crodumcea pasromepho, a pad
n=1

o0
> ful®) cxodumes 6 nexomopoti mouke xy € (a,b). Toeda, Pynruuonarvrvi
n=1

0
pad- Y. fn(x) cxodumes pasnomepro na (a,b), e2o cymma duddepenyupyema Ha
n=1

(a,b) u cnpasediusa Popmysa
(Z fn(f@) => fi(z), x€(ab)
n=1 n=1

Jloxasameavcmeo. Tonoxum st Bcex n € N, u x € (a, b)

fn(x) - fn(xo)
gn(x) = Tr — Xy
f/l(xo), ecJin r = Xxg.

,  eclm X # X,

12



o0
[Tokazkem, ato psizi Y, gn(T) paBHOMEPHO CXOIUTCs Ha mHTEpBaJse (a,b).
n=1
JeitctBuresnbHo, B cuity Kpurepus Korn

n—+p

> filw)

n=k+1

Ve >0 3dNygVn > Ny p>1Vx € (a,b) < e.

[To Teopeme Jlarpanrka Haiinércs Touka & JiexKalast MexKIy TOYKAMEI T U X
uHTepBasia (a,b), Takas, YTO UPU T # T BBINOJHACTCS PABEHCTBO

n+p
n+p > (fr(@) = fr(z0)) n+p

| k=n+1 . /

Z gi(w)| = e~ = Z fi@] <e.

k=n-+1 k=n+1

Torna kaxk 1npu x = xy uMeeM

n—+p n—+p
Z ge(wo)| = Z frlxo)| < e.

o0
Taxkum obpasom, s psiga Y gr(x) BbIMONHSETCss Kputepuii Kommn, n mosto-
-1
MY YKAQ3aHHBIH sl paBHOMeki)HO cxogurest Ha (a,b). Orcroja ciejpyer, 9To psij
0
> fulz) cxomures paBHOMepHO Ha uHTepBase (a,b). B camom mese, jjist BCIKOro
;:é (a,b) cipaBeymuBa dopmyiia

o0 o0 0 o0 0

SR =3 )+ - 20) S gl = 3 Fulwo) + 3 — o)),
n=1 n=1 n=1 n=1 n=1
npuaéM aneoBoit psit > fr(xg) exomures, a byHKIMOHATBHBIH PsijL
n=1
0

> (x-=70)gn(x) paBHOMEpPHO cxofUTCst Ha uHTEepBase (a,b) no kpurepuio Korru

n=1
B crJjly HEPpABCHCTBA

Z (z — 20)gn(z)| = (b—a) Z gn(z)| <e(b—a)
k=n+1 k=n+1

O6oznaunm depes f(z) = > fu(x). Torma mag Beskoro © € (a,b), © # x,

n=1
crpaBejinBa popmyia
flz) = flxo) &
T — Xy N nz—:l gn(x)



Ilepexons k npenesy mpu x — o o TeopeMe 1 OyjneMm nMeTh

lim f(@) - Z lim g, (x

T—To T — xo T—X0
9TO 9KBUBaJICHTHO CJIEAYIOIIEMY:
o0
f'(x0) = frlxo),
n=1

B CHJIy TOTO, 9TO 1 BceX n € N

lim g,(z) = lim fn(x) = fo(x0)

T—X0 T—X0 xr — ,fL‘O

= fu(w0):

Takum obpazom dyukius f(x) muddepenimpyema B TOUKe Tg U Jjisl Heé BEpHA

dopmyita /
(Z fn(@) (w0) = Y frlao).

Ho Temepb BMECTO TOUKE Ty MOXKHO B3sITh JOOYIO Apyryio Touky = € (a,b) un
HOBTOPUB JIJIsT HEE Te yKe PACCYZKICHUM, HPUATH K 3aKJIIOUEHNIO, 9TO (DYHKIIUS
f(x) nuddepennupyema B unrepsane (a,b) u jjst Beex x € (a,b) cupaseuBa

dopmyiia /
(S2001) -3 s

BOHpOCbI AJId TEeCTUPOBAaHUA N KOHTPOJIA

o0
1. Iokazare, uro dyukima f(xr) = Z BC}OILy HellpepbIBHA.

sin(n?x)

2. JlokazaTb, 9TO psI Z
n=1
Moit. MoxkHo Jim ero ,ZLI/I(beepeHHI/IpOBaTb?

CXOOUTCA PaBHOMEDPHO Ha BCEl Y1CJIOBOI I1p«-

n2n1

2n : . (Ucnosb30BaTh paBHOMEPHYIO CXO-

3. Boramcsants cymmy S(z) = Z

(o)
JUMOCTh pasia . 22" Ha orpeske [—q,q], 0 < ¢ < 1.)
n=0

4. Haittu cymmy psima %
n=1

14



o0 9
- cos®(nx) " "
5. Hokazarh, uro dyukiusa f(x) = T HellpepbIBHA Ha BCell UMCJIOBOM
n=

2

npsimoit u erancants [ f(x) da.
0

15



JIlexknmua 3.

COJIEPKAHUE

1. IIpusHak Maxkopaliun paBHOMEPHOI CXOANMOCTH PYHKIMOHAJIBHOIO psija. [Ipu-
3Hak BeitepmiTpacca

2. [Ipuznax /Iupuxje paBHOMEPHOI CXOAUMOCTH (PYHKIIMOHAJIBLHOIO Psijia

3. IIpusnak Abesist paBHOMEPHOI CXOJUMOCTHU (DYHKITMOHAJIBLHOTO PsiJIa

IIpuznak Makopalum paBHOMEPHOI CXOANMMOCTH (DPYHKIMOHAJIHHOTO
psana. IIpuznak BeiiepinTpacca

Mper Bujiesin, 9TO paBHOMEPHAST CXOAMMOCTH HEOOXOAMMA JJIT HACJIECIOBAHIA CYM-
MO#T psijia (PYHKIIMOHAIBHBIX CBOWCTB YJIEHOB psjia. B 3Toil jieknun chopMyupy-
eM U JIOKaKeM MPU3HAKKM PABHOMEPHOMN CXOMMMOCTH (DYHKIIMOHAJILHBIX PsiJIOB.
[lepBbIM JTOKazKeM TMPU3HAK MaryKOPAIMI PABHOMEPHONH CXOAMMOCTH (DYHKITH-
OHAJILHOI'O psifia.
Teopema 1. [Tycmwv das 6carozo © € X sunoanaemes nepasercmso | fr(x)| <

(0. 9]
Cgn(z) (n=1,2,...). Toeda ecau psad -y g,(x) cxodumcs pasHOMEPHO Ha MHO-
n=1

o
orcecmee X, mo u pad Yy fn(x) cxodumes pasromepro na mroocecmese X .
n=1

Jloxasamensvemeo. 3amuiineM yCJI0BUs KpuTepus Ko paBHOMEPHON CXOUMOCTH

00
pdna Z gn(x)
n=1

n—+p
Ve >03dNy: Vn> Ny, Vp=> 1V e X Z gr(z)] < e.
k=n-+1

3Hak MOAYJId B IIOCJIEAHEM HEPaBEHCTBE MO2KHO OIIYCTHUTL H3-3a HEOTpHLATEJIb-

HOCTI OyHKIHI ¢y ().

