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BCTYMMUTEJIbHOE CJIOBO

HeckonbKko mMOKOJMEHUH CTYIEHTOB MeXaHHKO-MaTeMaTHUIeCKOTro
(axyapretra MocKoBCKOro yHHBepcuTeTa yuuaucsk y HUrops Baa-
numupoBuua [IpockypsikoBa o ero 3ajauHuky; BHauase 3To 6bia
3ala4yHUK 10 JTUHEeHHOH anrebpe, HO 3aTeM 110 BeJleHUIO BpeMeHHU B
Hero OblJIM BKJIOYEHbl OMOJHUTENbHBIE PA3Mesbl, TAKHe, KaK ad-
(puHHAs reoMeTpHUs, TeH30pHas anrebpa-u Teopus rpymnm. [louTtn B
KaXKJl0e HOBOe H3/laHWe BHOCHJIMCh MCIPAaBJEHHUS W JOMOJHEHHS,
TakK 4TO B HaCTOfIleM BHJe 3aJauyHUK SBJSETCS MJ0AOM KpOIMOT-
JIUBOTO TPYyAa BCEeH »KU3HU aBTOPA.

Kaxmprii, KoMy NpHIIIOCH COCTABUTh XOTS Obl HECKOJBKO 3a-
Jau JJ1 BCTYNUTeNbHbIX 3K3aMeHOB, 3HaeT, Kak TPYyAHO H30exaTb
omn60K. UTo yk roBopuTh 0 HesoM 3anauHuke! OnHO U3 m0CTO-
uHCcTB 3azmaunuka - M. B. TlpockypsikoBa cocToUT B TOM,
4yTO OH CcBOOOZEH OT OLIMOOK: BCEe HMEBIIHEeCs OILIHOKH JaBHO
UCTIPABJIEHE,

3agauyHUK COAEP’KUT KaK J0CTATOYHOE KOJMUECTBO THIOBBIX
BBIYUCJUTENbHBIX 33/lad Ha TpPUMeHeHHe OCHOBHBIX aJrOPUTMOB
JIUHEHHOH anre6pbl, TaK U 60JbILOE YHUCI0 GoJiee CJ0XKHBIX 3aad,
B TOM UHCJIe TEOPETHUYECKOro XapakTepa. TeM caMbiM OH Mpemno-
CTaBJIsIeT TIPernojaBaTesNio BO3MOKHOCTb /IS MaHEBPA B COOTBET-
CTBHM C colepKaHHeM KOHKPETHOTO Kypca M COCTaBOM KOHKpeT-
HOW TpYIIIBI.

Caoenyet ckasaTb, UTO COflepXKaHHe Kypca ajredpel U crocod
U3JI0XKEHUSI TIOCTOSIHHO MeHstoTcs. [1o3ToMy HEKOTOpBle pasjielibl
JI060r0 3alauHiKa B KAaKOH-TO MOMEHT MOTYT KasaTbCs apxa-
WYHBIMM, HO TPHU OMpeleseHHOM [0BOPOTe COOBITUH OHU BHOBb
MOTYT CTaTh aKTyaJbHbIMH. Tak, B MOCJEeAHHE TOAbl Ha MeXMa-
Te MPUHSATO BBIBOAUTBH KOPAAHOBY (DOPMY MaTPHIbl JUHEHHOTro
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6 Bcmynumenvroe c1080

orepaTopa reoMeTPHUECKH, B CBSI3H C YeM TEOpHUsl A-MaTpHll CTa-
HOBUTCS HeHYkHOH. OHAKO 3Ta Teopusl, NpeAcTaBasoLLas co60i
B CYLIHOCTH TEOPHIO MOAYJEeH Hal KOJIbLIOM MHOI'OYJIEHOB, BhITJIS-
IUT BIOJIHE aKTyaJbHO B KOHTEKCTe 0Olled TeOpHH MOAYJeH Haf
€BKJIMJI0BBIMH KOJIbLIAMH, KOTOPYIO celuac Bce OOJIbllIe JIEKTOPOB
HAuMHAIOT BKJI0YaTb B CBOM Kypchbl. To 2Ke OTHOCHTCS U K OTHE/b-
HbIM 3aJlayaM, KOTOpble MHOTHeE T'Ofibl MOTYT OCTaBaTbCsl HEBOCTPe-
60BaHHBIMH, HO MOTOM BIpPYr 00paTHUTb Ha ce0s BHUMaHHe CBOEH
3a0bITOH KPACOTOH HJIM 0Ka3aTbCsl AJI Yero-To HyXKHbIMH. 3ajau-
Huk M. B. [IpockypsikoBa siBisieTcst aKKyMyJIITOPOM OTbITA MaTe-
MAaTHKOB, pab0oTaBLIMX Ha Kadeape BbICIIEH aare6pbl MexMarta Ha
NPOTSKEHUH NECATKOB JIET, U B 3TOM KauecTBe MOXeT OBbITb HC-
TOYHHMKOM ILIeHHBIX CcBeleHUH. Hampumep, B Moel HayuHOH pabo-
Te, KOTJla MHe OblJI0 HY>KHO BBIYUCJHUTb OMPENETUTENb MaTPHILbI,
5§ 4aCTO HAaXOIMJ OTBET B 3TOM 3ajauHuKe. § yBepeH, 4To 3anau-
Huk U. B. IlpockypsikoBa eiie posrue roasl O6ymeT moJieseH CTy-
IEHTaM U NpenofaBatTesnsM pU3nKo-MaTeMaTHYeCKUX, HKEHepHO-
(hU3NYEeCKHUX U IKOHOMHMKO-MaTeMaTHUeCKHUX CIelnaNbHOCTeH BY-
30B.

3. b. Bunbepe

JOKTODP (PU3UKO-MaTeMaTHUECKUX HayK,

npodeccop ' MoCKOBCKOTO rOCYAapCTBEHHOIO YHUBEPCHUTETA
uMm. M. B. JlomonocoBa



MNPEAUCIIOBHUE ABTOPA

[Tpu cocraB/ieHUH HACTOSILIEr0 MOCOOHS aBTOpP CTPEMMJICS, BO-
NepBbIX, AaTb JOCTATOYHOE YMUC/IO YNPa>KHEHHH MUl BbIPAOOTKU
HaBBIKOB PEIIEeHHs] THIOBBIX 3a1a4 (Hanpumep, BbIYUCJIEHHUE OMpe-
JenuTesedl ¢ UHCJOBBIMHM 3JIeMEHTaMHM, pelleHHe CHCTeM JIHHeH-
HBIX YPaBHEHWH C YHC/JOBBIMH KO3((HUIMEHTaMH W T. I1.), BO-
BTOPBIX, aTh 33[ayH, CIOCOOCTBYIOIME YSICHEHUIO OCHOBHBIX I10-
HATHH M MX B3aMMHOH CBsi3u (Hampumep, CBsI3b CBOKCTB MaTpHIL
CO CBOHMCTBAMH KBaZpaTHUUHBIX (DOPM, C OHOH CTOPOHBI, U JHHEH-
HBIX peo0pasoBaHUil — ¢ IPYToi), B-TPETbHUX, AaTh 3alau, 10-
TMOJIHSAIOINE JeKLIUOHHbIe KYPChl U CONeHCTBYOLINE PACILIHPEHHUIO
MaTeMaTH4ecKoro Kpyrosopa (Hanpumep, cBoiicTsa ndaddosa ar-
perata KOCOCHMMETPHUECKOT0 ONpe/eIuTe s, CBOUCTBA acCOLUH-
POBaHHBIX MaTPHIL H T. T1.).

B psine 3amau npensiaraeTcsi 10KasaTb TEOPeMbl, KOTOPbIE MOXK-
HO HaliTu B y4yeOHuKax. [lomernas takue 3agaud, aBTOP UCXOAMI
U3 TOT0, YTO JIEKTOP TIPU HEI0OCTATKE BpPeMeHH aeT U3YYHUThb 4acThb
MaTepuasia Mo KHHUTe CaMHUM yUYallUMCs M 3TO MOXHO JeJ1aTh T10
3aJJauHUKYy, Tle NaHbl yKa3aHHs, TOMOTalollfe CaMOCTOSITEJNbHO
NPOBECTH [0KAa3aTeJbCTBO, YTO CIIOCOOCTBYET Pa3BUTHUIO HauaJb-
HBIX HaBBIKOB HAYUHOT'0 HCCJEIOBaHUS.

CozepaHue W MOPSNOK H3JOXKEHHS MaTepHasa Ha JeKLIHUSX
BO MHOTOM 3aBHCSIT OT JieKTopa. ABTOp cTapajcsi AaTh 3anau,
YUHTBIBAIOIIHE 3TO pa3HooOpasue uanoxkeHus. OTciopa HEKOTO-
pHIH MapaJenn3M U TOBTOPSIEMOCTb MaTepHuana. Tak, OMHH U Te
’Ke (DaKThl JaHBl CHauaJja B pasjese KBaApaTHUHbIX (opm, a 3a-
TeM U B pasfesie JHHEHHbIX NpeoOpa3oBaHUi, HEKOTOpPHIE 3aja-
4h c(hopMy/NHpOBaHBl TaK, UYTO HMX MOXKHO pellaTb KakK B CJy-
Yyae BeIlIeCTBEHHOIO €BKJHI0BA, TaK W B CJydasix KOMIIJIEKCHOrO
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8 [Ipeducrosue asmopa

YHUTApPHOT0 IpocTpaHcTBa. HaM Kaxkercs:, 4To 114 3aflauHuKa 3TO
’KeJ1aTesIbHO, TaK KakK AaeT 6oJbllyl0 TMOKOCTb IIPHU ero MCIoJb-
30BaHMHU.

B nauase HekoTOpBIX NMaparpacoB MnomelleHbl BBeJeHUs. OHU
COZepIKaT JIMIIb KPAaTKHE YKa3aHHs TEPMHHOJIOTHMH M 00O3Hade-
HUH B Tex cJ/ydasX, Korja B yyeOHMKAx HeT II0JIHOTO eJUHCTBa
B yKasaHHOM oTHouleHHH. MckioueHueM sBJsieTcss BBeLeHHe D,
rJie JaHbl OCHOBHbIE MeTO/bl BbIUMCJEHHS ONpeesuTeNel J060ro
TNOPSIZAKA W TPUBENEHBl IPUMephl Ha Kax<Abli MeTon. ABTOp CuM-
Ta/J 3TO MOJIe3HBIM BBUAY TOrO, YTO B yueOHHKAaX 3THU. yKa3aHUS
OTCYTCTBYIOT, @ ydalluecsl BCTpeyaloT 31eCb 3HaUUTeJ/bHble TPYA-
HOCTH.

Howmepa 3anau, B oTBeTax Ha KOTOpble HMEIOTCS peLleHHs HJIH
yKasaHus, cHaOxeHbl 3Be3104KoH. PelleHus faHbl ajs He6OJb-
IIOTO YHCJa 337a4. DTO WM 3aJadl, CoepKaline oOMUiH MeTof,
npUMeHsieMbll 3aTeM K psiLy APYTHX 3a4ad, UM 3a[a4H MOBbILLIEH-
HOH TPYAHOCTH. YKa3aHuUs cofepxKaT, Kak [pPaBHJIO, JIMIIb HIEI0
WUJIM MeTO[, pelleHHs U OCTaBJSAIT ydallUMCcs NPOBeJeHHe CaMOro
pewtenus. Jlump as1s 6o/ee TPYAHBIX 3ajay OHU COAEpKaT Kpart-
KHMH MJIaH pelleHHus.

H. B. Ilpockypakos
Brlpaxato cBowo 6/1arofapHOCTb 3a MpeaJsoXKeHHble 3a1a4H U LeH-
Hble coBeThl J.Bb. Bunbepry, . M. T'esnvdanny, H. B. Epumony,
A. TI. Muwnno#, JI. 4. Oxynesy, JI. A. Ckopusikosy, A. 1. ¥z-
koy, M. P. llaapeBuuy u BceM paboTHHKAM Kadelpbl BbICLIEH
anre6psl MOCKOBCKOTO yHHBEPCHTETA.



§ 1. ONPEAEJIMTESIM 2-ro U

Breiuuciutb OorpeneauTeu:

Irnasa 1

ONPEAEJIUTEIIU

3-ro NMNOPSAAKOB

5 2 1 2 3 2 6 9
1. 7 3l 2. 3 4l 3. 3 5’. 4. 3 12|
5 a? ab 6 n+1 n a+b a—2»>
Colab B2 T n n—1| a—b a-+b
8 a2+ ab+b? a® — ab+ b? cosa  —sino
) a+b a—b sinae cosa |
10 sin  cos cosa  sina
“lsinf cos B sinf3 cosf|
sina+sinf8 cosfB+ cosa
12. . . .
cos B =cosa sina —sin(
13. 2singcosp  2sin®p — 1
2cos’p—1 2sinpcosp|
1—tz 2t (l—tg2 2t
1 1 1
14. _+2tf 1f§2 . 15. 1;: (ﬁt)z .
1+¢2  1+¢2 1+¢2 Tl
2
16 it; 13@; 17 1 IOgb a
©| 2t 1462 | . :
A 1:52 log, b 1
BBIUHCIUTD onpefiesinTeNd, B KOTOPBIX & = /—1:
a c+ di a+ bi b
18. c—di b 19. 2a a— bi|’
20 cosa + isina 1 a+bi c+di
: 1 cosa — isinal’ —c+di a—bi|




10 Tasa 1

HOJIb3yHCb OnpeneuTeIIMHA, PEIIUTb CUCTEMBI ypaBHeHHﬁi

20+ 5y =1,
N3z +Ty=2.

20 — 3y =4,
23. 0 "

4x — by = 10.

5 Ty=1,
2q. ) 0

xz—2y=0.

4 Ty+13 =0,
95. T+ 0y +

or + 8y + 14 = 0.
26'{xcosa—ysina:cosﬁ,

rsina + y cosa = sin 3.
rtga+y =sin(a + ),
27. ! © —ytga = cos(a+ f3),
rie o # g + kr (k= uenoe).
WccnenosaTh, OyaeT Ju. CUCTeMa ypaBHEeHME ompejeseHHa
(MMeeT eIMHCTBEHHOE peilieHHe), HeompejeaeHHa (MMeeT Gecko-

HEYHO MHOTO pelleHdil) wumu mpotuBopeunBa (He UMeeT
peLieHus):

8 4o + 6y = 2,
") 6249y =3.

Jator-niu1 3nech gopmyssl Kpamepa BepHbIH oTBeT?
3z —2y=2
290"
6x — 4y = 3.
30.(a—b)xz=b—c.
31. zsina =1+sina.
32. zsina =1+ cosa.
33. zsin(a + [) = sina + sin 5.
a’zr = ab,
34. 5
abx = b”.
ax + by = ad,
") bz + cy = bd.

35



Onpedeaumenu 11

dy =2

36.] TS
9z + ay = 3.

37, ax — 9y = 6,
10z — by = 10.

38. [lokaszath, 4TO [J51 paBEHCTBA HYJIIO OMpeaeUTe 151 BTOPO-
ro Topsiika HeoOXOAMMO U HOCTATOUHO, YTOOBI €ro CTPOKH OblIH
nponopuroHaabHel. To ke BEPHO M A5 CTONOLOB (ecaM HEKOTO-
pble 3JIEMEHTBI ONpeNeUTe NI PaBHBl HYJIO, TO IMPOTOPIUOHAJb-
HOCTb MOXKHO MOHMMaTb B TOM CMBICJE, YTO 3JEMEHTHl OLHOH
CTPOYKH MOJYYaIOTCS M3 COOTBETCTBYIOLIMX 3JIEMEHTOB APYroi
CTPOYKHM YMHOXKEHHEM Ha OIHO M TO K€ YMCJIO, OBIThb MOXKET, paB-
HOE HYJIIO).

*39. [lokasaTb, YTO NpU AeHCTBUTEbHBIX @, b, ¢ KODHU ypaB-
HEeHHUs
a—x b

b c—x

OyLyT NeHCTBUTENbHBIMHU.

*40. lokaszaTb, 4TO KBafpaTHBIH TpexuJeH ar® + 2bz + ¢ ¢
KOMIIJIEKCHBIMH KO3()(DHIHMEHTaMH TOTAa W TOJbKO TorAa Oyner
MOJIHBIM KBaJpaToM, eCJ/iyd

a b

b C:O.

41. lokasatb, 4TO NpH AEHCTBUTENBHBIX @, b, ¢, d KOpPHH
ypaBHeHUS
a—x c+di

c—di b—=x =0

6yoyT NeHCTBUTENbHBIMH.