[Tockobky
n+p n+p

Z fr(z)] < Z Cyr(z) < Ce,
k=n+1 k=n+1
IEPEXOJINM K YCJIOBHIO

n+p
Ve>03Ng: Vn> Ny, Vp=1Vo e X | Y fulz)| < Ce,
k=n-+1

oo

9TO PABHOCUJIBHO CXOIUMOCTH psijia » | fn(z) 1 jpokasbiBaer Teopemy 1. O
n=1
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oo

CXOIMMOCTD IHCJIOBOTO PSIJIA Y | €, MOYKET TPAKTOBATHCSI KAK PABHOMEpPHAsT
n=1

00

CXOIUMOCTD (DYHKIIMOHAIBHOIO psfia » | gn(r) ¢ dyukuusmu g,(x) = ¢,, 410
n=1

BJIEUET MPOCTOE CJIEJICTBUE TeOPEeMbI 1, KOTOpoe Ha3bIBaeTcd NMpU3HakoMm Betiep-

ITpacca PABHOMEPHOT CXOANMOCTH (DYHKIOHAJIBLHOTO PAJIA.
Teopema 2. Ilycmv das 6caxoeo © € X 6biNOAHAECCA HEPABEHCMEO
(0. ¢] (0.9]
|fu(@)| < ey (m=1,2,...). Toeda ecau pad > ¢, cxodumcsa , mo u pad Y fi(x)

n=1 n=1
crooumcs, PABGHOMEPHO HA MHONCECTEE X.

3aMeTnM, Kak 1 B CJIyTae IpU3HaKa MazKOPAINH JJIsT 9UCIOBBIX PsJIOB, BHIIOJ-
uerue yciaosus | f, ()| < Cg,(x) MokHO TpeboBaTh He JJIst BCEX HATYPAJbHBIX 1,
a nadnnas ¢ Homepa Ny. [losromy yeosne Teopem 1 u 2 jomnyckaer ocadiemne.
Nwmenno, yenosue |f,(z)] < Cg,(z) u | fn(x)| < ¢, Beimonmaiores as n > N.

ITpusnak /Iupmxjie paBHOMEPHOI CXOIUMOCTH (PYyHKITNOHAJILHOTO
paaa

[Tow3ysich mpeodbpazoBannem AbeJist, IPUMEHEHHBIM K YaCTUIHBIM CyMMaM (DyHK-
IIIOHAJILHOT'O PsiJia, TOJIYUNM ITPU3HAKKE PABHOMEPHOM CXOINMOCTH (DYHKIINOHAJ b
Horo psja. Creayronuil Ipu3HaK Ha3bIBaeTCs IPU3HAKOM upuxiie.

lauM orpejiesienre paBHOMEPHO OrpaHNYeHHOCTH TI0C/Ie0BATEILHOCTH (DY HK-
Uil.

Omnpenenenue 1. [lociedosamenvrocmo dymryul fn(a;) HA3BIBAETNCA PAG-
HOMEPHO 02PAHUMEHHOT Ha_MHodtcecmaee X, ecau

AC > 0Vz € X Vn |fu(z)] < C.

Teopema 3. [Iycmv svinosnaomces caedyroujue Yycarosus.:

n
1) dpynryuu Gp(x) = > gr(r) pasromepro ozparuyerve Ha muoscecmee X ;
k=1

2) nocaedosamenrvrocms f,(x) asasemea MOHOMONHOT NO T U PABHOMEPHO CTO-
dumcs x 0 npun — 00 na muoscecmee X .

e}
Tozda dyrryuornarvivt pad Y fn(x)gn(x) cxodumes pasnomepro na mmoorce-

n=1
cmee X.
n+k
Hoxasamenavcmeo. Beeniém cienytomiee obosnaderne G, p(r) = > gj(z). To-
j=n+1
rJ1a, COIVIACHO IpeobpasoBanuio Adesst, aist p > 1,
n—+p n+p—1
Y fi@)ge(@) = farp(@)Grp(@) = > (frrr(2) = fil@)Gupl). (1)
k=n-+1 k=n+1
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3 yenoBus paBaomepHoit orpanndennoct Gy, (x) moydaem,
AC > 0Vr € X Vn |G,(x)| < C.

Pacemorpum g k > 1

n+k n

Zgj Zgj(x)

< n+k( )| +|Gn(z)| < 20,

GnJrk(x) - Gn(x)l <

(2)

Hausee, nocieposarensiocts { f,,(x)} paBHomepro cxopntces K 0 Ha MHOXKECTBe
X, TO eCcTb, 110 OIpeJIe/IEHNIO,

Ve >03dNy: Vn> Ny Ve € X |fu(x)| <e. (3)

[Tpumensist mpeobpazosanue (1), yaursiBas (2) u (3), oerum mpu n > Ny

n+p n+p—1
> @)gr(@)] < fusp@|Gap(@)] + | Do (frra(x) = frl@)Gup()| <
k=n+1 k=n+1
n+p—1 n+p—1
<220+ 37 feae) — ful@)l|Gule)] < 22042037 fra(a) = fula)l
k=n+1 k=n+1

Tak kak mocsegoBarebHOCTh { fi, ()} /s Besgkoro x € X MOHOTOHHA TIO 7,
10 pasHocTh fii1(x) — fi(2) MMEIOT OMHAKOBLIN 3HAK I, CJICI0BATEIIBHO,

n+p—1 n+p—1
S (@)= @) =] > (fenr(@) = ful@)| = | forp — for1] <
k=n+1 k=n+1

< | frtpl o [fna| < 2e.

CoenHsst OIEHKH, YOeXKIaeMcs, 9TO

n—+p
Ve>03Ny: Vn>NoVe € X | Y fula)gr(z)| < 6Ce,
k=n+1
o0
9TO TOBOPUT O PABHOMEPHON cxomuMocTu psaia » , fn(x)g, () Ha MHOKecTBE X
n=1
1 JIOKa3bIBAET TEOPEMY. ]

IIpusnak AGesis paBHOMEPHOI CXOIUMOCTU (PYHKITMOHAJILHOTO Psiga

B chenytomieit Teopeme chopmynmpyem npusHak Abesisi, OJM3KU K IIPU3HAKY
Hupuxre.
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TeopeMa 4. [lycmov svinosnsomea caredyrowue Yearosus:

1) pad z gn() pasromepro cxodumes na muoocecmee X ;

2) nome&oeammbnocmb fn(T) Asasemcs MOHOMOHHOT N0 N U PABHOMEPHO 02Pa-
nuvernol na mroocecmee X .
0

Tozda pyrryuonarvivt pad Y fn(x)gn(x) cxodumes pasromepro na mmoorce-
n=1
cmee X .

Jlokazameavcmeo. Ilycrs st Besikoro © € X un > 1 |f,(z)] < C. 3anumewm

o0
kpurepuit Kommn exogumoctu psiga Y g ()
n=1
n+p
Ve>03Ny: Vn>Nop>1VeeX | Y gilx
k=n+1
n+k
O6osnaunm G () = > gj(z). Torga B 91ux 0003HAYEHUAX HOJLY UM
j=n+1

Ve >03Ny: Vn>Noyp > 1Ver e X |Gyl <e.

[Ipumenum npeodbpaszoBanue Abess K cymme

> fulz = Farp(@)Grp(@) = Y (fret(z) — fu(@))Gr(2)
k=n-+1 k=n-+1

U TIOJIYUUM ONeHKy Jaad n-> Noup > 1

n-+p n+p—1
Y @ g @< | farp (@) Gup(@)] + | Y (frr(x) = fu(2))Grp(x)| <
k=n-+1 k=n+1
n+p—1 n+p—1
< Ce+ " 1fen(a) = fu@l|Gurl@) < Ce+2 Y |fisale) = ful)]
k=n+1 k=n+1

Tax kak mocseaoBaTeibHOCTh { fr, ()} jutst Besikoro x € X MOHOTOHHA 110 7,
10 pasHoctu fii1(x) — fr(T) UMEOT OJIMHAKOBBIN 3HAK U, CJIEJIOBATENIBHO,

n+p—1 n+p—1
Y @) = @) = D Freal@) = frl@)| = | farp = fasa] <
k=n-+1 k=n+1

S;‘fﬁ+p|%_|j%+l’<< 2C

CoeinHss OIIEHKN BMeCTe, YOeXKIaeMcsi, UTO

n—+p

ka )9k ()

k=n+1
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0.¢]

9TO 9KBUBAJICHTHO PABHOMEDHON CXoinMocTh psifa » | fn(x)g,(z) na MuoxKecTBe
n=1
X 1 JIOKa3bIBAET TEOPEMY. []

Kax un B cirydae 9mnc/ioBbIX psijioB, npusHakn Jlupuxie n Abesst oueHb OJIM3KI.
CpaBHEBas nx, 3aMedaeM, 9TO ocjiabjeHne OJHOTO U3 YCAOBUI TEOpPeMbl BJICIET
yCHUJIeHUEe BTOPOTO YCJIOBUA U HAOOOPOT.

Bonpocsb g1 TectupoBanus 1 KOHTPOJIS

(0]

1. Jlokazarb, 4TO €C/I Pl Y |, Cp€
n=1
abCOJIIOTHO JIJISI BCEX T > ).

" CXOIUTCSI B TOYKE X( , TO OH CXOJUTCS

o0
2. [Mokazars, aro ecin Y f(x) cxopurest paBHOMEpPHO Ha MHOXKecTBe X | DyHK-
n=1

nun g, (x) paBHoMepHo orpanudentbl Ha X, 10 psit Y fn(2)g,(x) paBHOMED-
n=1
HO CXOJIUTCS Ha MHOXKecTBe X .

sin nm)

3. ITokazarnb, 4T0 Psij Z

n=1

PABHOMEPHO CXOJUTCA Ha OTPe3Ke (4, 7.

4. Tlonb3ysach Mpu3HaKOM Beﬁemepacca MIOKa3aTh PaBHOMEPHYIO CXOINMOCTD

Ha BCejl YnC/I0BOIl PAMOIT pssia Z Sin(no)
Vnitat

o
5. [Mokazars, uro ecau psi » | | fn(z)| paBHOMEpHO cxXOMUTCS HA MHOMKecTBE X
n=1

To u psag Y fn(x) paBHOMepHO cxomuTcs Ha X . BepHo s obparHOe?
n=1

20



Jlekinsa 4.

COJIEPYKAHUE

1. Crenennbie psjbl. O6aCTb CXOAUMOCTH cTerleHHOro psijia. Teopema Korrmm-
Anamapa

2. PaBHOMEpHAast cXOJIMMOCTH CTEIEHHOT'O Psijia

3. HenmpepbIBHOCTD 1 MHTErPUPYEMOCTHL CYMMBbI CTEIIEHHOTO psijia

Crenennble psaabl. O6J/1aCTh CXOAMMOCTH CTEIIEHHOTO psga. Teopema
Komu-A jamapa

OJ1HO#t 13 caMBbIX TPOCTHIX (QYHKINT siBJisteTcst crenennast pyukiwst fp,(r) = ¢ a”

win, B 6ostee obrem ciydae, f,(x) = ¢,(x —x¢)". Pasymbo paccMaTpuBaTh psiibl,

YJIeHAMI KOTOPBIX SBJISIIOTCS CTelennble (DYHKINH, TaKie PsAIbl Oy/1eM Ha3bIBAThH

crerenHbIMU psjtiaMu. [lajinm OoJtee cTporoe ompemeseHne CTEneHHOTo Psjia.
Omnpenenenune 1. Pynryuonasonvil pad

(0.9]
ch(a: —20)" = ¢y + c1(m = x0) + o — 20)* A - - -

n=0

HA3LBAEMCA CMENEHHDIM DAJOM.
EcrecTBeHHBIM 00pa30M BO3HUKAIOT BOIPOCHI O 0OJIACTAX CXOJUMOCTH U PaB-
HOMEPHOI CXOIMMOCTH CTeleHHbIX psjioB. OTBeT Ha MepBbIif U3 3TUX BOIPOCOB

naét reopema Kormn—A gamapa.
o0

Teopema 1. [Iycmv dan cmenennoti pad Y c,(x — x9)". Obosnarum

n=0
[ = lim {/|c,|. Toeda

n—o0
1. ecau | =0, mo pad cxodumcs oan ecex x € R;