*42. [lokasatb, 4TO 3HadeHHE IpoOU ‘jfis, rae no KpakHed

Mepe OAHO M3 HHucedJ ¢, d OTJIUYHO OT HYyJisdd, TOrAa U TOJIBKO TOraa

a b
He 3aBHCHT OT 3HAUEHHs T, KOTAA | | =0.

d
Belunc/inTh onpenenTenu 3-ro nopsaka:
2 1 3 3 21 4 -3 5
43.|5 3 2|. 44.|12 5 3|. 45.|3 -2 8|
1 4 3 3 4 2 1 -7 -5



12 Tasa 1
3 2 —4 3 4 -5 4 2 -1
46. 4 1 —2(.47.18 7 -—2|. 48.|5 3 -=2|.
5 2 -3 2 -1 8 3 2 -1
11 1 0 1 1 5 6 3 2 0 3
49./1 2 3|. 50.{1 0 1|.51.(0 1 0]. 52.|7 1 6|
1 3 6 110 7 4 5 6 0 5
1 5 25 1 1 1 1 2 3
53.(1 7 49|. 54.|14 5 9]|.55.]4 5 6|
1 8 64 16 25 81 7 8 9
a b ¢ a b ¢ 0 a O a xr x
56.|b ¢ a|l.B7.|c a b|.58.|b ¢ d|.59.|x b x|
c a b b ¢ a 0 e O T T c
at+zxr x a?+1 . ap ary
60.| = b+zx = 61. | a3 pB24+1 By
x r c+uw ary By  *+1
cosa  sinacosf  sinasin(§ sina cosa 1
62. |—sina cosacosf cosasinfg|. 63.|sinf cosf 1|
0 —sing cos 3 siny cosy 1
64. [Ipu KakoM yCJOBHH ClIpaBeAIUBO PAaBEHCTBO
1 cos . cos 3 0 cosa  cosf3
cos « 1 cosvy| = |cosa 0 cosy|?
cos 3 cos7y 1 cos 3 cos~y 0
65. [Tokazath, uTO ONMpeneNUTENb
a® bsina csina
bsin « 1 cos &
csina  cosa 1

W JIBa APYTUX OTpeeUTeNsl, MoayYeHHble U3 NaHHOTO KPYTOBOH
TepecTaHOBKOH 3JieMeHTOB a, b, ¢ ¥ «, (3, 7y, PaBHbHl HYJIO, €CIU
a, b, ¢ — IJIMHBI CTOPOH TPEYTrOJIbHUKA, U «, (3, ¥ — €ro YIJHl,
MPOTUBOJIEKAILHE COOTBETCTBEHHO CTOPOHAM a, b, c.

BbIUHCIUTD ONpeie/InTeNu 3-I0 NOPsiaKa, B KOTOPBIX 4 = /—1:

66.

1 0 1+: x a+bi c+di
0 1 i 67. |a — bi Y e+ fil.
1—4 —i 1 c—di e— fi z
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1 e €2
68.c2 1 e|,rmee=—
e €2 1
1 1 e
69.|1 1 &2
e2 ¢ 1
1 1 1
70. 11 ¢ &2
1 &2 ¢

ofs

|

, The e:cos§w+isin

, Tle € = COs 37 + isin

2
3.

4
3.

71. JlokasaTb, UTO €CJIH BCE 3JIEeMEHTHl ONpPENENHUTENsT 3-TO
nopsifka paBHbel +1, To caM onpenennTe b OyneT YeTHBIM YUCIOM.

*72. Hafitu HauOGoJbllee 3HaueHHe, KOTOpPOE MOXKeT MPUHHU-
MaTb OIpeJeJNHUTeb 3-T0 INOpPSAKa, NMPH YCJOBHH, UTO BCE €ro

3J1eMeHThl paBHbl 1.

*73. Hatitu Haubosblllee 3HAUEHNE ONpeeNuTest 3-r0 MOpsia-
Ka MPH YCJOBHH, UTO €ro ajeMeHTbl paBHbl +1 uau 0.

HOJTbSYﬂCb onpeneauTegaMH, pelliunTb CUCTEMBI ypaBHeHHﬁI

2z + 3y + 5z = 10,
74. ( 3v+Ty+4z =3,
T+ 2y+2z=3.
dx — 6y +4z =3,
3z =3y + 2z =2,
4o — 5y + 2z = 1.
dr —3y+22+4=0,
6r —2y+32+1=0,
5r —3y+22+3=0.

{5x+%+3z+2&

75.
76.

77. { 22 — 2y + 52z =0,

3z +4y+ 22+ 10=0.

Ty
——242=0,
a b+
2
_7y+37z_1:0,
b c

T i
a C

*78.
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2ax — 3by + cz = 0,
79. ¢ 3ax — 6by + Hcz = 2abc,

S5ax — 4by + 2cz = 3abce,
rie abc # 0.
4bcx + acy — 2abz = 0,

*80. ¢ bbcx + 3acy — 4abz + abc = 0,
3bcx + 2acy — abz — 4abc = 0,

rne abc # 0.
*81. Pemnth cucteMy ypaBHEHHH:
r+y+z=a,

r+ey+eiz =0,
T+ 52y +ez=¢c¢
(¢ — ornnunoe ot 1 3Hauenue v/1).
HccnenoBars, Oymer cucTeMa ypaBHEHHH OMpeleseHHa, He-
ompefiesieHHa UK POTHBOPEUHBA:
20 — 3y + z = 2,
82. { 3z — 5y + 52 =3,
5z — 8y + 62 =15.
4o + 3y + 22 =1,
r+ 3y +52 =1,
3z +6y+ 9z = 2.
Sr. =6y + 2z =4,
3x — by — 2z =3,
20 —y+ 3z =5.

20 —y + 3z = 4,
85. < 3z — 2y + 2z = 3,

83.

84.

Sz — 4y = 2.

2ax — 23y + 29z = 4,
Tr+ay+4z="17,

5 4+ 2y + az = 5.
ar — 3y + bz =4,

T —ay+3z=2,

86.

87.
9z — Ty + 8az = 0.
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ar +4y + 2z =0,
88. ¢ 2y+32—-1=0,
3z —bz+2=0.
ar + 2z = 2,
89. ¢ bz +2y =1,
x—2y+bz=3.
[TyTem npsiMOro BbIUKCJIEHHS N0 PABUJY TPEYTOJbHUKOB, UJH

npasusny Cappioca, J0Ka3aTh CJeLyIOIIHe CBOHCTBA ONpefesUTe-
Jied 3-ro TopsigKa:

90. Ecaiu B onpefenutesie 3-ro Nopsiika NOMEHSITh POJISIMH
CTPOKH U CTOJIGUBI (T. €., KaK TOBOPSAT, TPAHCTIOHAPOBATD €T0 MaT-
pHILy), TO OMpEeEUTENb He H3MEHUTCS.

91. Ec/in Bce 3/1eMeHThl KaKo#-HUOY b ¢TPOKH (MM cTo/I61a)
paBHBI HYJIO, TO U CaM OIlpeleJUTeNb PaBeH HYJIIO.

92. Ec/ii BCe 3/1eMeHThl KaKo#-HUOy b cTpokH (Mau cTos161a)
ornpene/suTeNIsl YMHOKHTbL Ha OJHO M TO JKe UMCJIO, TO M Bech
ornpene/uTe/lb YMHOXKUTCS Ha 3TO UMCJIO.

93. Ecsiu nepecTaBuTh ABe CTPOKU (MaM fBa cTOAOLA) OMpe-
IeJIUTeNs, TO OH U3MEHHT 3HaK.

94. Eciu 1Be cTpok# (v 1Ba cTO/IGIA) ONPENeUTENs] OH-
HaKOBBI, TO OH paBeH HYJIIO.

95. Ecaiu Bce 9/1eMeHTBl OfHOH CTPOKH MPONOPLHOHANbHbI CO-
OTBETCTBYIOLLUM 3JleMeHTaM APYTod CTPOKH, TO ONpeleNuTeNb pa-
BeH HyJ110 (TO »Ke BepHO U /15 CTONBLOB).

96. Eciu kaxKaplil 3/1eMeHT HEKOTOPOH CTPOKU OMNpenesNUuTe s
NpelCcTaBJeH B BUAE CYMMBI IBYX CJaraeMblX, TO ONpPeNENHUTENb
paBeH CyMMe JIByX OIpefie/IuTesIed, y KOTOPbIX BCe CTPOKH, KPOMe
JIAHHOM, NpeXXHWe, a B JAHHOHU CTpPOKe B NEPBOM OMpelesuTese
CTOAT TepBbie, a BO BTOPOM — BTOpBIE cjaraembie (TO e BepHO
¥ JIIS1 CTOJIOLIOB).

97. Ecu K a/neMeHTaM OQHOU CTPOKH OTpelesuTess npuba-
BUTb COOTBETCTBYIOLIME 3JEMEHTHl APYroi CTPOKH, YMHOXKEHHBIE
Ha OJIHO M TO XK€ YMCJIO, TO ONpeleNuTe/ b He uaMeHutcs (To xe
BEPHO M JJISl CTOJIOLOB).

98. ['oBopsAT, UTO ONHA CTPOKA OMpeleUTes]s SBJSeTCS AuU-
HelHol KombuHayuell 0CTaJbHBIX CTPOK, €CJU KaXKIblH 3JeMeHT
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3TOH CTPOKH paBeH CyMMe IPOU3BeleHHH COOTBETCTBYIOLIUX 3Jle-
MEHTOB OCTaJIbHbIX CTPOK Ha HEKOTOpble UHCJa, I0OCTOSIHHbIE 1J151
KaXKJI0ll CTPOKH, T. €. He 3aBUCSILHe OT HoMepa 3JeMeHTa B CTPO-
Ke. AHaJOrHUHO oMpefesieTcs JUHeHHas KOMOUHALNS CTOMNOLOB.
Hanpumep: TpeTbsl cTpoka onpejesutes

ailp  aiz2 a13
a21  a22 (23
asy asz2 as3

OyneT JUHeHHOH KoMOMHALMeH MepBbiX ABYX, €CJAM CyLIECTBYIOT
IBa UMCJA ¢ U C2 TaKHe, 4TO ag; = ciaij + caaz; (j-=1, 2, 3).
Jlokasath, 4TO ecJM onHa cTpoka (cTosber) OnpeenuTeIs
3-ro nopsifika ABASTCS JHHEHHOH KOMOHHALMel 0CTaNbHBIX CTPOK
(cTon610B), TO ONMpeneanuTeNb PaBeH HYJIO.
3aM€tiaHu€. Cl’IpaBeILJII/IBO TaKxKe 06paTI—I0e yTBEpXKAEeHHE, HO OHO
BBITEKAeT U3 NAaJbHEHIIEro Pa3BUTUS TEOPUHU OTIpeneuTe et

*99. [Tosb3ysich mpenbiayllieil 3agadell, NokasaTb Ha MpUMepe,
4TO B OTMIMUME OT ompefesnutesneil 2-ro mopsaka (cm. 3apauy 38)
175 PaBeHCTBA HYJIO OINpEJesHTeNsT 3-T0 TNOPSAKA MPOMOPLHO-
HaJbHOCTb JBYX CTPOK (MJIM CTOJGLOB) yXKe He SIBJASETCS HeoO-
XOIHMMOH.

[Tosb3ysick cBoiicTBaMM ompejesuTesnell 3-ro Mopsiika, yka-
3aHHBIMM B 3ajauax 91-98, BbUMCIUTBH c/edyloLlve ONMpejeJu-

TeJIH: )
sinfa 1 cos?a

100. [sin’3 1 cos?j|.

Shi v 1 cos?y
sina  cos2a  cos? o
101. |sin?3 cos2B cos?f3|.
siny cos2y cos?y
z 2 axr+br

102. |y v ay+by|.

z 7z az+ b2

(a1 + b1)2 a% + b% ai1by
103. (CLQ + b2)2 a% + b% asbs|.
(a3 + b3)2 a% + b% asbs

a+b ¢ 1
104. (b+c¢ a 1|
c+a b 1
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105.

106.

107.

108.

109.

(I[aTb reoMeTpuyeckoe UCTOJIKOBAHHWE MOJYYEHHOI O pesyﬂbTaTa).

“110.

(am + a—T)Q (am _ a—T)Q 1
(BY +b7Y)2 (Y —b7Y)2 1]
(CZ + C—Z)Q (CZ o 0—2)2 1
1 e =
e 2 1|, rme ¢ — omuunoe ot 1 3Hauenue /1.
Yy oz
sina cosa  sin(a + 9)
sinf@ cosf sin(8+9)|.
siny cosy sin(y+9)
a1 +bit a1t —by ¢
as + bt asi — by cz,rnei:\/—_l.
as + b3t azi—bs c3
X1 Y1 1
X9 Y2 1
T1+tAT2  y1t+Ay2 1
T+A [ESY
a B v
B v «af
Y oa f

rae «, (3, 7 — KOpHH ypaBHeHusi 2 + pxr + q = 0.
He pasBepTbiBasi onpenenuTesnel, 10Ka3athb C/aAeIYIOMIHAE TOX-

JecTBa:

111.

112.

113.

114.

115.

ar b iz +by+ca ap by
az by axx + by +ca| =|az b
a3 by azx + b3y + c3 az b3
ai +bix a1 —bix a1
as +bax as —bax ol = —2x |as
as +bsx asz—bsx c3 as
a1 +bit a1t +by ¢ ar by
az +bat azi+by ol =2]ax bo
as +bsi agi+bs c3 az b3
a1 +bix aix+b

as +box  asx +by 9| = (1 — xQ)
a3z +bsx asx + by c3

1 a be

1 b cal=(b-a)(c—a)(lc—D).

1 ¢ ab

C1

Co|.

C1
Col.
C3

C1
Co|.
C3

bo
b3
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1 a a?

116. 1 b b?|=(b—a)(c—a)(lc—0D).
1 ¢ ¢
1 1 1

117. |a b c¢|=(a+b+c)(b—a)(c—a)(c—d).
a® b A3
1 1 1

18. |a? b? *| = (ab+ac+be)(b—a)(c—a)(c—d).
a® b3
1 a at

119. |1 bt = (a®+b%+c?+ab+actbe)(b—a)(c—a)(c—b).
1 ct
1 a be 1 a a®

“120. |1 b ca| =11 b b2

1 ab 1 ¢ ¢
1 a a 1 a a?

121. |1 VBl=(a+b+efl b b
1 el 1 ¢ ¢
1 a? a 1 a a?

122. |1 % V¥ =(ab+bc+ca)|l b b?|
1 2 & 1 ¢ ¢

§ 2. MEPECTAHOBKHM U NMOACTAHOBKMU

OnpenenyTh YMCIO UHBEPCUE B MepecTaHoBKax (3a ucxomHoe

pacroJiozkeHHe BCerja, ecJM HeT 0COOBIX yKa3aHUH, MPUHHUMAETCs

pacrnosioxkenue 1, 2, 3, ... B BO3pacTamLIeM MOPsIKE):
123. 2, 3, 5, 4, 1.
124. 6, 3, 1, 2, 5, 4.
125. 1,9, 6, 3, 2, 5,4, 7, 8.
126. 7,5,6, 4, 1, 3, 2
127. 1, 3,5, 7, ..., n—l, 2,4,6,8, ..., 2n.

128. 2, 4, 6, ...,2n, 1,3,5 ...,2n—1.
B caenytomux nepecTaHoBKax ONpeaesyTb YUCIO UHBEPCUH U

yKaszaTb oOLIM{ NMPHU3HAK TeX YHCes N, AJs KOTOPbIX 3Ta repecra-
HOBKa 4eTHa, U TeX, JJIs KOTOPBbIX OHAa HeyeTHa:

129. 1,4,7,....3n— 2,2,5,8,...,3n — 1,3,6,9, ...,3n.
130. 3,6,9,...,3n,2,5,8,....3n — 1,1,4,7, ..., 3n—2
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131. 2,5,8,...,3n—1,3,6,9,...,3n,1,4,7, ...,3n — 2.

132. 2,5,8,....3n—1,1,4,7,...,3n— 2,3,6,9, ..., 3n.

133. 1,5,...,4n—3,2,6,...,4n—2,3,7,...,4n—1,4,8, ..., 4n.

134. 1,5,...,4n—3,3,7,...,4n—1,2,6,...,4n—2,4,8, ..., 4n.

135. 4n,dn — 4,...,8,4,4n — 1,4n — 5,...,7,3,4n — 2,
4n—6, ...,6,2,4n—3,4n—17, ...,5,1.

136. B kakoii mepecrtaHoBke yucesa 1,2,...,n 4UCIO HUHBEP-
CHil HauboJIblllee U UeMy OHO PaBHO?

137. CxonbKo UHBepcHi 00pasyeT uucyo 1, cTosiiee Ha k-M
MeCTe MepecTaHOBKH?

138. CkonbKo MHBepcHE 00pasdyeT 4uCJ/IO0 n, CcTosllee HA k-M
MecTe B nepecTaHoBKe yucena 1,2,3, ..., n?

139. Yemy paBHa cyMMa yucsa MHBEPCUH W 4HC/Ia NOPSIAKOB
B JII0OOU MepecTaHoBKe yuces 1,2, ..., n?

140. J{ns Kakux 4uces n 4YeTHOCTb UMCJa HHBEPCHH U YMcIa
NOPSAKOB BO BCeX MepecTaHOBKax uucesa 1,2, ...,n OAMHAKOBA U
JJIs1 KaKUX MPOTHBOTIOJNOXKHA?

*141. [loxkaszaTb, 4YTO 4YHUCJNO0 HHBEPCHUU B MepecTaHOBKe aj,
as, ..., 0, PAaBHO YHUCJIY HHBEPCUH B TOH mepecTaHOBKe WHIEKCOB
1,2, ..., n, KOTOpas MoJiyyaeTcs, ecau JaHHYIO epeCTaHOBKY 3a-
MEHHTb MUCXOAHBIM PACMOJNOKEHNEM.

*142. [lokas3aTh, UTO OT ONHOH MEPECTAHOBKU G1, A2, - ..,0n
K JIPyro# nepectaHoBke by, be, ..., b, TeX ke 3JIeMEHTOB MOXKHO
nepelTH nyTeM He GoJjiee yeM n — 1 TPaHCIO3ULHUH.

*143. IlpuBectu npumep nepecTaHoBKH uucena 1,2.3, ..., n,
KOTOPYI0 Hesb3sl IPUBECTH B HOpMaJjbHOE PAaCIOJIOKEHHE MyTeM
MeHee yeM n — 1 TpaHCHO3ULMM, U 10Ka3aTb 3TO.