2. ecau 1= 00, mo pad crodumcsa suwdb 68 movke T,

1
70U

3. ecau 0 < I < 00, mo pad crodumca dasa x makux, wmo |r — x| <
pacrodumcs Oas T makuzr, wmo |r — xo| > %

Toxaszamensvcmeo. Ilycrs 0 < [ < oo. 3adukcupyem x € R u paccMOTpuM 4nc-
oo

J0BO#t psiit Y | cp(x — xp)". [pumennm npusuax Ko syt mceseoBatusi ero

n
CXOJITUMOCTH.

lim /|en(z — x0)"| = nli_{rolo{‘/ lenl||x — xo] = Uz — x0].

n—oo

Psiji Oyjier cxoiuThest, ecyin JaHHbIi pejies1 MeHbIie 1, To ecTb, e [|x — xg| <
1, uro sKBUBaNeHTHO |T — Zo| < 7. AHajormuHO, psij OyJeT PacXOAUTBC LU
yeJIoBUn |z — x0| > % [IyHKT 3 yTBEpKIEHUST TeOPEMbI JOKa3aH.
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Ecin [ = 0, ro lim {/]e,(z — x0)"| = l|x — 20| = 0 < 1 u, coriacho npusHaky
n—oo

o0
Korm, crenennoit psigt > ¢, (x — )" exoputes s Beex o € R.

n=0
Ecin ke [ = 00, To lim {/|c,(x — 20)"| = lim {/|cu||z — 20| = 00 u crenen-
n—oo n—0o0
o0
HOM psiji Y ¢y — )" OyJleT PacXoIUThCs JIUIA BCEX X # .
n=0
Teopema JoKa3aHa MOJHOCTDHIO. ]
1
Omnpenenenne 2. Yucio R = ————=— wnaswisarom paduycom crodumocma
lim {/|cy|
n—0o0

cmenennozo pada, a mroocecmeo {x : |x — xo| < R} unmepsanrom crodumocmu
cmenenro20 pada.

Takum obpasom, Teopema Ko -Ajamapa roBOpUT O TOM, 9TO CTENEHHOIT
PSLJ CXOJIUTCS BHYTPHU MHTEPBaJa CXOAUMOCTU U PACXOJIUTCs BHE ero. B rpanmy-
HBIX TOYKaX MHTepBaJa CXOJUMOCTU CTENEHHON psiJi MOYXKET KaK CXOJUThCS, TaK U
PaCXOJIUThCA.

PaBHOMepHasi CXOAUMOCTb CTEIIEHHOI'O Psi/ia
[Tpumennm npusnak Befiepimrpacca K nceie0BAHUIO PABHOMEPHOI CXOAUMOCTH
CTEIIEHHOIO PsIJIA.
o
Teopema 2. Ilycmo dan cmenewnoti pad | ¢, (x — xo)" u nycmy e2o paduyc

n=0
crodumocmu R > 0. Tozda dannoiii pad cxodumcs pasHoMepHO Ha A1000M 0mpes-

ke |a,b], yeaurom npunadaescawem unmepsany crodumocmu (xg — R, xg + R).
Hoxazamenvcmeo. Ilycrs « € [a,b] C (xg — R, o + R). Torga Bepra onenka
[Cn(z — 20)"| =enl|z — 20| < max{|cn|la — xo|", |eallb — zo|"} = |en| Rp,

rae Ry = max{|a — x|, |b — zol}.
Touku a u b npuHAIEXKAT UHTEPBATY CXOJUMOCTHU, CJIEJOBATEIBHO 10 TEO-
(0.8}

peme Kormmn-Anamapa, crenennoit psi Y ¢,(x — x¢)" B 9THX TOYKAX CXOIUTCS

n=0
o0 o0
abCOJTIOTHO, TO eCThb, PAibl » | |cp|la — zo|™ u > |en||b — xo|™ exoggares. Orciona
=0 =0
CJIeJIyeT, YTO YUCJIOBOI pS{,ZLn !
(o]
o0 o lenlla = xo|™,  ecom |a — xo| = |b — xo];
Z |Cn|Rn - no:oO
n=0 ST lenl|b — xo|”, ecnn |a — xg| < |b— xp]
n=0
o0
cxopurest. Torga o npusHaky Beitepirpacca crenennoii psigt » | ¢, (x — x0)" cxo-
n=0
JTATCsT pABHOMEPHO Ha oTpeske [a, b]. Teopema nokazana. O
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HermpepbIBHOCTh 1 HHTEIPUPYEMOCTH CYMMBbI CTEIIEHHOTO PSiaa

3 TeopeMbl 2 1 TeopeM O HENPEPBIBHOCTH, MHTEIPUPYEMOCTH U JuddepeHIim-
pyeMocT CyMMbI (DYHKIMOHAJLHOIO Psjia JIETKO MOJIYYalOTCs YTBEPXKJIEHUs O
HEPEPBIBHOCTH, MHTEIPUPYEMOCTH U TN DEPEHITUPYEMOCTH CYMMbI CTEIIEHHOTO
psjia. Beipazum 9T yTBepXKIeHNs KaK CJIeJICTBUS TeopeMbl 2. B jasibHeiiem
OyJleM CUHUTATb, YTO PAJUYC CXOJUMOCTH CTeneHHoro psja R > 0.
o0
CaencrBue 1. Cymma cmenennozo pada Y, c,(x — x)" Asasemea nenpe-
n=0
POIEHOU PYHKUUET Ha UHMEPSALE CTOOUMOCTIU.
/oxazamenvcmeo. Ilpexkie Bcero 3aMeTnM, 9TO WIEHBI CTEIIEHHOLO Psijia SIBJIsI-
I0TCsI HEIIPEPBIBHLIMU (DYHKIMAME Ha, Beeil uncsioBoii npsimoit, dlycrs Touka o/

MPUHAJIEXKUT HHTEpBaIy cxognmoctu (xrg — R, xg + R) crenennoro psija
o0

> ep(r —x0)" (R =1/lim {/|c,|). Boibepem orpesox [a,b] C (xg — R, x9 + R)
n—0 n—00

Tak, 9T00bI OH BKJIIOUas TOUKY 2. Crenennoit psam ». ¢, (x — zg)" cxopnres pas-
n=0
HOMEPHO Ha OTpe3Ke |a,b] u ero cymma HempepbIBHA Ha [a,b], B TOM qucie, u B

TOuKe 2. ]

Craenctsue 2. Cymma cmenenno2o-pada ecmv GyHKUUA, UHMEPUPYEMAL HE
aobom ompeske |a, b], uesurkom sesrcarem 6 unmepsane croouMoCmu, U uMeem
Mecmo popmyaa

/chx xo)" 2 /x xo)" f:

b xg)”ﬂ—(a—azo)”ﬂ).