*144. [lokazaTb, YTO OT ONHOU MEPECTAHOBKHU @1,G2, ...,0y
K J1000# npyrofl mepectaHoBke by, ba, ..., b, Tex xe 3JeMeHTOB
MOXKHO TepedTH myTeM He GoJiee uem = "2*1) CMEXHBIX TPaHCIIO-
3uuii (T. €. TPAHCIIO3HUIME COCEIHUX 3EMEHTOB).

*145. JlaHo, 4TO YUCJIO UHBEPCHH B MepecTaHoOBKe aqi,dsg, ...,
Gn—1,0n PaBHO k. CKOJBKO UHBEPCHH OyleT B MEPecTaHOBKE dp,
Ap—1y --.,09, al?

*146. CKoJIbKO HHBEPCHE BO BCEX MEPECTAHOBKAX 72 3J1IEMEHTOB
BMecTe?
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*147. JloxkasaTb, 4TO OT J1I000H MepecTaHOBKM unces 1,2, ..., n,
coziepKalllel k MHBEPCHUi, MOXKHO MepedTH K HUCXOIHOMY pacro-
JIOXKEHUIO MyTeM k CMEXHbIX TPAHCIO3UIHH, HO HeJb3s MepeiTu
MyTeM MeHbILIEro Y1cjaa TakKUX TPaHCIO3ULIHK.

*148. Jlokasatb, 4To AJs Jwo6oro uejoro uucaa k (0 < k <
< C’TQL) CyILeCTByeT MepecTaHoOBKa uyuceda 1,2,3, ..., n, YUCJIO UH-
BEPCHUH KOTOpOH paBHO k.

*149. O6o3nauum uepe3 (n,k) YHUCIO MEPECTAHOBOK UHCEJ
1,2, ...,n, Kaxaass 13 KOTOPBIX CONEP>KHUT POBHO k HHBEPCHH.
BoiBecty g5t umcaa (n, k) peKyppeHTHOE COOTHOLIEHHE:

(n+1,k)=(n,k)+ (n,k—1)+ (n,k —2) + -~++ (n,k — n),

rae Hamo nosoxuth (n,j) = 0 npu j > C2u npu j < 0. [osb-
3ysiCb 3THM COOTHOILIEHHEM, COCTABUTh Tab/uIy uuces (n, k) mis
n=123456uk=0,1,2,...,15

*150. [lokasaTb, 4TO YHMCJO TEPECTAHOBOK uucena 1,2, ..., n,
colepXKaux k HHBEPCHH, PAaBHO YKCJy MEPECTAHOBOK TeX XK€
ynces, conepxamux C2 — k uHBepcHil.

Crenyioliye MoACTaHOBKU Pa3JOXKHTb B TMPOU3BEIEHHE Hesa-
BHCHMBIX LMKJOB H MO IeKpeMeHTy (T. . PasHOCTH MEX1y YHC-
JIOM IeHCTBUTE/BHO TIepEMEIlaeMblX 3JEMEHTOB U UHUCJOM LHK-
JIOB) OTIpelesuTh UX 4eTHOCTb. /s ymo6cTBa mopacuera jAekpe-
MEHTa MOXHO JJIT YHUCeJ, OCTAIIINXCS HAa MeCTe, BBECTH B pas-
JIOXKEHHE OHOUJIEHHbIE IIUKJIbI.

1 2 3 4 5
151. <4 3).

1 5 2
o (20000)
w (1210101
(123115709
s (331100700)
oo (120009
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1 2 3 4 2n—1 2n
157. <2 1 4 3 2n 2n—1>'
158. (1 2 345 6 ... 3n—2 3n—1 3n >
3 2 1 6 4 ... 3n 3n—1 3n-—2
159. (1 2 3 4 Mm—3 2n—2 2n—1 2n>.
345 6 ... 2n—1 2n 1 2
160. (1 2 3 45 6 3n—2 3n—1 3n )
2 315 6 4 3n—1 3n  3n—2
161. (1 2 3 4 5 6 3n—2 3n-—1 Bn).
4 5 6 7 8 9 ... 1 2 3
162. (1, 0, g TR ),

B CJIeAYIOINX MOACTAHOBKAX HepeflTPI OT 3allMCH B LHUKJIAX K
3aluCu ABYMS CTPOKaMHU:

163. (1 5)(2 3 4).

164. (1 3)(2 5)(4).

165. (753 1)(2 4 6)(8)(9).

166. (1 2)(34) ...(2n —1,2n).

167. (1,2, 3,4, ..., 201, 2n).

168. (32 1)(6 54) .. (3n, 3n— 1, 3n — 2).

HQPEMHO)KI/ITI) NOACTAaHOBKH:

o (353 ) (62 0 0)
LS G [ CA |
mo(p 31 e )65
m. (3 204

(3 1310)

174. JloxazaTb, YTO €CJH HEKOTOpas CTeleHb LHKJA paBHA
elIMHHUIe, TO TMOKa3aTeJqb CTeNeHW OeJUTCH Ha [JIUHY LHKJA.
(JITMHOM LMKJIa HAa3BIBAETCS YHCJIO €r0 3/71eMEHTOB.)
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175. IloxasaTb, 4TO CPeiM BCEX CTeleHed MOACTAHOBKH, paB-
HbIX eJHHHIIE, HAMMEHBIIIHI MOKa3aTe/ib paBeH HaUMEeHbleMY 00-
eMy KPaTHOMY AJIMH [MKJOB, BXOASIIIIMX B pasJoXKeHHe MOACTa-
HOBKH.

12345 6 78910
N . 100 —
176. Haiitn A ,FlleA—<3541710269 8>'
1234567 8 910
o 150 —
177. Ha#tu A ,FﬂeA—(3546971108 2)
178. Haiitn noacranosky X W3 paBerctBa AX B = C, rne

A_1234567B_1234567
“\7 3 216 5 4)77 \3 1 2.745 6}

O— (1 2 3 4 5 6 7>
51 3 6 4 7.2/

179. JloxaszaTb, UTO yMHOXKeHHE MOACTAHOBKH Ha TPaHCIIO3U-
uuio (1. e. AByusMeHHBIA WHKI) (o, [3) c/eBa PaBHOCHJBHO TPAHC-
nosuuuu (T. . mepeMeHe MecTaMH) uuces « ¥ (3 B BepxHell CTpoKe
MOJCTAHOBKH, @ YMHOXKEHHE Ha Ty Ke TPAHCIO3UIHIO ClpaBa pas-
HOCHJIbHO TPAHCIO3UIUK ‘@ U [ HHXKHEH CTPOKe MOACTAHOBKH.

180. JlokasaTh, UTO €CJM YHUCAA & U (3 BXOASAT B OAMH LHKJ
MOJCTAaHOBKH, TO TPW YMHOXEHHUU 3TOH TMOACTAHOBKH Ha TPAHCIO-
suuio (a, 3) (cneéBa wan crpaBa) naHHBIA LMK/ pacranaeTcs Ha
JBa LUKJIA, a €CJIM UNCIAa v U [3 BXOISIT B Pa3JIMUHbIE LUKJbI, TO
NPU YKA3aHHOM YMHOXEHHH 3TH UMKJbl CIUBAIOTCS B OJHH.

*181.. Tlosb3ysice AByMSI MpPenbIAYIIHMH 3agadyaMH, J0Ka3aTb,
YTO YMCJO HHBEPCHH W NEeKPeMeHT J060H MOACTAHOBKH HMEIT
OIMHAKOBYIO UETHOCTb.

*182. [lokaszaTb, YTO HaWMeHblllee YHUCJO TPAHCMO3ULUH, Ha
NPOU3Be/leHe KOTOPbIX pa3Jjaraercsi aHHasi MOACTAHOBKA, PABHO
ee JIEKPEMEHTY.

*183. JloxkaszaTb, UTO HaWMeHbIlee YKUCJO TPAHCIO3WUIHH, Ie-
PEBOASIIIUX TIEPECTAHOBKY a1, G2, ..., G B TEPECTAHOBKY b1,
ba, ..., b, TexX XKe 3J€MEHTOB, PaBHO IeKPeMEHTY TOACTAHOBKH

_ (a1 a2 e Qg
P_<b1 by ... bn>'
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*184. Haiitu Bce moactaHoBkH uucen 1, 2, 3, 4, nepectaHoBou-
Hble C MOJICTAHOBKOU
1 2 3 4
§= (2 1 4 3) ’

185. Haiitu Bce moncraHoBKH uuced 1, 2, 3, 4, 5, nepectaHo-
BOUHBIE C MOLCTAHOBKOH

1 2 3 4 5
(3 4 5 2 1) '

*186. [ns mo6bIX 1eNbIX unces U m, rae m # 0, 0003HaYUM
uepes 7(x,m) ocTatok (MPUHMMaeMbIH HEOTPHULATENHHBIM) OT Jle-
JneHust © Ha m. JlokasaTb, 4TO €CJH M > 2 U a — 11eJI0e YUCJIO,
B3aUMHO NIPOCTOE C M, TO COOTBeTCTBUE = —-1(ax,m), v = 1,
2, ..., m— 1, aBasgercsd noactaHoBkou yuces 1, 2, ..., m — 1.

187. Hanucatb nopcraHoBky uucen 1,2, 3, 4, 5, 6, 7, 8, npu
KOTOPOH UHCJIO & MepeXOUT B OCTATOK OT neseHus bx Ha 9.

§ 3. ONPEAENEHME X NPOCTEULLME CBOUCTBA
ONPEOENUTENEN NKOBOIO NMOPAAKA

3ajaun 3TOro maparpaa HMeIT LeJblo NOsiCHeHHe MOHATHS
onpeneuTeNs JIOGOro  MOpPsAKa M ero MpOCTeHLIHX CBOHCTB,
BKJII0YAs PABEHCTBOHYJIIO OMpefe/UTeNsl, CTPOKH KOTOPOro JIH-
HEHHO 3aBUCHMMBL, M pasJjoKeHHe ONpeleJUTeNs 10 CTPOKe.

3ajaud Ha pPasBUTHE HaBbIKA BBIYMC/EHHs ONpejesuTeNeil ¢
UKCJIOBBLIMU 3JIEMEHTAMH, Ha MeTO/bl BLIUMCJAEHHUS ONpeeauTe el
crelManBHOr0 BUAA, Ha TeopeMy Jlanmaca, Ha yMHOXKeHHe ompe-
fenuTeNell ¥ T. 1. couepKarcsl B CeNyIOUMX naparpadax.

BLIACHUTL, KaKHe U3 NPUBEJeHHBIX HUXKe NPOU3BeJeHHH BXO-
AAT B ONpeNeJUTeJ]H COOTBETCTBYIOIIMX MOPAAKOB H C KaKHMH
3HaKaMH:

188. a430210A35A12054 .

189. ag1a23045a36a12054.

190. az7azeasiaraaosaszaes.

191. aszai6a72027055061044.

192. @12a23034 - . . Ap—1,nAkk, O < k < n.

193. 1223 . .. Ap—-1,nAn1-

194. ai2a21a34a43 . . . A2p—1,20,02n,2n—1-

195. 112,703 n—1---0A2n 2.
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196. a13022a31G46055064 - - - a3n—2,3nA3n—1,3n—1A3n,3n—2-
197. BbiOGpaTb 3HaueHus ¢ U k Takx, 4ToObl IpoU3BeJleHUe
(62045033Ak4046021

BXOJIMJIO B OMpeJiesiuTe b 6-ro nopsifika co 3HaKOM MHHYC.
198. Boi6paTb 3HaueHus ¢ U k Tax, 4ToObl IpOU3BeJeHUe

A4706301;05507EA24A31

BXOOUJIO B ONpeneauTe b 7-ro rnopsigka co 3HakKOM IIJIIOC.

199. Hatitu unensl onpenenntesns 4-ro nopsigka, Comepalime
9JIeMEHT a3 U BXOASLIME B ONpelesUTesNb CO 3HAKOM IIIIOC.

200. HaiiTu ujieHBl onpenenuTesns

b 1 2 3

r x 1 2

1 2 =z 3
r 1 2 2z

comepxkamue x4 u 3.

201. C kakuM 3HaKOM BXOJIHT B ONpeJeJUTeNb TOpsiaKa n
NPOU3Be/IeHHE 3JIeMEHTOB TJIABHOH NHaroHajn?

202. C kakMM 3HaKOM BXOAWUT B OMNpeleJUTe/]b MOPSAKA 7
POU3Be/ieHHe 3JIeMeHTOB N0O0YHOH QUaroHasu?

203. [Tosb3ysick TOJIBKO OMpeeseHueM, BBIUUCIUTD OMpeje-
JIUTENb

a1 0 0 PN 0
asy a9 0 e 0
asi as2 ass e 0 y
an1 aAp2 Gnp3 ... GOnpn

B KOTOPOM BC€ 3JIEMEHTHI 110 OJIHY CTOPOHY OT IJIABHOH NHaroHaJu
paBHBI HYJIIO.

204. [Tonb3ysichb TONBKO ONpefesieHHeM, BBIUMCAUTL OINpele-
JIUTENb

0 . 0 0 [e5T)
0 e 0 az n—1 a2p,
0 ... azp—2 G3m—1 Q3n|,

anl1 ... Gnpnn—2 0Ann—1 0nn
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B KOTOPOM BCe 3JIEMEHTBI M0 OfHY CTOPOHY OT MOGOYHOH oHaro-
HaJld paBHbl HYJIO.
205. [Tosib3ysich TOJIBKO ONpefeseHHeM, BBIUHCAUTb ONpele-

JIATEJb
a1l a2 a3 G4 ais

Ga21 QG22 A23 G224 425
azp as2 0 0 0
asgr  aq2 0 0 0
as51 Q52 0 0 0

206. loxazaTb, 4TO eC/id B ONpene/uTesNe TOopsiiKa , Ha Te-
peceyeHHH HEKOTOPbIX Kk CTPOK M [ CTOJIOLOB CTOSIT 3JEMEHTHI,
paBHble HyMIO, ipudeM k + [ > n, TO onpeaesnTe/ib paBeH HYJIO.

*207. Pewiuth ypaBHEHUE

1 o 22 ... an
2 n
1 a a% coooaf
nl _—

1 a2 a3 ay| =0,
2 n
1 a, a; a,
Toe ai, G2, ..., Gp — PA3JHUYHBIE UHCJA.

208. Pewutb ypaBHeHue

1 1 1 1

1 1—=x 1 1

1 1 2—x ... 1 =0.
1 1 1 n—ux

209. Haiitu sneMeHT onpefeuTe/Is NOpsAKa 1, CUMMeTPHUY-
HBIW' 3JIEMEHTY @;; OTHOCHUTEJbHO MOOOYHOU JHAaroHaJu.

210. Haiitu sneMeHT ompefe/uTe/s OpsiiKa n, CUMMeTPHUY-
HBIH 3JIEMEHTY @;; OTHOCHTEJBHO «IL[eHTPa» OMpeaeuTeNs.

211. HasoBem MecTO 3/eMeHTa a;; OMNPENENUTENS] UETHBIM
WJIH HEUEeTHBIM, CMOTPSI 10 TOMY, OyIeT JIH CyMMa i + k 4eTHa
UJIH HeueTHA. HaliTy 4ncsio a/1eMeHTOB onpefesuTe s MOpsiika n,
CTOSILIMX Ha UeTHBIX M Ha HEUYeTHHIX MeCTax.

212. Kak usmMeHHTCS OmpefeuTeNb MOpsiiKa 1, eClH NepBhli
cToJbell epecTaBUThb Ha NOCJ/eHee MeCTO, a OCTa/bHble CTONOLbI
nepeiBUHYTh BJIE€BO, COXPaHSs UX pacloJjoxKeHHe?
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213. Kax usmeHuTCS oOmnpenenvTes b MOPSAKa n, €CAH €ero
CTPOKH HanucaTb B 0OPaTHOM TOPsIIKE?

214. Kax u3MeHHUTCS ONpeNesNUTeNb, €CIN KaXKAblH ero aJe-
MEHT 3aMeHHTb 3JIeMEHTOM, CHMMETPHUHBIM C JaHHBIM OTHOCH-
TEJIBHO «LIEHTPa» OMpeNeJUTeNs.

*215. Kaxk M3MeHHUTCS Omnpefe/uTeNb, eCld KaKAblH ero aJe-
MEHT 3aMeHHUTb 3JIEMEHTOM, CUMMETPHYHBIM C NaHHBIM OTHOCH-
TeJIbHO NMOOOYHOH AUaroHaJu.

*216. OnpenenuTesb Ha3biBAETCS KOCOCUMMEMPUUECKUM, €C-
JIU 3JIEMEHThl, CHMMETPUYHO JiexKalllde OTHOCHTEJbHO ~TJaBHON
IMaroHas iy, OTJIHYAIOTCS 3HAKOM, T. €. a;r = —Qp; AJS JI0O0BIX
HHIEKCOB 1, k.

JlokazaTb, YTO KOCOCUMMETPHUECKHH ONpelenTe/b HeYeTHO-
rO MOpsiiIKa 1 PaBeH HYJIO.

*217. JlokasaTb, YTO ONpeeNnuTe b, 31eMEHTH KOTOPOTo, CUM-
MeTPHUUHO JieXKalllie OTHOCHUTEJbHO IJIaBHOM HAroHaJH, SIBJSIOT-
sl CONPSKEHHBIMH KOMIJIEKCHBIMH (B 4aCTHOCTH, NeHCTBUTE/b-
HBIMH) YHCJAaMH, eCTh YHMCJI0 AeHCTBUTE/bHOE.

218. Tlpy KaKMX 3HAUEHHUSIX 1 BCE OMPENENUTENN TIOpsaKa N,
3JIEMEHTBl KOTOPbIX YIOBJETBOPSIIOT YCJIOBHUSIM

(o) @jr — HeHCTBUTeJBHOE UMCJIO NpH j > k,

(8) arj=daj mpn j=k (i=vV-1),
OyayT NeHCTBUTEJbHBIMU?