=0

Jloxasamenrvemeo. CoryracHo CJIEJICTBUIO 1, CyMMa CTEIIEHHOTO Psijia HellpepbIBHA
Ha OTpe3Ke |, b], e mKoM JierkalleM B HHTePBaJie CXOAUMOCTH, U TIO9TOMY HHTE-
rpupyema. Kpome Toro, crenenHoil psiji CXOAUTCs paBHOMEPHO Ha [a, b]. Ocraioch
NPUMEHUTH TEOPEMY O MOYJIEHHOM HMHTErPUPOBAHUU CYMMbBI PABHOMEDPHO CXOJIs-

merocsa QyHKIMOHAIBLHOTO PSJIA. [
(0. ¢]

CaencrBue 3. Cymma cmenennozo pada f(x) = > cp(x —x0)" umeem nep-
n=0

6000pasnyto 6 unmepsane crodumocmu. Oona us nepeoodPasHHLT ModHcem OvIMb
BHIUUCAEHA NO POPMIY.ALE

= ¢
n n+1
= T —x :
n=0
npuuém paduyc crodumocmu cmenennozo pada das F(x) pasen paduycy crodu-
>0
mocmu pada Yy | cp(x — xo)"
n=0
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Jlokazameavcmeo. Tlo crepcrsuio 1, dyukius f(x) HenpepbiBHA B HHTEpBaJe
CXOJIMMOCTH CTEIICHHOTO Psijia, CJIEJIOBATEILHO OHA MMEET B MHTEpPBAJIE CXONMO-
ctu reppoodpaznyto. OHy 13 11epBoodpa3HbIX MOYKHO IPEJICTABUTEH KaK NHTEIPaJI
C IepeMEHHBIM BEPXHIM IIPEIEIOM

F(z) = / (1) dt.

[Ipumensist cieicTBre 2 Ha OTPE3Ke [Xq, x|, ToJIydaeM

- 00 Lo o0 Lo 00 c .
F(ﬂj)—/;cn(t—xo) dt—nz:%cn/(t—xo) dt_zn+1(x—x0) .

n=0
0 0 1
_ n Cn _ n+
OcTasoch MoKa3aTh, ITO PAJIbI Zocn(:z: xo)" u Zo s (r — )" nmeror
n= n=
OJIMHAKOBLIN PaJNyC CXOIUMOCTH.
1
HefticTBuresbHo, 1nyctb R = = — paJInyC CXOJIMMOCTH Psijia
lim {/|cy|
n—oo
(0.¢] oo Cn
> ep(T — x0)". Borancanm pajimyc cXoanMocTn psaga » (2 — 20)"™!
n=0 n=0 T 1
1 1 1
T a1/ |l T ntl nt1/ 1 m (|c,|n)n+T
Tm oy Vel Wi s
[]
Bonpocs! i TectTupoBaHUs M KOHTPOJISI
0
1. TTokasarb, 9T0 pajuyc CXOAUMOCTH CTEIEHHOrO psjia » | ¢,(x — o)™ MoxKeT
n=0
OBITH BBIYHUCJICH 110 (pOpPMYJIe
. Cn
R = lim o] ,
=00 | Cp 1]
IPU YCJIOBUU, YTO IPEJEsl CYIIeCTBYET.
o0
2. BepHo Jtu, 9T0 ecyin cTemeHHoi psij Y |, ¢, X" CXOMUTCA B TOUKE T, TO OH
n=0

a) PABHOMEPHO CXOJIUTCs Ha OTpe3ke [—xq, To|?
b) paBHOMepHO cxopuTcst Ha orpeske [0, xq]?
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@) o0
. Ilokazars, aT0 ecam pagsl Y a,z’™ u Y b,x" UMEIOT Oy U Ty Ke CyMMY,
n=0 n=0
to st Bcex n € N a,, = b,,.

oo

. Haiitu obracts cxommmvocTu psjia » E;T'L);, (4x)".
n=0 '

oo

. [Tokazarnb, aT0 ecu psag Y | ¢,z PACXOIUTCA Ha KOHIE HHTEPBAJIA CXOIIMO-
n=0
cru npu x = R, 1o Ha [0, R) cXOAUMOCTH He MOYKET ObITh PABHOMEPHOIL.
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JIlekmuda 5.

COJIEPZKAHUE
1. dnddepentmpyemMocTs CyMMBI CTEIIEHHOTO Psijia

2. Beckoneunas juddepeHupyeMocTb CYMMbI CTEIIEHHOTO Psijia. AHajuTuye-
cKure (pyHKINN

3. IIpumep Komu 6eckonedno jauddepeHnupyemMoii HeaHaJ uTHIecKoi (yHKITIHT

4. JlocTaTounoe ycjioBrue aHAJIUTUIHOCTH (DYHKITIN

HnddepeniimpyeMocTb CyMMbl CTEIEHHOTO Psija

[TokazkeMm, 9TO cymMmMa cTeneHHOTo psja guddepeHupyeMa B UHTEPBaJIe CXOJ1-

MOCTH.
oo

CaenctBue 4. Cymma cmenennozo pada f(x) = > cp(x — x0)" duddepen-
n=0

YUPYEMA 8 UHMEPBAAE CTOOUMOCTIU U NPOUBEOOHAA PABHA

f'@) = Y nea(w — )",
n=1

(0. 9] o0
npuuém paove . nep(z —20)" 1 u S e — x)" umerom odunaxoswiti paduyc
n=1 n=0

CcLOOUMOCTNAU.

Jlokazamenvcmeo. Hdnensr psija ¢, (x — ()" ABIAIOTCS HEnpepbiBHO i depen-

1
Tim /]ea]

n—oo

HUPYEMBIMI Ha, BCeil umc/ioBoii npsmoit dpyukiusvu. Ilyers R =

o
PaJILYC [ CXOJUMOCTH Psijia Y . Cp(T — )™ U TOUYKA T IPUHAJJIEKUT HHTEPBAJLY
n=0

cxommmoctn (rg— R, xo+ R). Torna cymecrByer orpesok [a, b] C (xo— R, zo+ R),
BKJTIOYAIOIINI TOYKY .

o0
Paccmorpum pst Y ne,( — 20)" L, nostydennbiii nowiennbiM guddepenin-

n=1
(0]
poBaHueM psiga y | ¢,(z — g)". Borauncanm ero pajmyc cxomumoctn R
n=0
/ 1 1 |
— : n—1 — - o1 T — — T — R
Jim Y Jnen] - T Y/ e e T (Jef )7
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(0.9] o0
Taxum 06paszom, psabt Y ne,(r—20)" ' u Y. cp(2—x0)" UMEIOT OIMHAKOBbIIT HH-
n=1 n=0
o0
b . n—1
TepBaJl CXOJMMOCTH, U, CJIEJIOBATEILHO, Ha OTPE3Ke |a, b| psij nep(r — xp)
n=1
cxonuTesd paBHoMepHo. [Io Teopeme o jmnddepeHIIpyeMocT CyMMbl (DYHKIIHO-

HaJILHOTO psijla CyMMa cTereHHoro psiga f(x) muddepennupyema B TOUKE T U
BepHa (hopmyiia

00
! n—1
Fl@) =) nealz — )",
n=1
4TO IIOJIHOCTBHIO JJOKa3bIBaeT cJjecTBue 4. ]

Beckoneunasi qudpdepennmpyeMocTb CyMMbI CTEIEHHOTO PSIAA.
Ananntndyeckue GyHKINN

[Ipu qudpepennmpoBanny CyMMbI CTEIIEHHOTO psijia BHOBB I1OJIyYaeM CTeleH-
HOI Psijl C T€M K€ PaJInyCOM CXOJUMOCTH. DTO MO3BOJISICT HaM CPOPMYJINPOBATDH
CJIeJTyTOIIee CJIeJICTBIE.

o0
CaencrBue 5. Cymma cmenennozo pada f(x) = > cp(x — x0)" duddpepen-
n=0

UUPYEMG A1000€ KOAUMECTNGO PA3 U GEPHEG POPMYAQ

con(n — D —2)...(n—k+1)(x — )",

WK

fP (@) =

I
e

n

NPUYEM PadUYCHL CTOOUMOCTIU BCEX NOAYUAIOUULCA PAVOS 00UHAKOBDL.

o0
Joxasameavcmeo. o cnencreuio 4 dyukius f(z) = > cp(r — x9)" mudde-
n=0

(0.9

penmupyema 1 f(z) = > ne,(r — x)" ™, npuuéM pajychl cXoMuMOCTH 060UX
n=1

PAJI0B coBHANaIoT. Jasee, ycTh cyliecTByer

FE @) = 3 entn = 1)(n—2)...(n — k + 2)(x — zo)" .
—k—1

n

Ipumenss x bynxmun f*~D(2) crepersue 4, nomyuaenm, aro f*~D(2) mudde-
peHIpyeMa 1 BepHa popMmyJia
/ o0
8 (z) = (f(k_l)(a:)> =Y cnn—1)(n=2)...(n—k+2)(n—k+1)(x—z¢)" ",
n=~k

npuuéM pajmycsl cxogumocti psios i fF () u fF)(z) copnanaior. Tem
CaMBIM, CJIeJTysl METOJIy MaTeMaTUIeCKON WHIYKIINU, CJIEJICTBUE D MOJTHOCTHIO J10-
Ka3aHo. []
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0.9]

Onpexnenenne 1. Cymma cmenennozo pada f(x) = > c,(x — x9)" naswea-
n=0

emcs anasumuseckotl Gyrryuet 6 unmepsane croouMoCmu.
o

[Iycte f(z) — anamurudeckas dbyuknus, 1o ectb f(z) = > ¢p(x — x9)" B
n=0
uHTepBase cxoauMocti. Tora, o ciegctsuto 5, f(z) nuddepennupyema joboe

KOJINYECTBO pa3 U BepHa (hopMyJia

0 (z) = chn(n —(n—2)...(n—k+1)(z—z0)" "
n=~k

f<k’)(xo)

Borancm f*)(xg) = cpk(k —1)(k—2) ... 1, orKyaa caeyer, 4t0 ¢ = X

Onpegnenenue 2. [lycmv f(x) — anarumuueckasn Pynkyus,

x 0 £(n)(4
n=0 !

n=0

Psad

% r(n)(y
Z ! n(! 0) (SU o xO)n

n=0
nasvisaemcsa padom Tetropa dynwrkyun f(x), a xvoapduryuermo
£ ()
n!

Hazviearomcs xoapduyuenmamu Tetinopa.

IIpumep Kommm 6eckoneuno auddpepeHIimpyemMoii HeaHAJIUTUIEeCKOI
dbyukIn

CiieicrBue 5 roBOPUT O TOM, 9TO BCsIKash aHAJINTHIECKasl (DYHKIUST sIBJISET-
¢ beckoneuHo juddepennupyemoii. Ilokaxkem, uro odbpaTHOoe HE BEPHO, TO €CTh
HpUBeIEM IpumMep OeckoHedHO auddepeHnnpyemMoil (pyHKINKM, He siBJSIOIIeiics
aHaJIMTUIECKOIA.

ITpumep Kommu. Paccmorpum dpyHKITUIO

flz) = {61/$2’ ecn © # 0,

0, ecm x = 0.

3aMeTuM, ITO JJIsI BCSIKOI'O HATYPAIbHOIO k



Orcrona ciaejyer, 9To

2 e

ez 0
f(z) = x36 , ecan x # 0,

0, ecim x = 0,

4 6\ _q,02
() = (ﬁ—ﬂ>el/, ecomn x # 0,

0, ecan x = 0.

[To muayKImum HeC/I02KHO MOKa3aTh, ITO

() = J Pon () e ez 0,
0, ecm x = 0,
riae Ps,(t) — muorowien cremenu 3n ot t.

CrenoBatesbao, Bce kKoadduiments! psiga Teiiopa dyaknuu f(x) B Touke
xo = 0 pasubl 0. [Tosromy cymma psiia Teitopa-dyukinu f(x) B Touke xy = 0
pasaa 0 u He coBmajaer ¢ dyuknueit f(x). Takum obpasom, HECMOTpsT Ha TO,
aro dyukuus f(z) 6eckonedHoe YncI0 pa3-duddepeHnupyemMa, OHa He sIBJISeTCs
aHAJINTHIECKO B TouKe xy = 0.

JlocTtaTodyHoe ycjioBUE aHAJIUTUIHOCTH (DYyHKIINN

Teopema Teitiopa o npumenenun dopmysibl Teitsiopa ¢ oCcTaTOYHBIM YJIEHOM B
dopme Jlarpamka moMozKeT HaM cOPMYIPOBATH JIOCTATOUHOE YCJIOBUE aHAJIH-
TUIHOCTH OecKoHeuHO AnddepeHnupyemMoil (hyHKINMI.