219. Tlpu Kakux n BCe ONpeNeNUTEeNH MOPSAKa 1, JeMEHTHI
KOTOPBIX YIOBJETBOPSIIOT yc/10BUAM () U () mpenbiayliel 3ana-
4d, GyAyT YHCTO MHUMBIMH?

220. TTokaszaTb, 4TO MpHU HEYETHOM 7. BCE OTpeNeUTeNH MO-
PSIAKA 1, 3JEMEHThl KOTOPbIX YIOBJETBOPSIIOT yCaoBusiM (a) U ()
sanaun 218, umerot Bug a(l+1i), roe a — AeACTBUTENBHOE YUCIIO.

221. Kak M3MeHHTCS ONpelesnuTe b IOpsiaKa n, €CAU y BCex
€ro 3JIeMEHTOB M3MEHHUTb 3HAK Ha MPOTHBOMOJOXKHBIH?

*222. Kak M3MeHHUTCS ONpefie/UuTeNb, eCd KaKAbli ero aJe-
MEHT a; YMHOXXHTb Ha ¢k rme e #0?

*223. [lokazaTb, UTO B KaXIbld 4JeH OINpeneuTesss BXOAUT
YeTHOE YMCJI0 3JEMEHTOB, 3aHMMAaIOIIMX HEUETHOE MECTO; 3Jie-
MEHTOB e, 3aHUMAaIIMX YeTHOe MECTO, BXOAUT YeTHOE YHCJIO,
€CJIM OTpelie/INTe/b YETHOTO TMOPsiiKa, W HEUeTHOe UHCJIO, eCsd
oTipefesMTe/Ib HEUeTHOrO MOpsiKa.
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*224. JlokaszaTb, UTO OMpEETUTENb HE U3MEHUTCS, eCJIH H3Me-
HUThb 3HaK BCEX 3JIEMEHTOB Ha HEUEeTHBbIX MeCTaX; eCJIU XKe h3Me-
HUTb 3HAaK BCeX 3JIeMEHTOB Ha YeTHBIX MeCTaX, TO ONpelesuTelNb
He U3MEHHUTCS, eCJM OH YeTHOTO MOpsiKa, U U3MEHHUT 3HaK, eC/H
HEeYeTHOTO MopsiKa.

225. JlokaszaTb, UTO OINpeNeNUTeNb He H3MEHHTCS, €CIH K
KaXXJ0H CTpoKe, KpoMme MocJjenHed, MpUOaBUTb MOCAeAYIOLLYIO
CTPOKY.

226. JlokazaTb, 4YTO ONpeJe/UTeJNb He H3MEHHUTCS, eClu K
KaXXJI0OMy CTOJIOLlY, HAUWHas CO BTOPOTO, MPUOaBUTb NpebAy LUK
croJibel.

227. JloxazaTb, YTO OMNpeieJUTeJ]b He U3MEHHUTCH, eCau U3
Ka)KI0H CTPOKH, KpPOME MOCJeNHEeH, BblUeCTb BCE MOCJEeAYIOLIHe
CTPOKH.

228. JlokazaTb, 4YTO ONpeJeJUTeNb HE H3MEHHUTCS, eCJH K
KaXXIOMY CToJIOLly, Ha4MHash CO BTOPOLO, MPHOABUTb BCE Tpelbl-
IyllHde CTOMOLBL.

229. Kak n3MeHUTCS ONpeaennTeb, eCU U3 KaxKI0H CTPOKH,
KpOMe IOocJ/ieIHel, BblUeCThb NOCAEAYIOLULYI0 CTPOKY, U3 NOoCae HEN
CTPOKH BBIUECTb MPEXKHIOI TIEPBYI0 CTPOKY?

*230. Kak uaMeHHUTCS OTpefiesuTelb, €CIU K KaXKI0MY CTOM0-
1y, HauWHasi CO BTOPOrO, MPUOABUTh NpPebIAYLIHN CTOJMOel U B
TO K€ BPeMsl K MepBOMY MPHUOABUTb MOCJEIHUH?

231. Kak n3mMeHUTCS onpesie/IuTeNb MOpsiiKa 1, eCJU ero Mar-
puLy 10oBepHYTb Ha 90° BOKPYT «LEHTpa»?

232. Uemy paBeH omnpefiesuTeNb, y KOTOPOTO CyMMa CTPOK C
YeTHBIMH HOMepaMH paBHa CyMMe CTPOK C HEeUueTHbIMH HOMEepaMu?

233. HaiiTu cymmy Bcex ompenesuTesied mopsiika n > 2, B
KaXKJIOM M3 KOTOPBIX B Ka)KAOW CTPOKE M KaxKAOM CTOJOLEe OIWH
JJIeMEHT paBeH eJIMHUIE, a OCTajbHble pPaBHbl HYJI. CKOJBKO
BCEX TAaKHX ONpeleNUTeNeH?

234. HatitTu cymmy ornpenenuteseil nopsinka n > 2:

" A1o, Alay . A1,

Z (Lgal (Lgaz e aga”
3

a1,a2,...,ap=1
a’n,()zl anag v a‘n()én

rie cyMMa OepeTcst O BCeM 3HAUeHHsSIM &, (g, ..., (i, HE3aBHU-
CHMO APYT OT Apyra U3MeHsoLUMcs oT 1 1o n.
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235. [lycTb Bce a/1eMeHTHI ONpeaeuTe s

a1 a2 AT
a21 as92 ... Q2n
apl  An2 Ann

SBJISIOTCS LEJNBIMA ONHO3HAaYHBIMH uncaamMu. O603HAUUM uepes
N uucjo, 3anucaHHoe UH(paMHu i-H CTPOKH OMPEAESUTENsE C CO-
XPaHEeHMEM HX PACMoNoXKeHus (a;, — YMCJO eIUHHMIL, Gfn—1 —
UMCJIO JIeCATKOB M T. A.). JloKasaTb, UTO 3HaueHHe ONpele/IUTe s
JeJUTCS Ha HauboJblIUH 00U aenutedb yucea Ny, No,...,N,.

236. Paznarasi no 3-i cTpoke, BBIUUC/UTD OIMPENENUTENb

2 -3 4 1
4 -2 3 2
a b ¢ d’
3 -1-4 3

237. Pazjarasi no 2-My. cToJIOLY, BEIYUCIUTD ONpPENETUTENb

5 a 2 -1
4 b 4 -3
2 ¢ 3 -2
4 d 5 —4

Beruncautb OIpeneuTen:

a 3 0 5
0 b 0 2
238. .
1 2 ¢ 3
0 0 0 d
1 0 2 a
2 0 b 0
239.
3 ¢ 4 5
d 0 0 0
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xr a b 0 c
0y 0 0 d
240.10 e z 0 f
g h k u I
0 0 0 0 w
241. Tlycte M;; — MHHOp 3JeMeHTa a;; onpefenutens D.

[Tokasartp, 4To ecan D — CHMMETPUUECKHUH OMpENeSUTENb WU
KOCOCUMMETPHYECKHH OMNpenesuTe/ b HEYETHOrO TOpsiaKa, -TO
M;; = Mj;; ecin e D — KOCOCHMMETPHUECKHMH ONpefeuTe b
4eTHOro nopsnaka, To M;; = —Mj;.

242. Ilycts D — onpenenutens nopsinka n > 1, D' u D" —
ONpefiesIUTe N , oydeHHble U3 [) 3aMeHOH KaXK10r0 3/1eMeHTa a;;
Ha ero ajreGpanueckoe jgononHenue A;; nis D’ 1 Ha ero MUHOp
M;; nast D”. Jlokasate, uto D’ = D”. Onpenenutens D' Hasbl-
BaeTcsl B3aUMHBIM (Mau mpucoenuHeHHbIM) K D. O BbIpaxkeHHH
D’ yepe3 D cm. 3amauy 506.

243. BolYyUCaAUTDb CJAeNYIOUUN oNpeiennTelb, He pa3BepThiBas
€ero:

o
+ o o
+ 2 oo
+ o2 o
o
— = =

[}
Q
S
S)

M‘
N
M‘

He pasBepTeiBasi onpenenuresel, 10Ka3atb C/aAeIYIOMIHAE TOX-
JecTBa:

0 'z vy =z o 1 1 1
N z 0 2z y/ (1 O 22 P
28 y z 0 =z |1 22 0 2?2
z y x 0 1 92 22 0
1 a a a?_z ay
roq5. |1 a2 ai ... a} ag| _
1 ap, a? an=? a®
1 a a a?_z a?'_i
2 n— n—
= (a1+ag+- - +an) az Gz ) )
1 a, a? an=2 qn-t
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2
1 a1 af ay . @+1 af
2 11— 7 n
©946 1 as a3 Qg s ay| _
1 a, a2 ab=l ait! al
1 ar a? ay~!
- 1 ay a3 ... ay !
= Z Ay Qfggy «+ Qfg, o )
[ St e ) P RS .
1 ap aj ap™

rie cymMma GepeTcsi o BCeM COoueTaHHsiM U3 n yuceda 1, 2,3,
n mno n —1.
[Tonb3ysice cBoHCTBaMHU ONpefeuTeNel, BKAlOUass pasJjoKe-

HHE I10 CTpOKe HJIH CTOJI6U.y, JOKa3aTb TOXIeCTBaA:

(el sino‘—w cos a;rﬁ

*247. cosﬂ 2 smm"y cosﬂ""y =

cos & b}

cos 15 s
= 1[sin(8 — @)+ sin(y — B) + sin(a — 7)].

sin2 «  sinacos a COS2 (0%

248. |sin®’ 8 sinfcosfS cos? 8
sin?~y sinycosy cos?ny
=sin(a— ) cos a cos B+sin([ —~) cos 3 cos v+

+sin(y — ) cosy cos a.

in Yt Yo
n- COS —5

(a++b)? 2 c?
249. a? (b+c)? a? | =2abc(a+b+c).
b? b? (c+ a)?
1 1
otz aty 1
1 1 _ (a—=b)(a—c)(b—c)(z—y)
250. |5z By | T @reGro) et ar ) Gy
1 1
c+x m ]‘
1 1 1
a+x a-+y a+z
1 1 1
251. btz bty btz |
1 1 1
c+x c+y c+z

(a=b)(a—c)(b—c)(x—y)(z—2)(y—=2)
= (ata)(ota) (eta) (aty) (b+y) (e+y) (at2) (b+2) (c+2)”
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252.

*253.

254.

255.

256.

§ 4.

a’+(1—a%)cosp  ab(1—cosyp) ac(1—cosyp)
ba(1—cosyp) b2+ (1—-b*)cosp  be(l—cosp) |=
ca(l—cosyp) cb(1—cosp) 2 +(1—c?)cosyp

= cos? p npu a® + b? + 2 = 1.
cospcosty) —singsinycosf —singcosy)—cospsinycosd  sinysing

cospsiny+sinpcosycos —sinpsiny+cospcosypcosd —cosysing|=1.
singsing cospsing cosf

= (a®+ b+ +d°)°

—c —d a b

—-d ¢ —b

01 1 a

DO Lobl e ogh — 9be — 2ac + 2d.
1 1 0 ¢

a b ¢ d

-1 1 1 1 =z
1 -1 1 1 gy
1 1 -1 1 zi=
1 1 1 —1.wu
Ty z _u, 0

—4[x? +y? 22 +u? = 2(zy+r2z+rutyz+yu+zu)].

BbIYMCJIEHME ONPEOENMUTENENA C
YUCJIOBbIMU DJIEMEHTAMMU

BerancnuTs onpenenutesu:

257.

258.

259.

1 1 1 1

=== O
== O

|

o

-3

I

—_
N~ A N
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N © © . . ! <t © )
© I~ 0 0 ™M <t ™ I~
[ , | ™o m :_06762472 I , . |
o
™ 0 I~
ma P P g w0} A g s — B e i
[ I N Lo e | [ ([ I~ o < |
| a0 0 <
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269.

270.

271.

272.

= O O W — N W~ Ot o

[\

DN = e W
© W N Ot

99
70
68
49

NI )
[esBEN|

273.

—_
w

46

274.

O I e
O O =W =

275.

|
wlot wloo ol

-1 Wik wlot lw

oo

*276.

Wi W W=

=

44

64
—20

45

I
—
o Ml

o

o

=W OO

4 5
10 13
16 21j.
7T 2
3 10

NS RN I —_ SUIEN IS
w SIS B aiEN Gt

Ut Ot © 00D
W B~ O >

71 52
77 54
72 52|
65 50

40
21

s a2 o

=

—-13
=55

55
40
24|
84
19
46
96|.
92
70

| |
Ut W Wi
N -

—_
Ut

W oot
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3 2 -1 -5
1 -2 3 8
277. |, i
6 3 3 3
2 4 1 12
5 5 2 5
V2 V3 VB V3B
278 V6 V21 V10 —2V3
V10 2vis 5 V6 |
2 2v6 V10 V15

§ 5. METOAbl BbIMMCIIEHHMS ONPERENMUTENEM n-ro
NMOPAAKA

BBepeHue

MeTon BbIUMC/IEHHS ONpeleNUTeNel ¢ YUCIOBBIMU dJeMeHTa-
MH, COCTOSILUMH B OOpAlleHUH B HYJ/b BCEX 3J€MEHTOB HEKOTOPOH
ctpoku (crosbua), Kpome OQHOrO, W MOCJEAYIOLIEM TOHHKEHUH
Nopsiika, CTAaHOBHUTCSl BechbMa I'POMO3JKHMM B CJydae ONpeesu-
TeJleldl NaHHOTO MOPsiiKa ¢ OYKBEHHBIMH 3dJeMeHTaMU. DTOT NMyTb
B 00ILEM cJydyae MPUBOAUT K BHIPAXKEHHIO, KOTOPOE MOJy4YaeTcsi
BBIUMCJIEHHEM OIPEAEeUTE/s] IPIMbIM IPUMEHEHUEM ero omnpeje-
JgeHusi. Tem Gojiee 9TOT MeTOA HeylnoOeH B Cjyuae OlpelesnuTess
¢ 6yKBEHHBIMH MJIM UHCJOBBIMH 3JIEMEHTAMH U IPOHU3BOJIbHBIM IO~
PSIAKOM 7.

OOluero mMeroia [1J/si BBIUHCJEHHS TAKUX OMNpelesUTesell He
cyutecTByeT (ecqu He CUMTATh BbIpaXKEHHs OMpPelesUTe s, NaH-
HOTO B ero ompeneseHur). K onpenesurtesnsim TOro WM HHOTO
CTeNUaNbHOr0 BHUAA NPUMEHSIOTCS PA3JHUHBIE METOMBl BBIUKC/IE-
HHsl, IPUBOASILIHE K BbIPaXKeHHsIM, 60Jiee TPOCThIM (T. €. comepxa-
MM MeHblIee YMCJIO AEHCTBUI), UeM BbipakeHHe OIpee/uTes
no onpenenenuo. Mbl pasbepeM HekoTopble, HauboJjee ynorpe-
6rTesbHBIE M3 3TUX METOMOB, 3aTeM AaAUM 3aayd Ha KaxKIbli
W3 3THX METOMOB /51 UX YCBOEHHS W 3aJauH, IJie yJalluhcs cam
NOJIKeH BeIOpaThb MeTon pelueHusi. s yno6cTBa opuHeHTAlLUH B
MartepuaJsie 3ajauHd, CBs3aHHble ¢ TeopeMol Jlamjmaca u ymHOXe-
HUEeM OIpefe/IUTe/el, BEIIEIEHbl B OTAE/bHBIE Maparpagsl.
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5.1. MeTtop npMBefieHMs K TPEYrosibHOMY BHAY

ITOT MeTOl 3aKJ/io4aeTcsl B IpeoOpa3oBaHUU ONpeleNUTeNs K
TaKoOMy BUJY, Ille BCe 3/€MEHTbI, JlexKallye [0 OJHY CTOPOHY OJ-
HOH W3 AuaroHaseil, paBHel Hyo. Ciryda#l mo6oUHOH AHAroHaIH
MyTeM M3MeHeHHMs nopsinka CTpok (M cTosb1oB) Ha 0OGpaTHBIN
CBOAMTCSA Ha cJydal riaBHOH nuaroHasnu. [TosyueHHbIH onpene-
JIUTEJIb PaBeH NPOU3BEEHHIO 31€MEHTOB [VIABHOH IHarOHAJIH.

[Ipumep 1: BBUHACAUTD ONpeneNUTe b MOPSIAKA N

111 1
101 1
D=1 1 0 1
111 0
Briuuraem MEePBYIO CTPOKY M3 BCEX OCTaJIbHbBIX:
11 1 .1
0 -1 0 ...00
D=0 0 -1.2.. 0|=(-1)"""4
0 070 -1

[lpumep 2: BBUNCIUTD ONpPENENUTEND

aa T T ... =T
r as x T
D=|xz x a3 T
r T T ... ayn

BrlunTaem nepByio CTPOKY M3 BCEX OCTaJbHBIX:
ay T x - T

r—a, Gy —T 0

D=lz—a 0 as—x ... 0
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W3 nepBoro cronbua BEIHOCHUM a1 — &, U3 BTOPOTO dg — X, . . .,
U3 N-TO a, — Z:

ai T x x
a1 —x as—x as—x ap—T
-1 1 0 0
D = (a1—2z)(az—2z)...(ap—2z) | —1 0 1 0
-1 0 0 1
[onoxunm = =1+ 7 1 Bce CTONOLBI NPUOABUM K Iep-
BOMY:

D= (a1 —z)(ag —x)...(an —x)X

1+ = + o= - = -
ay—x Ap—T as—x a3z —x Ap—T
0 1 0 0
X 0 0 1 0 |~
0 0 0 1
1 1 1 1
_x(al—x)(ag—x)...(aHOx)<x—|—a1_x+a2_x —|—an x)

5.2. MeToj BbijeneH1sa NMHEeHHbIX MHOXMTeneMn

OrnpezpennTesb paccMaTpUBaeTCsl KAK MHOTOUJIEH OT OIHOH HJIH
HeCKOJIbKMX BXOAsILIUX B Hero OykB. [IpeoGpasys ero, o6HapyKu-
BAIOT, UTO OH JEJUTCS Ha Pl JUHEHHBIX MHOXHUTEJEH, a 3HAUUT
(€C/IH 3T MHOXHTEJM B3aUMHO TIPOCTHI), U HA UX NPOM3BENeHHE.

CpaBHHUBasi OTHeJbHbIE UJIEHBI ONpeNeUTeIs C YJIeHaMH Tpo-
H3BeJeHUsT THHEHHBIX MHOXKHTEJIEH, HAXOAST YaCTHOE OT JeJIeHHS
ONpeenTeNs HAa 9TO MPOU3BENEHHE U TeM CaMBIM HaxXOAST BbI-
pakeHue oTpenesUTeNs.

Ilpumep 3: BblUMCAHTBL ONpeneUuTeNb

0 y

D

x
0
z
Y

O 8 €

T z
Y 0
z T
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Ecnn x nepBomy cronbuy nmpu6GaBUTb OCTasbHBIE, TO 0OHAPY-
JKHUTCS1, UTO ONpeNeNUTeNb AeJUTCS Ha T + Y + 2; eC/IH K [1epBOMYy
crosbuy npubaBUTb BTOPOH M BBIUECTb TPETHH M UETBEPTHIH, TO
BBIJIEJIUTCS MHOXKUTEJIb Y + 2 — Z; €CJIM K [epBOMY CTOJIOLY MpH-
0aBUTb TPETHH YU BbIYeCTb BTOPOH M 4eTBEPTBHIH, TO BbIAEJIHUTCS
MHOXKHUTEeJb T — Y + 2; HAKOHELl, eCJId K TepBOMYy CcTos01y npuba-
BUTb 4eTBePTHIH M BBIYECTb BTOPOH MU TPETHUH, TO BBIAENUTCS MHO-
XKuTeqb x +y— z. Cuuras z, y, z He3aBUCHMbIMH HEU3BECTHBIMH,
3aKJII0UaeM, YTO BCE€ 3TH UeTblpe MHOXHTeJs MONapHO B3aUMHO
MPOCTHl, U 3HAUUT, ONpENEeNUTE b NEJHUTCS Ha WX NPOU3BeIeHHE
(@ +y+2)y+z-a)(e—y+2)(@+y-2)

IT0 Npou3Be/ileHHe COAEPIKUT UJIeH 2t e Ko3(punrentom —1,
a caM Ofpesie/IUTe b COAEPKHT TOT XKe uJeH z* ¢ Koadpuuuentom
+1. 3Hauur,

D=—-x+y+2)y+tz-z)z+z-y)(lz+y—2)=

=t 4yt 21222y — 20222 — 24223,

[pumep 4: BHIUUCIUTH METOIOM BBIIEJEHHUS JUHEHHBIX MHO-
JKUTeJsell onpenenuTeab Banaepmonaa n-ro nopsigka:

1z 23 ap !
—1

1 zy a2 xh

D = 2 2 2
1 =z, x% xﬁ‘l

PaCCManI/IBaﬂ Dn KaK MHOI'o4JieH OT OJHOTO HEU3BECTHOI'O Xy,

C KO3(p(pUIIMeHTaMH, 3aBUCALIUMHU OT 1, ..., Lp_1, BUAAM, UTO
OH 00palllaeTcs B HYJb MPU Ty = X1, Tp = X2, ..., Tp = Tp_1 H
[OTOMY JAENUTCH HA Ty — T1, Ty — T2, - .., Ty — Tp—1.

Bce 9TH MHOXMTEM B3aMMHO MpocThl (Tak Kak 1, To, ...,
T, anreGpavueckd He3aBUCHMBI).
3HauuTt, D,, NeJuTCs HA UX TPOU3BENEHHUE, T. €.

D, =q(z1,29,...,2n)(xn —x1)(Tn — 22) ... (T — Tp—1).

Pasnarass D,, mo nocsnenHel cTpoke, BUIUM, 4TO OH SIBJISIET-
€5l MHOTOYJIEHOM CTeNeHH 1 — 1 OTHOCHUTEJbHO T, MpPHUYeM KO-
s¢duunent npu 7' pasen onpeneautento Banaepmonna D,
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U3 HEU3BECTHBIX T1, X2, ..., Tnp_1; TAK KaK MPOU3BELEHHE CKO-
0OK B MPaBOH YacTH MOCJEJHEr0 PABEHCTBA COMEPKHUT "1 ¢
Koa(pduureHtom 1, To MHOrouseH q(x1,Zs,. .., &, ) He CONEPKUT
Ty, M, CPaBHMBAsA KO3(Q(ULKEHTH Mph 27~ B 06erX 4acTax pa-
BeHCTBa, moayuuM D, = ¢(x1,%2,...,%T,—1), OTKy1a D, =
= Dy_1(xy — 1) (2y — 22)(2y, — 2p—1). [IprMeHsis 5TO paBEeHCTBO
C 3aMeHOM m Ha n — 1, uMeeM

Dn—l - Dn—Q(xn—l - xl) ce (xn—l - xn—2)-

O10 BeIpaxkeHue mas D,_; NMOACTaBUM B Ipeiblayllee BbIpa-
xkenue asa D,,. IloBropsis aT0 paccyxaeHHe, Mbl BbIIEJNUM, Ha-
KOHell, MHOXKHTe/b T3 — 1, [10C/Ie Yero NpUieM K ONpee/IuTe 0
Banpepmonna nepsoro nopsinka D; = 1.

Takum o6pasom,

Dn = (.’tg — :L'l)([L'3 — xl)([L'3 — :L'g) SN

(xp — ) () — w2) o (X — 1) = H(x, —Zj).

>3]

5.3. MeToA PEKYPPEHTHbIX (PEKYPCHMBHbIX, MIH
BO3BpPAaTHbIX) COOTHOLUEHMMH

DTOT MeTOf 3aKJiouaeTcs B TOM, UTO NAaHHbBIH OmpejesuTesb
BbIpaXKaloT, Npeodpasys U pasJ/aras ero no CTpokKe HJH CTOJOLY,
yepes ONMpee/IuTe]H TOro XKe BHAA, HO 0oJiee HU3KOrO MOpsKa.
[TonyuenHOe paBeHCTBO HasblBaeTCsl PEKYPPEHTHBIM COOTHOLIe-
HHEM,

3aTeM BBIYHCSIOT HENOCPEACTBEHHO MO 0oblieMy BHIY OIpe-
[EJIUTes CTOIbKO ONpee/uTe el HU3IIHX NTOPsIKOB, CKOJIbKO UX
OBLIO B TIPaBOH YACTH PEKYpPPEHTHOro cooTHomeHusi. Onpenesnu-
TeM 60J1ee BHICOKOTO MOPSAKA BEIUUCASIOTCS MOCIEN0BATEIBHO U3
PEKYPPEHTHOI0 COOTHOILEHHS. Ecau Haao MOJIYYUTb BbIpaxKe€HHE
IJ15 ONpeJlesiuTess JI000ro nopsjaka n, To, BHIYUCIUB U3 PEKyp-
PEHTHOTO COOTHOILLEHHSI HEeCKOJIbKO ONpe/enuTesNedl HU3LMIMUX I10-
PSNIKOB, CTapaloTCsl 3aMeTHTb OOLIME BHJ MCKOMOIO BHIPaXKEHHH,
a 3aTeM JOKAa3bIBAlOT CIPABENJIMBOCTDb 3TOI'O BbIPpAXKEHUSA IPH JII0-
60M 7 C TIOMOILbI0 PEKYPPEHTHOTO COOTHOLIEHHS U MeTOAa WH-
AYKIUH 110 M.
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Obmiee BblpaykeHHe MOXKHO TOJYUHTb U APYrUM mmyTeM. s
9TOT0 B PeKyppPeHTHOe COOTHOLIEHHEe, Bhlpaxkamllee OMpeesu-
TeJb T-TO TMOPsJKA, IOACTABJSIOT BbIPa)KEHHE OIpeesnTes
(n — 1)-ro mopsiika M3 TOTO K& PEKYPPEHTHOTO COOTHOLIEHHUS C
3aMeHOH n Ha n — 1, jaJjiee MOACTABJSAIOT aHAJOTHYHOE BbIpaXKe-
HHe onpenenutens (n — 2)-ro nopsiaka 4 T. ., I0OKa He BBISICHUT-
Cs1 BUJ, UCKOMOTO OOIILero BeIPaXKeHHUs ONpefeJuTeNs 1-T0 MOopsi/-
Ka. MoxXHO Takxe KOMOMHUPOBaTb 00a MYTH, UCIOJAb3YsI BTOPOH
NyTh A/ 0OHApYy>KeHUS HCKOMOTIO BbIPa’KEHHS M [0Ka3blBasl 3a-
TEM CIIPaBeNJINBOCTb 3TOI'O BbIPaXKEHWS MHAYKLIMEH 1o n. MeTon
PeKYPPEHTHBIX COOTHOLIEHUH 5iBJIsieTCsl HauboJsiee CUJBHBIM cpe-
11 pa3drpaeMblX 3[leCb MeTOJ0B U MPUMEHHM K 6oJiee CJ0KHBIM
OTpeeuTe/ M.

[Ipexxie uem mepedTH K IpHMepaM BBIUHUCJIEHUS ONpenesuTe-
JIed MeTONOM PeKYPPEeHTHBIX COOTHOIIeHUH, pa3bepeM OIWH ero
YaCTHBIM cJydal, TAe PeKyppPeHTHOe COOTHOLIeHHe JaeT aJro-
PUTM [/ pellleHUs] 3aJaud, HCKJIOYaIOUIUMH 3JeMeHT NOraikH,
uMelollnics B obuieM cayvae. ITycTb pekyppeHTHOe COOTHOLIe-
HUe MMeeT BUJ

D, = panl + an72a n>2, (1)

roge p, q — IOCTOsSIHHLIE, T. €. HEe 3aBUCsALIHE OT N Be.III/ILII/IHbIl.

[Tpu ¢ = 0 D,, BbIUKC/sieTCs] KaK 4JeH reOMeTpPU4YecKou mpo-
rpeccuu: D,, = P~ 1Dy; 3necy Dy — onpenenutesb l-ro nopsigka
JIAHHOTO BUJ, T. €. 3JIeMeHT onpeneauteas [,,, CTOSIHN B JIEBOM
BEPXHEM YIJIy.

[lycTs ¢ # 0 U o, 3 — KOPHM KBaApaTHOTO ypaBHeHHUs r2 —
—pz—q=0.Torna p=a+pf, ¢ = —af3, u paeHctso (1) MOXHO
nepenucaTh Tak:

D, — ﬁanl = a(anl - ﬂDn72)a (2)

150)05¢
Dn - Oél)n—l = ﬁ(Dn—l - aDn—Q)- (3)

[lpennonoxum cHavana, uto v # f3.

13101 MeTon cooGuien asropy JI. SI. OxkyHeBbiM. OH NMPUMEHHM TaKxkKe K pe-
KyppeHTHOMY cooTHoweHuo D, = p1Dy—1 + -+ + prpD,—k ¢ TOCTOSIHHBIMH
P1, ..., P ¥ J100bIM K, HO BBHAY TPOMO3JKOCTH PacCyKJIeHHH Mbl OCTaHOBHMCS
JUlb Ha k = 2.
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[To dopmyne ans (n — 1)-ro 4jeHa reoMeTpPUYECKOH Mporpec-
cuu u3 paseHcts (2) u (3) Haxonum

Dy —BDy—1=0a""?(Dy—fD1) u Dp—aDy,_1=3""(Dy—aDy),

a" Y Dy—BD)—B" Y (Dy—aD,)

a—

oTkyna D, = , UK

DQ—ﬂDl DQ—(XDl
a(a—p) Bla—p3)

[Tocnennee Buipaxkenue pnas D, Jjerko 3anomuHaercsi. OHO
BBIBOAMJIOCH IJisi . > 2, HO HENOCPeJCTBEHHO MPOBEPSIETCs AJIs
n =1un = 2. 3xayenue C; u Cy MOXKHO HaXOJUTb He H3
NpHUBeJeHHBIX BbIPaXK€HUH (4), a U3 HauaJbHBIX yeaoul Dy =
= Cha+ O3, Dy = 01012 + Cgﬂz.

[Tyctb Tenepb o = (3. Pasenctsa (2) u (3) obpamatorcs B
OJIHO U TO XKe

DnZClan'i'CQﬂna rne 01: aCQZ (4)

D, —aD, 1= a(Dn~1 - Oan72)7

oTKyza
D, —aD,_, = Aa""2, (5)

roe
A= D2 - O(Dl.

3amenss 3nech n.Ha n — 1, noayuum D, 1| — aD,_» = Aa™"3,
otkyna D, _1 = aD,_5 + Aa""3. Berapiss 3T0 BhlpaxkeHHe B
pasenctso (5), Haiinem D,, = a?D,,_o + 2Aa"~2. TlosTopss TOT
»Ke TIpHeM HeCKOJIbKO pas, noaydum D, = a” ' D+ (n—1)Aa™ 2
i D,, = a"[(n — 1)Cy + Cs), tne C; = %, Cy = % (3mech
a #0, Tak Kak g # 0).

IIpumep 5: BbIUUCIHTL METOIOM PEKYPPEHTHBIX COOTHOLIE-
HUi omnpenesuTeNb puMepa 2.

[lpencraBuB /1eMeHT B MPABOM HUXKHEM YWy B BULE a4y =
=2+ (an — ), Mbl MOXKeM OnpesnenuTenb D, pa3duTb HA CyMMY
IBYX OlpeeuTened:

a T ... x x a, T ... x 0

r ay ... T T T as ... x 0
Dy= | = .

r ap—1 T r x Ap—1 0
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B nepsom omnpenesnnTese NOCAeAHUH cToOJOEL BbUTEM U3
OCTa/bHBIX, @ BTOPOH OMNpejes]UTe b Pas3J/oKHUM [0 MOCJeLHEMY
CTONOLY:

D, =z(ar —z)(as — ) ... (an-1 — ) + (an, — ) Dp_1.

OTo U ecTh PeKyppeHTHOe COOTHOlleHWe. BceraBissis B Hero
AHAJIOTUYHOEe BbIpaXKeHue 11s D, _1, HalaeM

D, =z(a1 —z)(ag — ) ... (ap-1 — )+
+x(ar —x)(ag — ) ...(ap—2 — x)(a, —x)+
+ Dp—a(an—1 < x)(an — ).

[TosTopsist TO XkKe paccyxjaeHue n—1 pas u sameuas, uto Dy =
=a; =+ (a1 — ), noJAy4YnNM

D=x(a1—x)(as—x)...(ap—1—x)+x(a1—2)...(an—o—z)(an—x)+...

ctx(ag—x)...(ap —x)+ (a1 —x) (a2 —x)... (@, —x) =

1 1 1
=xz(a;—x)(ag —x)...(an — ) <$+a1—x+m+a —x)’

4TO COBMAJaeT C pesy/bTaToOM NpHMepa 2.
[Ipumep 6: BpaucauTh onpenenuTeNb MOpsaKa n:

5 3 0 0 0 0
25 3 0 0 0
D,=10 2 5 3 0 0].
00 0 O 2 5

Paznarass mo mepBoii cTpoKe, HaligeM pPEKYpPPEHTHOE COOTHO-
lIeHHe

Dn = 5Dn—1 - 6Dn—2-

Ypasuenune 22 — 5z + 6 = 0 umeeT KOpHU o = 2, (3 = 3.
[To popmyne (4)

Dn — Clan 4 02677, — 3n,+1 _ 2n,+1.
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5.4. MeTop npeacTaBneHMs onpepenuTens B BUAE CyMMbl
onpeaen1tTenex

HekoTopele onpeneuTen Jerko BEIUUCASIOTCS MYTEM PasJio-
JKEHHS UX B CYMMY OMNpeJieIuTeN el TOTO 2Ke MOPSiiIKa OTHOCHUTEJIb-
HO CTpOK (MJ1H cTOBLOB).

Ilpumep 7: BblUUCIUTBL OmpeeuTeNb

a1 +b; a;+by ... ay1+0b,
Dn:a2+b1 as+by ... as+b,
a71,+b1 an+b2 an+b71,

DTOT omnpeneuTeb OTHOCUTENBHO TIEPBOH CTPOKH pasJfaraet-
Csl Ha [1Ba ONpelesUTeNsl, KaXK bl U3 HUX OTHOCUTEJbHO BTOPOU
CTPOKH CHOBa pasJjiaraeTcsi Ha JBa onpepenurens u 1. A. o#as
[0 TIoc/IeIHel CTPOKH, MOJAyduM 2™ onpenequtesied.

Ecnv npu KaxpoM passiokKeHWH 3a-TMepBble cjaraemble IMpH-
HMMaTh YMC/IA @;, @ 33 BTOPble YHMCJ/IA b;, TO CTPOKH MOJyUEHHbIX
onpenenutesnell 6ynyt 1Mo BUAA @iy i, - . ., G4, TUO0 BUAA by, ba,
..., by. JIBe CTPOKHM MepBOTO THIIA MPOMOPLHOHAJIBHBI, @ BTOPOTO
Tuna paBHbl. [Ipy n > 2 B KaIbli MOJY4YUBLIMHCS ONpenesu-
TeJib MONajaloT Mo KpalHed Mepe JBe CTPOKH OJHOTO THIA, U OH
obparutcs B Hy/b. Tak'D,, = 0 npu n > 2.