Teopema 1. ITycmo gynryus f(x) beckoneuno duddepenyupyema 6 §— oxpecms-
Hocmu mouky To. Eeau cywecmeyem woncmarnma C > 0 makas, wmo 0as 6Cex
Movex T U3 Hekomopot 0-0KPECMHOCTIU TOYKY T( BBINOAHAECMCA HEPAGEHCMEO

mo ¢pynxyua f(x) bydem anarumuveckols 6 mouke .

Jloxasameavcmeo. Ilycrs dynkuns f(z) Geckoneuno muddepeniupyeMa B 6—
OKPECTHOCTHU TOYKH Xg. Torma js grodoro n € N cupaseina ¢popmyiia Teitiopa
C OCTATOYHBIM 4jiIeHOM B popMe Jlarpamxka

Zf (o) x—xo)]‘“rf(nﬂ)(g)(x—xo)”ﬂ,
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rje & — ToYKa, MIPOMEYKYTOUHAS MEYXK/Ly T U T, KOTOPas BMeCTe C T ITPUHAICIKUT
HEKOTOPOMY HHTEPBaJY U3 0-OKPECTHOCTH TOUKHU xg. CresoBaTe/bHO, I TaKIX
T CIIpaBe//InBa OIEHKa

n (k)
@)= e — )| <
k=0

(n+1)
]En - f;) ' ‘(ZL’ . $0)n+1{ < C«n+1 ‘x - Ig‘n—H .

Ecsin pacemarpusaTh Ty 9acTh 0-OKPECTHOCTH TOUKH T, JIJIsl TOYEK T KOTOPOIi
BBITIOJTHsIeTCsT HepaBencTBo Clz — x| < 1, To

lim C" |z — zo[" =0,

n—oo
U, CJieJIoBaTe/IbHO,
n oo
L F®) (o) b~ S ) n
f(z) = T}I_{EOZT(%—%) = ZT(QJ—%) :
k=0 k=0
Teopema 1 1oJIHOCTBIO JIOKA3aHA. []

BOHpOCbI AJId TeCTUPOBaHUA N KOHTPOJILA

o0 xn
1. HaﬁTH CyMMy pﬂﬂa Z — u HOK&S&TB, 9TO 9TOT pﬂﬂ paBHOMepHO CXO,IH/ITCH
n=1

Ha oTpeske [—p, pl, p < L.

2. HpI/IMeHE{H [IOYWICHHOC NHTEIpUPOBaHu€, BLIYUCINUTDL CYMMY pPdAla
00

> n(n+ 1)x". VeraHoBUTSh, rjie JAHHDI PsIJT CXOIUTCA PABHOMEPHO.
n=0

e} xn
3. Hokasarh, aro dyuxuus f(z) = ) — sAsaserca pemenuem sataam ' (r) =
n=0 T

y(x),y(0) = 1.

00 x?n 00 x2n—|—1
4. Tlokazarb, 4T0 PYHKINN —-1)" u —1)" ————— yI0BJIETBOPSIOT
dynxn HZO( ) o) HZO( ) an " D
ypasaenuio Y (x) = —y(x).
o) ZL‘n
5. llokazars, aro psg Y (—1)"— ne cxomurcst paHoMepHo Ha (—1,1).
n=1 n
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JIeknusda 6.

COJIEPZKAHUE
1. Pazjioxkenue nokasare/ibHON PyHKINN
2. Pazjnoxkenne Tpuronomerpuiecknx GpyHkiuii. @opmysia iiiepa
3. Paznoxkenne 6uHOMMAILHON DYHKITUN

4. Pazoxkenue jiorapudMuieckoin pyHKIINn

Paznoxenune nmokasarejbHOU (pyHKIIUN

cronb3yst ammapaT CTEIeHHbIX PsIIOB, MOYKHO HPEJCTABUTD C IOMOIIBIO PsiJIOB
Teitnopa snementapuble PyHKITNH.

Teopema 1. Psad Tetinopa ynkuuu €* crodumes x smot pynkyuu na ecetl
YUCA0600 NPAMOt U daa Kaxcdozo x € R cnpasediusa dopmyaa

2 373 " OO "

L —_ —_ e JR— Py JR—

e—1+x+2r%m+ +—+ E%m’
n:

Jloxasameavemeso. Tak kak st oboro 6 > 0 npu z € (—0,0) CIpaBenBo
COOTHOIIIEHIEe ‘(ex)(n)‘ = €% < €, TO BBINOJHEHO JIOCTATOYHOE YCIOBHE AHAN-

TianocTn Gynkipn f(a) = e* B Touke xo = 0.
[laiee, 3aMeTUM {ITO

FO0) = ()], =e"=1.

Orkyza cienyer, 4To

| 8

n
|

S

00
=2
n=0

BocnosszoBasiiuch npusHakoM laambepa, HailjiéM 00/1aCTh CXOIMMOCTH JIaH-
HOI'O CTEIIEHHOIo pdja. s 9Toro BeIYuCIIM

n+l1 1)!
T A ) L S B S
n—00 ]a;]”/n' n—oon + 1

CrenoBaTebHO, P CXOAUTCS i BceX © € IR, 9TO MOJIHOCTBIO JOKA3bIBAET
TeopeMy 1. []

31



Paziioxkenune Tpuronomerpudecknx dyHkmmit. ®opmysia dityiepa

[TokazkeMm, 4TO TpHroHOMeTpHUecKre GYHKINN sin(x) u cos(x) mpeacTaBuMbL ¢
IOMOIIBIO CTEMEHHBIX PSJIOB Ha BCEH IHCJIOBOIT TIPSIMOI.

Teopema 2. Padv Tetinopa ¢ynxyud sin(x) u cos(x) crodamesa na 6cé wuc-
A060T NPAMOT U BEPHLL NPEICTNABAEHUS

3 b g2+l 0 £2n+l
i = —_ — —_ — .. _1 n___~ e e — _1 n
sin(z) =z o + =] + (—1) @n + 1] + ;( ) —(2n+ ik
2?2 22n o L2
cos(x) or T + (—1) 2n)] + nz:%( ) 2]

Jloxasameavcmeso. Bee npoussojnbie dbyukimn f(x) = sin(z) orpanndenst. [leii-
crBuTeNbHO, sl Besikoro n € N sephbt onenxu | (sin(2)) | = |sin(z)| < 1,
’(sin( )¢ (2n+1) | = |cos(z)| < 1. Takum 06pazoM, BBIIOJIHEHO JIOCTATOYHOE YCJIO-