Tagee,

b1 be
as a9

ap a1

Dy = a1 +0by, Dy = by by

= (a1 —ag)(bg — bl)

5.5. MeTop M3MeHeHHMs 3NIeMEHTOB onpepenuTens

DTOT MeTOJ MPUMEHSIETCS B TeX CJyuasX, KOTa MyTeM H3Me-
HEHMSI BCeX 3JIEMEHTOB OINpelesUTe/II Ha ONHO MU TO K€ UYHCJI0
OH TPUBOAUTCS K TaKOMYy BHUIY, B KOTOPOM JIeTKO COCYUTAThb aJ-
rebpanuueckue JAOMOJHEHUS BCeX 3JeMeHTOB. MeTon ocHOBaH Ha
cJIelyIolleM CBOMCTBE: eC/IM KO BCeM 3JeMeHTaM onpeneauntens D
NpUOABUTh OJHO U TO XK€ YUCJO T, TO ONpPeJeUTe b YBeJUIUTCS
Ha NpOU3BeJeHHe YHUCJaa o Ha CYMMY aJjre6pandyecKkux AOTMOJIHe-
HUHU BCeX 3JeMeHTOB onpenenutens D. B camom nese, mycTb

ail ... Gin a1+ ... aiptx
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Paznoxum D’ Ha nBa omnpenesuTesisi OTHOCUTENBHO MEPBO#H
CTPOKH, KaXKIblH M3 HHMX Ha [Ba OIpelesHUTe/ss OTHOCHTEJIbHO
BTOPOH CTPOKU H T. II.

Cnaraemble, cozepxkaiine 6ojiee OTHOH CTPOKH 3JIEMEHTOB,
paBHBIX x, paBHbl Hy/i0. CjaraeMele, coiepxKallde OfHY CTPOKY
3JIEMEHTOB, PaBHBIX &, Pa3JIoXKHUM 110 3Toi cTpoke. Toraa mosyuum
D'=D+z}, A, uT0 1 TpeGOBaIOCh.

Takum 00pa3oM, BbIUHC/IeHHE ompefesnutens D’ CBOAHUTCH K
BBIUMCJIEHUIO OTIpefeuTessi D U CyMMBI ero anre6panueckux no-
MOJIHEHUH.

[Ipumep 8: Bouluucnutek onpepenutens D, npumepa 2.

BoiunTasi U3 BCeX €ro 3JeMeHTOB YHCJIO &, MOJYYUM Onpee-

JIUTEJIb
a1 — T 0 0]

0 as —T ... 0

Anre6panueckye IOMOJHEHHUs 2JleMeHTOB D, He JiexKalluxX Ha
IJIaBHOM QUaroHaJsd, paBHbl HYJlIO, @ KaXKJIOro 3/eMeHTa Ha IJIaB-
HOHM IMaroHa/ju — MPOU3BEAEHHIO OCTAJbHBIX 3/JeMEHTOB IVIaBHOH
nuarosasnu. I[lostomy

D, = (a1 — 2) .. (an, —x)+

+xZ(a1 —xz)...(aji-1 — z)(aip1 —x) ... (ap —x) =
i=1

:x(al—x)(ag—x)...(an—x)(1+ ! ++ﬁ>

T a1—x

BBIUHCIUTD cllenyole OnpefeiuTe]ld NPUBEIEHHEM K Tpe-
YTOJbHOMY BHJY?:

3 ... n
-1 0 3 ... n

279. |-1 -2 0 ... n|
-1 -2 -3 0

2Bciony, Te M0 BHILY ONpPeNeJHTe/Is He/b3s Y3HATh ero TOPSOK, Tpejnosara-
eTCsl, UTO MOPSIZIOK PaBeH M.
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280.

281.

282.

283.

284.

*285.

1 2 3 n—2 n—1 n

2 3 4 n—1 n n

3 4 5 n n n

n n n n n

€Ty @12 a3 A1n

Z1 T2 a23 a2n

ry T2 T3 a3n

xr1 X2 T3 Tn
1 1 1 1
aq ay ayp — b1 aiq
as as — b2 a9 as

an — by (02 Qp, 429

3 2 2 2

2 3 2 2

2 2 3 2|.

2 2 2 3

aon aiq a9 (07%%

—x x 0 0

0 =z = 0

0 0 O x

aiq as as Qp

—I1 i) 0 0

0 —T2 X3 0
0 0 0 ... =z,

286. BbluMc/aUTb ONpelesUTelb NOPsiiKA 1, 3J1€MeHThl KOTO-
pOro 3aiaHbl yCIOBUAMH a;; = min(z, j).

287. BoluncauTh onpenenuTesb Mopsaka n, 3J€MeHThl KOTO-
pOro 3aJaHbl yCJIOBUSMHU a;; = max(i, ).

*288. BeruncsuTh onpenenuTesb Nopsiaka 7, JeMEHTBl KOTO-
pOro 3aiaHbl YCJIOBUIMH a;; = |i — j.
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BerancnuTs cienyone onpeaennTes M MeTOIOM BBIIENEHUS
JIMHEHHBIX MHOXKUTEJIEeH:

289.

290.

291.

292.

293.

*294.

1 2 3 n
1 z+1 3 n
1 2 r+1 n
1 2 3 r+1
1 1 1 1
1 2—=x 1 1
1 1 3—x 1
1 1 1 n+1—x
apg a1 a2 Ay
aon x a9 Ay
apg aj X Ay,
apg a1 a2 X
- a b c
a —x c b
c —xoa
b a —x

1 1 2 3
1 2=22 2 3
2 3 1 5
2 3 1 9—22
1+ 1 1 1

1 1—=z 1 1

1 1 1+z2 1

1 1 1 1—=z

BeluncauTh cienyiomye ornpenesuTe M METOLOM PeKyppeHT-
HBIX COOTHOIIEHUH:

*295.

a1b1 a1b2 a1b3 N albn
albg agbg a2b3 . agbn
a1b3 a2b3 a3b3 [P Clgbn .
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303.

304.

1 2 0 0 O 0 0

3 4 3 0 0 0 0

0 2 5 3 0 0 0

00 2 5 3 0 0

0 0 0 0 O 5 3

00 0 0 O 2 5

a+B af 0 0 0
1 a+p  ap 0 0
0 1 a+p af 0
0 0 0 0 a+ 6

BBIUHCIUTD ONpeneIuTe/IM METOLOM TIPECTABIEHHS UX B BHJIE
CYMMBI onpeje/nTesel:

*305.

*306.

*307.

308.

xr -+ ay a9 as LA an
ay T+ as as A (o35
a1 as xr+as ... (02
ay as as x4+ ap

Ty a2 Qn

ay I9 Ay,

a ag In

1 1

... 0 0

To T2 ax 0 ... O 0
0 0

Ty Ty Tpn Tn LT  Tn
1 arbs arbs ... ain,

a2b1 To a2b3 . agbn

a3b1 a3b2 T3 .o agbn .

anby apbs axbs ...  x,
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BhiuMCIUTD ONpene nTenu’:
1 2 3 ... n-—1 n
1 3 3 ... n—1 n
309. 1 2 5 n—1 n
1 2 3 2n —3 n
1 2 3 n—1 2n-—1
1 ay as [e2%
1 ay+0b; as [¢2%
310. |1 ay as + bo an
1 aq az Gn + by,
2 2 2 21
2 2 2 2 2
311. 2 2 3 2 2 .
2 n—1 2 2 2
n 2 2 2.2
1 n n n
n 2 n n
312. |In n 3 n
n n.-n n
z y 0 0 0 0
O~z y O 0 0
313. 0 0 z vy 0 0
0 0 0 O Tz Yy
0 0 O 0 =z
1—n 1 1 1
1 1—n 1 1
314. 1 1 1—n 1
1 1 1 1—n
SBCKOILy, rae HesqACHO, YeMy paBeH IOPsSAHLOK Ompene/uTelid, OH NpearnoJaraercs

PaBHBLIM 7.
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322.

323.

324.

325.

326.

327.

ap -1 0 0 0 0
ai xr -1 0 0 O
as 0 r -1 0 0
Ap—1 0 0 0 r —1
an 0 0 0 0 =
1 2 3 n—1 n
-1 0 0 0
0 -1 =« 0 0
0 0 0 T 0
0 0 0 -1 =z
n -1 0 0 0 O
n—1 a« -1 0 0 .+0
n—2 0 r -1 0- 0
2 0 0 0 z -1
1 0 0 0 0 =z
1 x 2z "
ail 1 T x? ket
as1  a29 1 X a2
Anl -~ Ap2 Ap3 Anp4 1
1 C’}l C’,% Cfl"_l cl
1 Gy Cpy Choi 0
1 C}L,z C,zl,z 0 0
1 Ci C3 0 0
1 C’ll 0 0 0
ag as Un_1 an
0 1 1 1 1
1 0 = r x
1 = O r x
1 =z =2 0 =
1 =z = 0
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1 1 1 1
1 2 22 2"
328. |1 3 32 3"
1 n+1l (n+1)? (n+1)"
a (a— 1) (a—n)"™
an—l (a_ 1)n—1 (a_n)n—l
329, |
a a—1 a—n
1 1 1
1 1 1
r1 +1 To+ 1 T, +1
]+ 21 x5+ X2 x%—kxn
330. 3 .2 3 .2 3 2
Ty + @7 Ty + T3 T, + Ty,
A o
(x +ap)” (v 4ap)" 1 r+a 1
331. (x + az)™ (r + ag)" 1 r4+ay 1
(4 ang)" (T4 apgpr)" " T4 apyr 1
1 simp; sin?¢ sin” !
339. 1 singy  sin? gy sin” !y
1 sing, sin“g, sin" !y,
1 cosy; cos? V1 cos" 1 V1
333. 1 cosys cos? V2 cos" 1 V2
1 cosp, cos?py cos™ 1
Lopi(ar)  palar) Pn—1(z1)
334, |1 #i(a2)  @2(z2) Pn-1(22)|
L pi(zn) ¢2(xn) Pn—1(zn)

rie i (r) = 2F + ap 2t + apeat T2 £ agg.
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1 1 . 1
f1(cos 1) filcospa) ... fi(cospy)
335. | fa(cos ) fa(cospa) ... fa(cospn) |,

fno1(cosp1)  fa—1(cospa) ... fn_1(cospy,)
rie fu(x) = arox® + ap 2+ apext T2 4 - 4 ap.
1 C’;l Cf:l Cg:l

336. ! 031’2 03272 S 022_1
1 C’in Cgﬂ e Cg;:l
rie CF = m(m—l)(r—i!)...(n:—ml)'

(2n —1)" 2n—2)" ... on" (2n)™
(2n—1)""t (2n-—2)""t . anto (2p)nt

337, | .
2n —1 2n —2 n 2n
1 1 1 1
z1 x2 Tn
x1—1 ro—1 Tp—1
Z1 Z2 Ln
338.| . . :
L1 ) Ty
n—1 n—1 n—1
xy xh xn
1 2 3 n
1 23 33 n3
339.
1 22n—1 32n—1 n2n—1
n n—1 n—212 n
ay al” b ay” by ... T
n n—1 n—212 n
340.| © ay by ay” by ... 5
n n—1 n—212 n
a71,+1 an+1b7l+1 an+1b71,+1 s b71,+1
sin" oy sin” Zajcosa; ... cos" o
con—1 on—2 n—1
sin oy  sin Q2 COSQig ... COS an
341.

sin" 'a, sin" ?a,cosa, ... cos" la,
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frn(zy,y1) Y1 fn—1(x1,91) y?_lfl(m,yl) yl
342. fn(z2,y2) y2fn—1(x2,92) yP 2 1 (22,u2) yy
Frn(@pn41:¥Un41) Yngp1fn—1@ng1¥n41) - ?/:,L/;%fl(”’nﬁ»lﬂln«{»l) Y1
rae fi(x,y) — ONHOPOOHBLIH MHOTOUJIEH &,y CTENEHH 4.
a; x1 23 x?fl
2 n—1
az Ty T x
343. |7 7?72 2
2 —1
Gn Tp o xy
2 n—2
1z 7 ] , ]
2 n— n
344 1 z2 x5 T4 Ty
2 n—2 n
1 =z, x xn xy
2 3 n
1 :c% a:é xy
1 25 =z Ty
345. 22 2
2 3 n
1 x5 =z xy
2 s—1 s+1 n
1z a7 ] 1 x1+1 ]
2 £ s n
346. 1 2 a5 Ty Ty Ty
2 s—1 s+1 n
1 =z, =z ), ), Ty
2 n—1
1 2(xy =1) z5(z1—1) 2y (= 1)
2 1
347, |1 xo(xa—1) x5(x2—1) xy (xg — 1)
Lozn(zn —1) 22(z, —1) 2 YN, — 1)
14+xz 1+ x% 1427
2
348 14+zy 1423 1423
l+x, 1+a22 142
1 cosp;  cos2p; cos(n — 1)y
349 1 cosps cos2ps cos(n — 1)ps
1 cosy, cos2¢p, cos(n — 1)y,
sing; sin2¢; sin np;
350 sins  sin2pg sin nes
sin @, sin 2¢py, sin nen,
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*351.

352.

*353.

354.

355.

356.

roe f;

357.

*358.

a b ¢ d

b a d c

c d a b

d ¢ b a

a b c d e f g h

b a d ¢ f e h g

c d a b g h e f

d ¢ b a h g f e

e f g h a b ¢ d

f e h g b a d c

g h e f ¢ d a b

h g f e d ¢ b a

x ay as Qp

aq x as Qp

ap ag X Ay,

ay az az ... X

ar—b1 a1 — by ay — by

as — by as — by az — by,

Ap — bl ap — b2 ap — bn

IT+xyr I+ 2y2 1+ z1yn

T+ xoyr o 1+ woy2 1+ z2yn

1+ TnY1 1+ TnY2 1+ ITnYn

filar)  fia2) ... fi(an)

folar)  falaz) ... fa(an)

Jn(ar)  fo(az) Jn(an)

() — MHOTOYJIEH CTENeHH He Bhbillle 1 — 2.

1+a+0b a1 + by ai + by,
az + by 1+ as + bs az + by,
a, + by ay, + b 1+a,+b,
r1Y1 1+ z1y2 1+ zi1y,

14 2211 T2Y2 1+ 22yn

1+ TnlY1 1+ TnY2 TnYn
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a1 — by +x ai — bs a1 — b,
*350. as — by as — by +x ... as — b,
a, — by a, — by ay — b, +x
z1 + aiby aiby aiby,
360. asbq To + asbs asb,,
anby a,ba ... Tpt+apnb,
a 0 0 b
0 a ... b 0
*361. | .
0 b a 0
b 0 0 a
251 0 0 b1
0 ag . bg 0
362. |.. ...
0 bop_1 agn—1- 0
bgn 0 0 aon

2 L 0.0 00
1 2 4 0 0 0
363.10 1. 2 L 0 0
0 0 0 0 12
1 100 0 0
1 110 0 0
*364.10 1 1 1 0 0
0000 11

*365. Psdom Duborauuu® HasbiBaeTCs YHCIOBOM psii, KoTo-
pBIil HauWHaeTCcs YucaaMu 1, 2 ¥ B KOTOPOM Ka)KJoe Clenyllee
YUCJIO PaBHO CyMMe JABYX MpeblAyIIHX, T. €. psan 1,2,3,5,8, 13,

21,...

4duconauun (Fibonacci) — uranbsiucknii matematuk XI1II B.
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Jlokasate, uto n-#i 4neH psaga PuboHaduw paBeH onpefenUTe-
JII0 N-TO NopsifKa:

1 1 0 0 0 O
-1 1 1 0 0 O
0 -1 11 0 O
0 0 0 O -1 1
BeruucaiuTh onpenennresnu
9 5 0 0 0 0
4 9 5 0 ... 00
366. 10 4 9 5 ... 0 0]
0 0 0 O 4 9
01 00 0 0
1 0 1 0 0 0
367. 10 1 0 1 0 0f
0 0 0 O 1 0
0 1 0 O 0 O
-1 0 1 0 0 O
368. {0 -1 0 1 0 O
0 0 0 0 -1 0
a 1 0 O 0 0
1 a1 0 . 0 0
*369. 1001 a 1 0 0]
0 0 0 O 1 a
a 1 0 0 0 O
-1 a 1 0 0 O
370. |0 -1 a 1 0 O
0 0 0 0 -1 a
*371. JlokazaTb paBeHCTBO
COS (v 1 0 0O ... 0 0
1 2 cos 1 0 ... 0 0
0 1 2cosax 1 ... O 0 = cosna.
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[Tosb3ysick 3TUM PaBEHCTBOM M pe3y/bTaToM 3agadd 369, mo-
JIYUUTb BBIpaXKEHHE COS N Uepes cos q.

372. JlokazaTb paBEHCTBO

2 cos« 1 0 0O ... 0 0
sinno 1 2 cos o 1 0O ... 0 0
- = 0 1 2cosax 1 ... O 0 ,
sin o
0 0 0 0 1 2cosa

e onpeesauTesib UMeet nopsifnok n — 1. [Tonb3ysack 3TUM paBeH-
CTBOM U pe3yJbTaToOM 3ajaud 369, npeactaBUTh sinna B BUIE
TPOU3BEIEHHUST Sin (v HA MHOTOUJIEH OT COS (.

*373. JlokazaTb paBeHCTBO, HE BBIYMCJSS CaMHUX OIpeaesuTe-

JIeH:

aq bl 0o 0 ... 0 0 aj b161 0 0 ... 00
C1 a2 bg 0 ... 0 0 1 a2 bQCQ 0 ... 00
0 Co as b3 0 0}=10 1 as bgCg ... 0 0
0 0 0 O Cn—1 Qp 0 O 0 0 1 ay,
BerancnuTs onpenennTesu:
1422 x 0 0O ... 0 0
T 1+ 2? T 0 ... 0 0
374. 0 T 1422 = ... 0 0
0 0 0 0 r 1+ 2?
1 2 3 n—1 n
2 3 4 ... n 1
375.13 4 5 ... 1 2
n 1 2 n—2 n—1
atx a+2x at+(n—2)z a+(n—1)z
a+(n—1)x a a+x . at+(n=3)z a+(n—2)x
*376. |a+(n—2)z a+(n—1)z a o at(n—4)z  at+(n—3)z|.
a+xa+2x ..... a+3x ....... a+(n_1)x ....... ;l .....




58 Tasa 1

1 x x> ... an? gnd

T 1 T $n—3 JJ"—2

377 xn—Q xn—l 1 $n—4 JJ"—3
T 22 28 ! 1

378. He Bbluncsss onpenenuresell, yCTaHOBUTb, KaK CBSI3aHBI
Mexay coboll 1Ba LUPKYJSHTA:

a1 ag as ... Ap—1 Qg a1 az az ... p—1 - Qp
an Qa1 a2 ... QGp—2 Ap—1 A a3z A4 ... Qp aq
Ap—1 Ap A1 ... Ap—3 Ap—2 )54 az aq as ... Qap a9 y
a9 az a4 ... Qp al Ap A1 A2 w.. Ap—2 Ap_1
MNOCTPOCHHbIE U3 ONHUX K TE€X 2Ke 4YuceJsa ai, az, ..., ap IPUME-

HEHHEM KDPYTOBBLIX IMEPECTAHOBOK B ABYX MPOTHUBOIOJO2KHBIX Ha-
[paBJ€HHUAX.

BeruncauTh onpenesnuTesu:
1 1 1 e 1

*379. |; (2)

RS
S
N
—
N——

*380. m+1 m+ 2 m+3 m+n+1
9 9 9

m-+n—1 m-4+n m-+n+1 m—+2n —1
n n n n
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1 (g) 0 0 0
G 6 °
~386. |1 (;1) (;1) (jD 0

2 3 4 n
36 10 o nintl)

Rl VR 20 . nintlnd)
- '7}&%;!4'15 . .+.1;!.( R +(1727 ..1(.)2!.7;_.2.).
1 0o o0 .. o0 1

(1)
388, | G) @) 0o ... 0 22 |
(5)

1 0 0 0 0 1

1 1 0 0 0 T

1 2 2! 0 0 x?
*389. 1 3 3.2 3! 0 31

1 4 4-3 4-3-2 4 xt

1 n n(n-1) n(n-1)(n-2) n(n-1)(n—2)(n-3) .. z"
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a+1 a 0 0 0 0
1 a+1 a 0 0 0
396.| O 1 a+1 a 0 0
0 0 0 0 1 a+1
nlag (n—Dla; (n—2)lay an
-n T 0 0
397. | o —(n—1) T 0
0 0 0 T
cosec o 1 0 0
1 2 cosec o 1 0
398. 0 1 2coseca 1
0 0 0 0 ... 2coseca
T 1 0 0 0 0
n—1 T 2 0 0 0
N 0 n—2 T 3 0 0
399. 0 0 n—3 0 0
0 0 0 0 1 =z
al =z aPtl — aPtn—1 _ ¢
400 abtn T ap+n+1 T ap+2n71 T
aern(n 1) T aern(nfl)Jrl —xr .. aern —1 T
1—=x a a? a1
a a® -z 3 a”
401. | 2 a3 at — antl
.a.n._.i. o E“.n. ..... an+1 ........ a2n—2 .. x
ap 1 1 1 1
1 ap 0 O 0
402.{1 0 as O 0
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co b b b b
a ¢ 0 0 ... O
403./a 0 ¢ 0 ... O]
a 0 0 O Cn,
1 —b ) —b
1 na —-2b =3b ... —(n—1)
*404.|11 (n—1)a a =3b ... —(n—1)b|.
1 2a a a a
(z1 —a1)® a3 a,
*405. a? (rg —az)? ... a?
ay a% (w5 an)2
(1 —aq) a1as aias aian,
asaq (xo — ag) asas asan,
406.| 4, asas (x5 — as)? asay
anay @n a2 anas (Tn — an)?
1—0b bo 0 0
—1 1= by b3 . 0
*407.| 1 1—b3 by ... O
0 0 0 0 1-0b,
0 as as Ay,
b1 0 as P %%
408. bl bg 0 e Qp|”
b1 by b3 0
1 2 3 4 n
1 1 2 3 n—1
"409.17 5 1 2 ... p-2|
1 =z = «x 1
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*410.

“411.

412.

413.

414.

415.

*416.

“417.

1 2 3 n
r 1 2 n—1
z x 1 n—2
r xr x 1
apxr”™  arz™ !l agr™? Ap_1T Gp
agl b1 0 0 0
apx> aix bo 0 0
apx™ 1 a1z 2 agr™? bpn_1 0
apr”™  arz™ !l agr™? ap_1T by,
r+1 x T T
T r+2 T T
T T T+ 3 T
x x x r+n
Tz +1 T T x
T T+ 2 x T
T T T +4 x
T x x4+ 2"
rz+1 T T T
T x«+-% T T
T T 17+—§ T
................................ ;
T x x T+
z+1 T T T
€T xr+a X €T
€T x xA+—a2 x
T x x T+ a”
(a1 + b1)71 (a1 + bz)il (a1 + bn)
(an+b1) (an+b2)71 (an+bn)71



Onpedeaumen 65

1 1 1
L5 3 m
1 1 1 _1
2 3 4 n+1
*418. |1 1 1 1
3 4 5 n+2
i .. L .. L ......... s
n n+1 n+2 2n—1
ag + ay a1 0 0 0 0
a1 a1 + as as 0 ... 0 0
*419. 0 a9 as +as as ... 0 0
0 0 0 0 ... Gp1 Gn-1 +an

*420. [TonyuyuTh 3aKOH COCTaBJIEHHS Pa3BEPHYTOrO BbIpake-
HUSA [/ KOHTHHYaHTBI N-TO MOPAAKa’:

agz 1 0 0 .o 0 O
-1 a9 1 0. .. 0 0
(al,ag,...,an): 0 -1 as 1 ... 0 0 s
0 0.0 O -1 a,
T. €. BbIpaxKeHus B BUAE€ MHOrO4JseHa OoT ai, a2, ..., Gp. Hanucars

B Pa3BEepPHYTOM BHJ€e KOHTHHYaHTH 4-r0, 5-ro ¥ 6-ro MopsaKoB.

§ 6. MUHOPbDI, ANITEBPAMYECKUE O OMOJIHEHMS U
TEOPEMA JIATJIACA

421. CKobKO MHHOPOB k-TO TIOPSiAKA CONEPXKHUT ONpelesu-
TeJib TOpsiiKa n?

422. Jlokasatb, UTO NP ONpese/eHNH 3HaKa aaredpaniecko-
r0 JOMOJHEHUS] MOXKHO MOJIb30BAaThCS CYMMOH HOMEPOB CTPOK H
CTOJIOLOB He TaHHOTO MMHOPA, a AOTOJHUTENBHOrO K HeMy. MHBI-
MH cjioBaMH, ecain M — paHHbIH MuHOP, M’ — NOMONHUTENbHBIH
MHHOp, A — anrebpanueckoe pornosHeHne MuHopa M, A’ — an-
re6panueckoe jgornosHenue munopa M’, to us A = eM’, rne € =
= =+1, cnenyer A’ =M.

423. lokaszats, uTo pasnoxeHue Jlamnnaca onpenenuress mo-
psaKa n 1o Jo6sM k cTpokam (cTos6liam) coBnmamaer ¢ ero pas-
JIOXKEHHEM TI0 0CTaslbHbIM 1 — k cTpokam (cTosbiam).

SHasBaHue «KOHTHHyaHTa» OGBACHSIETCA CBASBIO C HEMPEPHIBHBIMH JPOOSMH,
KOTOpasi ycTaHaBjiMBaeTcsi B 3anaue 539.
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*424. [lokasarb, UTO MPaBHUJO 3HAKOB, CBsI3bIBalOlIee anredpa-
MYecKoe N0MoJHeHHe A ¢ I0NONHUTENbHBIM MUHOpOM M’ MuHOpa
M, MOXKHO OPMYJMPOBAThH TaK: MyCTb (v1, (va, ... () — HOMepa
CTpPOK, f1, B2, ..., B — HOMepa cTo61OB MUHOpa M B omnpefe-
qutesie D Topsiika n, 3allMCaHHble B MOPsiIKEe BO3pACTaHHS, a

Of+1, Q425 -+ -, On 1 ﬁk+1»ﬁk+27"'vﬁn
— COOTBETCTBEHHO HOMepa CTPOK U CTOJI6U.0B JOIOJIHUTEJBHOT O

muHopa M', Takxke 3amucaHHble B TOPSIAKE BO3PaCTaHUS; TOTIA
A = M’', eciu noncTaHOBKA

Q1 Qg ... Qp
Br B2 ... PBa
yeTHa, U A= —M/, eCJIM 3Ta NNOACTAHOBKA HeYdeTHa.
HO.H])SyHCb TeOpeMOI‘/.I JIaH.HaCEl, BbIUHCJ/IUTDL ONpPeae/IUTeNNn:

5 1 27 -1 3 4
3 0 0 2 2 0 0 8
425. 13 4 5 426. 3 0 0 2
2 0 0 3 4 4 7 5
05 20 5 2 1 3 2
8 35 4 4 0 7 0 0
4217. . 428.12 3 7 5 3|
72 4 1
04 1 0 2 3 6 4 5
304 00
21 4 3 5 7T 2 1 3 4
340 5 0 10 2 0 3
429.13 4 5 2 1f. 430.13 0 4 0 7|
1 5 2 4 3 6 3 2 4 5
4 6 0 70 5 1 2 2 3
1 2 3 4 5 12 0 0 00
340000
0 60 41 76 5 4 00
431.12 4 1 3 5|. 432. .
23 45 00
1 3 5 2 4
05 0 3 2 5 1 2 6 7 3
2 75 3 41
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444.

ar 1 ai2 1 ain 1
1 0 1 0 1 0
a21 1 a2 €2 a2n Tn,
I 0 €Zo 0 In 0
2 2 2
@31 Ty as2 €Ty asn Ty,
x? 0 x3 0 x2 0
n—1 1 —1
n1 T} Gn2 Ty Gnn  Tp
n—1 n—1 n—1
9 0 x5 0 Ty 0

[Tosb3ysick Teopemoit Jlamsaca, BHIYUCAUTD ClelyloOlile ollpe-
JeJIUTeNH, peJiBapuTeNbHO Npeodpa3oBas HX:

*445.

447.

449.

451.

2 -1 3 4 -5 5 =5 -3 4 2
4 -2 7 8 =7 —4<4 3 6 3
-6 4 -9 -2 3| 446.['3 -1 5 -9 -—5|.
3 -2 4 1 -2 -7 7 6 8 4
-2 6 5 4 -3 5 -3 2 -1 =2

2 1 2 3 2 2 -3 5 =2 1
3 -2 7 5 =1 3 2 5 —4 -3
3 -1 -5 -3 -2|. 448.|-2 3 -4 2 =3
5 -6 4 2 —4 6 4 7T -8 -1
2 -3 3 1 =2 2 -1 7 1 5
5 79 -2 —4 5 3 4 -3 -1 2
2.°-3 4 -3 3 -5 6 5 2 3
-5 -7 2 4 -=2|. 450.|4 -9 -3 7 —5|.
4 -5 8 -6 8 -1 —4 1 1 -2
6 -5 3 -3 7 -3 7 5 2 3
1+ T T x x 1+

T 1+ T x 1+ T

T T 1+ 1+=x x T

T T 1+2x 142 x T

T 1+ 2x T x 1+ T
1+ 2x T T x x 1+

(nopsimox onpepenuTessi paseH 2n).
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ailr @12...01,n—-1 0ain 0 0 . 0 bln
a1 a...az,—1 0 0 0 ban—1 bay
Gnl 0 0 0 bnl bn2 bn n—1 bnn
452.
ci1 Ci2...Cp—-1 cin 0 0 0 bin
C21 C22...C2n—1 0 0 0 e b2,n—1 bgn
Cnl 0...0 0 bnl bn2 s bn,n—l bnn
1 1 o1 x ay as—1 ... an—1—1 an—1
1 1 ..o 1 a; — 1 as . Qp—1 —La, —1
453 x 1 o1 1 ar—1 as—1 ... ap—1.—1 an
‘lair —x a1 ... a1 ai —ay —ay ... —an r —ayl|
a2 a2 — T a2 a2 —as2 —as2 T — az —as
Qn an an AGp — X T — Gp  —0anp —Qn —Qn

454.B omnpenenutene D deTHOro nopsiaka n = 2k BHIEINM
gyeTblpe MuHOpa My, My, Ms, M, mopsinka k, Kak MokasaHo Ha
cxeme:

Ml M2
a1 a1k a1 k+1 A1n
a1 N ALk Ak k+1 . Ak
Qk41,1 Ak+1,k | Ak+1,k+1 Qk+1,n
QApl Qnk Gn, k41 Gnn
M3 M4

Bripasutb onpenenutens D uepe3 MmuHopwl My, Ms, Ms, My
B CJENYIOIUX IBYX CJydasix:

a) ecsd Bce 3jeMeHTH My nian Ms PaBHBI HYJIIO;

6) ecv Bce 3/1eMeHTHl M uau My paBHBI HYJO.

455.1lycte B ompenenutene D nopsinka n = kl BeeseHH [
MHMHOPOB TIOpsiiKa k, pacrnoJ/o’KeHHBIX BJIOJb BTOPOH AMAroHa/H,
T. e. My JeXXUT B NepBBIX k CTPOKaX W MOCJAENHUX k CTOJOLAX,
M B caenyolux k CTpoKax U NpeAbAyLUX k cToabuax 4 T. 1.,
HakoHell, M; — B mocjeqHUX k CTpOKaxX W MepBbIX k CToJAOLAX.

Beipasute D uepe3 My, Ma, ..., M;, ecan BCe 3JEeMEHTHI
D, nexaiue 1no ogHy CTOPOHY OT yKa3aHHOH LENOYKH MHHOPOB,
paBHBI HYJIIO.
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456.[1ycte B onpenenutese D mopsiika n BbAeJEHbl k CTPOK
U [ crosnbuos, npuyeM [ < k U BCe 3JeMEHThbl BblIeJeHHbIX [
CTOJIOLOB, He JiexKalllie B BblJeJIeHHbIX k CTPOKaX, paBHbI HYJIIO.
[Tokasatb, 4To B passoxeHuu Jlammaca onpenenutens D 10 BbI-
JeJIeHHBIM k& CTPOKaM HY»KHO OpaTh TOJBbKO T€ MHUHOPBI MOPSAKA
k, KOTOpBIE COflepKaT BhlJesIeHHBIe [ CTOJOLIOB; YTBEPKAEHHE, T10-
JlyueHHOe MepeMeHHON POJIM CTPOK M CTOJIOLOB, TaKKe BEPHO.

457. Tonb3ysich Teopemoit Jlansaca, pemwuts 3agauy 206,

458. lokasaTb, 4TO

a1 0 ai12 0 s Q1n 0
0 b11 0 b12 . 0 bln
a1 0 a2 0 agn 0
0 b21 0 b22 0 bgn >
an1 0 an2 0 A 0
0 bnl 0 bn2 0 bnn
ayp a2 A1n bi1  bi2 bin
Gn1  Ap2 coo Opp bnl bn2 e bnn

*459.BblukcanTh onpeneauTesb nopsinka k + [

3 2.0 0 0 0 0 O
13 2 0 0 0 0 O
01 3 2 0 0 0 0|,k crpox
0 13 20 0
0 0 2 5 3 0
00 0 O 2 5 3 0|,!crpok
00 0 O 0 2 5 3
00 0 O 0 0 25
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460. Hanucatb pas/ioxkeHue KOHTHHYaHThbl (cp. ¢ 3anaueii
420) nopsiaka n:

aq 1 0O 0 ... O 0
-1 as 1 0 ... 0 0
(a1,a2,...,a,)=|0 =1 a3 1 ... 0 O
0 0 0 0 -1 an

no nepseiM k cTpokam. Kakoe cpoiicTBo uncen Pubonauun (sa-
nada 365) nosydaercs orcroona npu n = 2k?
461. He packpeiBast cKoOOK, 10Ka3aTh, YTO PAaBEHCTBO

(ab — a'b)(cd — 'd) — (ac’ — a'e)(bd" — b'd)+
+(ad — a'd)(bd’ —b'c) =0
CrpaBel/IMBO MpH JOOBIX 3HAYEHHUsIX a, b, ¢, d,a’, V', ¢, d'.
*462.B marpule

cofepxkalledl n CTPOK U 2n cToJaOLOB, 6epeM J060H MUHOP M
nopsiika n, cojepxxalluil 110, KpaliHell Mepe MOJIOBUHY CTOJOLOB
JIeBOH IT10JIOBUHBI MATPHILBL.