BHUE aHAJIUTUIHOCTU JjIs1 Jitoboro x € R, B Tom uncsae u g xg = 0.
BorancanM nponsBogHbIe

sin(0) = 0,
(sin(x))/|xz0 = cos(0) =1,
((sin(z))"|, _, = —sin(0) =0,

(sin(2))® Y| = (-1)""sin(0) =0

=0

(sin(:c))@”)}x:() = (—=1)""teos(0) = (—1)" 1,

Crenosarensro, kodbdunuentst Teinopa as f(z) = sin(z) B xp = 0 paBHbI
(1)

Con—1 = "5,-1» Con = 0 ¥ BEPHO IpeJiCTaB/IeHUE
23 0 p2n+1 2+l
; — L. -1 ”— —
sin(z) = =5+ 5 Sl Z G

Pajmyc cxomMocTn 9TOro psijia paBeH

= lim *"3/(2n — 1)! = oo,

TO €CTh PsJ CXOAUTCs Ha BCEIl YUCJIOBOI HPAMOIL.
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[To Teopeme o jquddepeHnIPyeMOCTH CyMMbI CTEIIEHHOI'O Psijia JIJIsi BCSIKOIO

reR
o0 Lot
(s r_ 1) _
cos(z) = (sin(x))" = nz_:o( 1) o) =
o0 22+l ! > 22n
- (V) XU G
| |
— ( (2n + 1)! o (2n)!
1 PaJIyChl CXOAUMOCTH PsiJIoB coBnajiatoT. Teopema 2 jjoKa3aHa. O

HamoMHMM, 9T0 MHIMAS €IHIIIA ¢ IBJIAETCS PelleHIeM ypaBHeHus &2+ 1 = 0,

TO ecThb 1° = —1. PaccMorpum

o n 2 3 4 5
emzz(m =14 — o — 1 b2 e =

« nl 20 31 41 5
;2 ! N
:1_§+Z_”'“<x_§+§_'”) = cos(z) + ¢sin(z).

Takum obpazom, Hamu nosryuena Gopmyrta e = cos(z) + ¢sin(z), Ha3bBaeMas
= cos(x) — usin(x),
OTKY/1a, TI0C/Ie HECJIOXKHBIX TTPeodpa3oBaHuil, CIeyioT (hOPMYJIbI

dopmytoii Jitsiepa. Ilojgcrapisis B Heé —z- mojydaem e

1T —ix 1 _ 5,
cos(z) = %, sin(x) = %

Paznoxkenune buHOMUaJIbHON PYyHKIINN

Onpegnenenune 1. Qyrruyua f(x) = (1+x)* Hasveaemcs OuHOMUGALHOT dyrk-
uued.
Beejiém caejytoniee 0603HaueHIe

(a) ala—1)(a—2) (@ —n+1)

n n!
Teopema 3. Cnpasedauso paznooicerue 0af OUHOMUGALHOT YHKUUU

1 ) (a—n 1

2 n!
Q n

Paduyc cxodumocmu danrozo pada pasen 1.
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Joxazamesvcmeo. Burancimm nmpons3BojiHble ONHOMUAIBHON PYHKITIH
f(x) = (14 2)* B Touke xy = 0.

f(0) =1,
fl@)=a +z)*7", f(0) =q;
f"(z) =ala—1)(14+2)2  f(0)=ala—1);

f(”)(x) =ala—1)---(a—n+1)(1+2z)*", f(”)(O) =ala—1)---(a=n+1),

CuaenoBaresibHo, KodhduimenTsr Teitopa OuHoMuabHON (MYHKINN B TOUKE
xo = 0 paBHBI

CTL: —= —
n

n! n!

f™0) ala=1)---(a—n+1) (a)
[Hoacrasisss B popmyny Teitsiopa, moaydaem

(1+2)" = i (i) 2",

n=0

Jl1s1 HAXOK 1eHnsT 00JIaCTH CXOAMMOCTHU JAHHOIO PsiJjia BOCIIOIL3YEeMCs IPpU3Ha-
koM Jlasrambepa

li M—l' ‘a(o‘_1)"'(04—n+1)(a—n)x”+1‘n!_
o [@a] LT Jafa— 1) (0 —nt D (1)

S [ 4 B . Ja/n—1
= i T = e i R < o

Psn cxomnrest, ecin |x| < 1, u pacxopures, ecau |xz| > 1. CiemoBaresbHo,
paJInyc CXo/MMOCTH psjia pasen 1. Teopema jokazana. O

Paznoxenue jiorapudmMmndeckoii pyHKITAN

[Ipumennum opmyy pasiorkernst ONHOMUAIBHON QYHKIINN JIJIsT PA3JI0XKEHUS JIO-
rapudmMuieckoit pyHKINN.
Teopema 4. Cnpasedauso pasiodtcerue

.T2 .Z"?) " i "
In(1 — T () L = _qynttt
n(l+a)=z— 5+ + ()" —+ > (-1

n=1

Paduyc cxodumocmu pada pasen 1.

34



Joxazameavcmeo. Tloyioxkum B TeopeMe 3 a = —1 u, 3aMedas 4To,

ImoJrydacM pa3JIozKeHue

= zoo:(—l)”a:” Vo e (—1,1).

n=0

Hasee, 1o TeopeMe 0 TOYJIECHHOM MHTEIPUPOBAHIN CTEIIEHHOTO Psiia, A/ BCEX

r e (—1,1)

1n(1+x): 1+t /Z 1)"" dt = Z/ 1)™" dt =
0

D e
n J
n=0 n=1
YTO JIOKA3bIBAET TeopeMy 4. []

BOHpOCbI AJId TeCTUPOBAaHUA N KOHTPOJILA

1. Pasnoxurs dyuxmun sh(z) = (¥ — e *)/2 u ch(x) = (e* + e 7)/2 B pan
Teiinopa B 6— oxpecrioctn Toukn o = 0.

2. TIpoBe/isi COOTBETCTBYOIIME JEfiCTBISI CO CTEIEHHBIMIE PsIAMH, [OJIY YU Th Pa3-
Jo)kenne y = arctg(z).

3. Paznoxuts f(x) = 1/x B pan Teitopa B 0— OKpeCTHOCTH TOUKH Ty = 3.
Haiftn 061acTh CXOANMOCTH HOJIYIE€HHOTO CTEIEHHOTO Psijia.

4. Pasnoxurs Gyakuuto f(x) = f e’ dt B crenennoit P/l U BBIYUCIUTD PAJIUYC

CXOOUMOCTH HJaHHOT'O pdja.

5. ITonb3ysich TOXK 1eCTBOM
T t ! + arct L
— = ar —_ T —_
1 arctg 5 arctg 5

BBIYUCINTH 9ncjio 7 ¢ Tounocthio 0.001.
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