[lycte ¢ — cymma HOMepoB cTOJ0OLOB MHHOpa M, M MyCTb
M’ — muHOp mopsiiKa m, COCTABJEHHBIH M3 OCTAJIbHBIX CTOJIOLOB
Matpuubl. Jlokaszats, uto Y (—1) MM’ =0, roe cymma Gepercst
o BCeM MHUHOpaM M yKasaHHOTrO THMA.

*463.[loxasaTb, 4TO TPU ONpeLEeIUTE/IS

airy by a1x2 bize arxz bias
aswy  bawy aswy baxa  asxs  baws
D= a1y blyl a1y2 blyz a1ys b1y3
a2y1 bzyl a2y2 bzyz a2ys3 bzyg
a1z bizi arza biza arzz bizs
aszy  baz1  azsza baza  azzz bazg

r1 T2 I3

U A=y y2 ¥3
Z1 22 Z3

ap by

6= a9 bg

cBSI3aHBl paBeHcTBOM D = §5A2 6

60606wenue aTOr0 CBOMCTBA aHO B 3azade 540.
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*464. I1ycTb

f(x) = a0+ a1z + azxz + a3x3 + a4x4,

g(x) = bo + b1z + box? + byx® + b4x4,

h(z) = co + c1z + cox® + 32> + cqx?

(x — ) (@ = B)(x —v) = «® + p2® + qz + .
[TokasaTb, uTo

apg a1 az- - as ag

fla) f(B) f(v) I a o |bp bi by by bs
gle) g(B) gn|=1{1 B B -|co c1c2 ¢35 cal.
ha) h(@B) h(y)| 1 v 2 |r 4 p 1

ai Qlp, - T11 Tk
D=lap,1 ..+ apn Ty Tk

Y11 e Yin 0 e 0

Y1 oo Yen 0 ... 0

noJyyeH OKaHMJeHHeM MpU MOMOLIM k CTPOK U k CTOJOLOB H3
onpesieIuTe1s;

Gn1 -.. Qpn

ITokasarte, uto npu k > n D =0, a npu k < n D siBasercs
dopmoit (T. e. OIHOPOAHBIM MHOTOYJIEHOM) CTeNeHH n — k OT-
HOCHTEJIbHO 3JIEMEHTOB a;; onpejenautess A 1 QopMoi cTeneHH
2k OTHOCHTENbHO OKaHUMJ/IAIOIMX 9JEMEHTOB Tyj, Yij, KOIDDHIH-
e€HTaMH KOTOPOH cJayKaT ajrebpauueckue IOMOJHEHHS MHUHOPOB
k-ro mopsinka B ompeneautese A. A UMeHHO, 10Ka3aTh, YTO

_ k
D_(_l) E Aili2~~~ikj1j2---ijiliz...iklej2---jk’

rae Aijis. ixjijs..jr €CTb anredpandeckoe IONOJHEHHE MHHOPA
onpeneanTens A, CTOSIIET0 B CTPOKAX C HOMEPAMH i1, ig, .. ., ik



Onpedeaumen 73

¥ B CTONOLAX C HOMEPAMM J1,J2, - - ., Jk, @ Xijis..iyy U Yjijo. i —
MHUHOpPBI oTpefiesiuTesss [D, COCTaBJIeHHble U3 OKaHUMJISIONINX 3Jie-
MEHTOB W JIeXalllie B CTpoKaX (COOTBETCTBEHHO B CTO/I0LAX) C
yKasaHHbIMH HoMepaMu. [Ipu 3ToM cymma GepeTcsi o BCeM KOM-
6rHALUSAM UHIEKCOB, U3MEHSIOLIUXCS OT eIUHULBL 10 1 TIPH yCJI0-
BUHU, UTO 1] < lg < -+ < ip, J1 < J2 < - -+ < Jk.

*466. lokasatb caepyiollee ob6oblieHre TeopeMsl Jlamsaca:
€CJIM CTPOKM OTpeNesuTesss n-ro nopsinka D pasbuTb Ha p. CH-
creM 6e3 OOLIMX CTPOK, MPUUEM B TEPBYI0 CUCTEMY BXOAST CTPO-
KU C HOMepaMu o < ag < --- < «Qy, BO BTOPYI0 — CTPOKH C
HOMepaMM agy1 < Qo < -+ < Qpy; U T. 1., HAKOHeL, B MO-
CJENHIOI — CTPOKH C HOMEPAMH Q511 < Qp_gya < -+ < O,
€CJIM 3aTeM B MaTpHle MepBOH CHUCTEMBl CTPOK B3ATb MHHOP Mj
nopsinka k, Jexalui B cTosabuax ¢ Homepamu 1 < s < -+ <
< [k, BO BTOpPOH MaTpulle MHHOp Mo mopsinka [, Jexkalluil B
cronbuax ¢ HomepaMu (ki1 < fOry2 <.+ < Ok4i, OTIHUHBIMH
OT HOMepOB cToNO1OB M1, U T. II., HAKOHELl, B MOCJAeHeH MaTpH-
e — MHHOP M), mopsjka s, JeKallui B OCTAaBIIMXCS CTOA0UAX C
HOMepaMH [ —s+1 < Bp_st2 <<+ < Oy, U €CJH 3aTeM COCTABUM
npoussefienue MMy ... My, rie € = +1, ecsau NOACTaHOBKA

ar ay ... oy ()
B P2 ... Bn
ueTHasd, U s = =1, ec/IM 3Ta MOACTAaHOBKA HEUETHAS, TO OMPe/Ie/H-
Tesb D paBeH CyMMe BCEBO3MOXKHBIX IPOU3BENEHH TaKOTO BUJA.

To, uTo 3T0 yTBep:xkaeHHe obobuiaeT Teopemy Jlamnaaca, cienyer
U3 3agauu 424.

§ 7. YMHOXXEHMUE ONPEOENMUTENEN

467. IlepeMHOXKUTb OIIpeJeNUTENH

1 2 3 2 -3 1
3 4 2 u 1 -4 3
4 5 4 1 -5 2

BCEMH YEeTBIPbMSI BO3MOXKHBIMH criocobamu (T. e. ymMHOXKast CTpo-
KM WJIM CTOJIOLBI MEPBOro ONpefe/qUTe ]l Ha CTPOKH U CTOJIOLLbI
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BTOPOTO) M MPOBEPHThb, YTO BO BCEX CJAyYasX 3HAYEHHE TOJIy-
YeHHOTO ONpeesuTeNss PaBHO MPOWU3BENEHNUIO0 3HAYEHUH NaHHBIX
onpeje/uTesnen.

468. BeiyucauTh OnpenennTeNb
a b c d
b a d -—c
—c —d a b
—d ¢ —b
nyTeM BO3BeIEHHUs ero B KBaapart.
469. BeiuucauTh onpenesnTelNb

a b c d e f g h
-b a d —-c f —-e —h_ g
—c —d a b g h —=e —f
—-d ¢ =b a h —g  f —e

Q
>
o
U

e —f —g —h
—-f e —-h g -=-b.oa —-d c
—g h e —f =c d a —b
—-h —-g f e —d —c b a
MyTeM BO3BEIEHHsI €ro B KBaapar.

BBIUHCIHTD CleIYIOLLHEe ONPENeNUTENH, TPEICTaBIsSST HX B BU-
Jie IPOU3BENEHUH OTpeneNuTeNeH:

14+ziyr 14+ 2192 ... 14219y,
“470. 14+2oyr 14+x2y2 ... 1422y, .
1+ InY1 14+ TnyY2 ... 14+ TnlYn
cos(ag — 1) cos(ag — fB2) ... cos(ar — Bn)
471. COS(OQ - 61) COS(O(Q - 62) s COS(OQ - ﬁn) )
cos(ay, — 1) cos(ay, — B2) ... cos(a, — fBn)
1 cos(ar—a2) cos(ar—asz) ... cos(ar—an)
cos(ag—az2) 1 cos(ag—az) ... cos(aa—an)
472. |cos(a1—asz) cos(az—as3) 1 .. cos(az—an)l|.
cos(ai—an) cos(az—an) cos(ag—an) .. 1
sin 2a; sin(ag + ) ... sin(a; + ay)
473, sin(ag + 1) sin 20y ... sin(ag + ay) .
sin(ay, + 1) sin(ay, + a2) ... sin 2ay,
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1—albl 1—al'bly 1—al b}
17a1b1 17(111)2 17a1bn
1—al by 1—aj by 1—alb,
474. | 1—a2by 1—asbs 1—asb,
1—a, by 1—a, by 1—a, b,
l1—anby 1—anbs 1—anbn
(ao +bo)"  (ao +b1)" (ao +bn)"
(a1 +bo)" (a1 +b1)" (a1 +b1)"
475.
(an +‘b0)n (an/+'b1)n (an +‘bn)n
1n—1 2n—1 nn—l
2n71 gnfl n+1 n—1
*476. ( )
nn—l (TL + 1)n—1 (271 _ 1)n—1
50 51 52 Sp—1
S1 S92 S3 Sn
477. | so S3 Sq Sn+1 |
Spn—1 Sn Sn+1 Son—2
rie sy = ¥ + ok + 2k
S0 S1 So Sn—1 1
S1 S92 S3 Sn Xz
*478. |s9 S3 S4 Sn+1 xz2|,
n
Sn Sn+1 Sn+2 Son—1 X

rae'sy = of +ak 4. 4 2k

*479. JlokasaTb, UTO 3HaUeHHe LHPKYJASHTA OlpefesisieTcs pa-

BEHCTBOM

aq az a3
Qp a1 a2
Gp—-1 Qan a1

rae f(x) = a1 +asxr+azz®+---+a,x" P uey, eg, ..

3HA4YeHHsI KOPHA n-d CTENeHH U3 €IHHUIBI.

., €, — BCE
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480. JloxaszaTb, 4TO NpH 0003HAUEHUSIX MPEAbIIYIIEH 3a1a4H

al as asz ... (07
an as Qa4 ... ay
(n—=1)(n—2)
as as as ... az |=(=1)" = f(e1)f(e2)... fen).
an, Q1 a2 Ap—1

1 a a? a™!
a™~ 1 1 a an72
an72 a™~ 1 1 Cun73

« a? o 1

482. Ilonb3ysich pe3yabTaToM 3agaud 479, BHIYUCAUTD OMpe-
NeTUTENb

a b b
b a b
b b a

483. Ilonb3ysich pesyabraToM 3afaud 479, BHIYUCAUTD Olpe-
NeJINTENb

a b ¢ d
d a b ¢
c d a b’
b ¢ d a
Beruncautb onpenenurenu:
1 Cloc2 oot
1 N Ol N O
484. |Ccn7t 1 1 ... CnT3oCnE
c! c: c3 1
1 2a  3a? na™~
n—1 o n—2
485, | 1 2a (n—1)a
2a 3a? 4a® 1
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*486. [lokasaTb paBeHCTBO:

S—a1 S—a § — Qnp
s—a, S-—ai S—ap-1| _
s—as S—as s —ay
a1 as (07%
_ ( l)n—l(n _ 1) an a1 Gn—1 7
as as ay
rie s =aip+az+---+an.
Berancenuts onpenennresu:
P CTOJOLOB n — p CTOJ6LO0B
. -1 -1 -1 -1 | 1.1 1 1 |
487.1 1 1 1 |-1 1 11|
-1 -1 -1 1 1 1 1 -1
P CTOJIOIOB m — p CTONOLOB
a a a a | b b b b |
488.| b a a ala b b b
b b a ala a b b
a a’ a b|b b b a
cos 7 cos 27” cos ‘%r -1
-1 cos L cos 2m cos ("_nl)ﬁ
489. cos (=T -1 cos T cos (";?)”
cos 27” cos 37” cos 47” cos T
cosf cos20 cos30 cosnb
<490, |cosnb  cost  cos26 cos(n —1)0
cos20 cos36 cos4db cosf
sina sin(a+h)  sin(a+2h) sin[a+ (n—1)h]
491. |sinfa+(n—1)h] sina sin(a+h) sinfa+ (n —2)h]|
Csina+n sin(a+2h)  sin(at3h) ... sina
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12 22 32 n?
n? 12 22 - 1)2
492 (n— 1)2 n2 12 n 2)2
223242 .......... 12

*493. BLIUMCIUTL KOCOH LUPKYIAHT (MM KOCOLMK/IMYECKHE
onpe/e/uTeNb)

a1 an as . Ap,
—0Qp aiq a9 e Qp—1
—Unp—1 —Qp aq e Qp—2
—as9 —as —Q4 ... aiy
a1 an as e Ay,
anz aiq as cee Qp—1
494. o > 4,z a1 ... ag 4| DA Z — J1060€ YHCIIO.
asz azz aqz ay

*495. JlokasaTb, UTO LUPKYJASHT MOpsaKa 2n ¢ MepBOH CTPO-
KOH M3 3JIeMEeHTOB a1, a9 ..., A2p—1, (2, PaBEH MPOU3BEIEHHIO
LMPKYJSIHTA TOpsiAKa n ¢ MepBOH CTPOKOH M3 3JIeMEeHTOB ai +
+ Gni1, G2+ Apt2y. .., Gn + Q2p W KOCOTO LUPKYJSHTA NMOPSIKA
7 C NEePBOH CTPOKOH U3 3/J1EMEHTOB a1 — Qp41, A2 — Ap42, Gpn — Q2.

*496. [lepemMHOXKas [Ba OIpeleNUTeNs

Ty X2 z3 Iy Yyr Y2 Y3 Ya
T2 —T1 —T4 T3 | Y2 —Yr —Ysa Y3
r3 X4  —T1 —X20 Y3 Y4 Y1 —Y2
Ty —X3 T2 —T1| (Y4 —Ys Y2 —

J0Ka3aThb TO2KOEeCTBO 3I7Iﬂepa
(2f 4+ a3 +a5 +23)(yf +y3 +y3+u3) =

= (z1y1 + Ty + T3y3 + Taya)® + (T1Y2 — Tay1 — Taya + Tays) +
+ (13 + T2ys — T3Yy1 — $4y2)2 + (z1Yys — T2ya + T3y2 — x4y1)2-

Kakoe CBOHCTBO HeJBIX YUCET OTCIOfla BHITEKAET?
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*497. C moMoIIbl0 YMHOXKEHHS ONpe/iesUTe/ el 10Ka3aTh TOXK-
IeCTBO

(a®+b3+c*—3abe) (> +03 43 -3a'b ) = A3+ B3+C3—3ABC,

rne A=aa’ +bc +cb', B=ac +bb +ca’, C =ab +ba' + cc'.
Kaxoe CBOHCTBO LiesIbIX UHCEJ OTCIOAA BhITEKAeT?
*498. Ilpu 0603HaYeHUAX NPEAbIAYIIEH 3a/1aUl T0KAa3aTh TOXK-=

JIeCTBO:
(a® +b%+¢* —ab—ac—be)(a? + b + % —ad't —d'd =) =
=A*+ B*+C? - AB — AC - BC.

*499. JlokasaTb cienyloliee o60611eHHe TeopeMbl 00 YMHOXKe-
HUHU onpenenutened. [lycTb faHbl nBe MaTpPHILbI

a1 a2 ... Gip bii bz ... bin
as1 ago ... QA2p b21 bgg . bg

A = n U B — n ,
aml Am2 Amn bml bm2 bmn

KaXKJasi U3 m CTPOK U 7’ CTONOLOB.

KoMOHHUpYS CTPOKM OfHOM MaTpulbl CO CTPOKAMH IpYyToH,
nojiarast ¢;; = »_,_q;,bji, COCTABHUM ONpeeHTeNb M-TO IO0-
psinKa

C11 C12 . Clm
D= C21 C29 . Com,
Cml Cm2 v Cmm

Jlanee o6o3HauM yepes A;, i, . v Bi, i,.....i,, COOTBETCTBEHHO
MHHOPBI m-T0 nopsiaka mMatpull A u B, cocTaBjeHHble U3 CTOJO-
LIOB 3TUX MaTpHLl C HOMEPAMH %1, %2, ..., i; B TOM 2Ke IOPSIKe.
Torna

>tm

D= Z Ao Biv i, (1)

1<i1 <ip < <im <

npu m < n (popmyna Buns-Kown), T. e. onpenenntens D paBen
CyMMe NpPOM3BeIeHHH BCeX MMHOPOB MOpsiika m Matpuubl A Ha
COOTBETCTBYIOIIME MUHOPHI MaTpuubl B. [Ipu m > n

D =0. (2)
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*500. JlokasaTb yTBepxenue (2) npeablayiuell 3ana4u, MoJb-
3ysiCb TEOPEMOH 00 YMHOXKEHHH ONpeneuTeNeH.

*501. He nmpousBoasi yMHOXKeHHs, 10Ka3aTh ToxAeCTBO Kouu

(a1c1 +agca+ -+ -+ ancy)(bidy + bady + - - - + bpdy ) —
— (a1d1 + aado + - - + andy) (bici + baco + - - + byey) =
= Z (a;br — arb;)(cidy — cpd;)  (n > 1).

1<i<k<n

*502. He nmpousBoass yMHOXKeHHMs, [0Ka3aTb TOXKIECTBO
Jlarpanxa

(zn: af) (zn: bf) - (i aibi>2 = Z (aiby — apbi)?.
1 i=1 i=1

i= 1<i<k<n

*503. JlokasaTb, UTO [Jisl JIOOBIX JEHCTBUTEJbHBIX UUCEJ
ay, az, ..., Qnp I/Ibl,bg, ,bn
CIpaBeNJIMBO HEPABEHCTBO

(af+az+---+ay)(bi+b5++bp) = (a1b1+azby+- - -+ anbn)?,

MpUYeM 3HAK PABEHCTBA MMeEeT MeCTO TOTAA U TOJBKO TOTAA, KO-
a OfHA M3 CHCTEM HUCes OTJMYAeTcsi OT APYrO# JHLIb YHCIIO-
BBIM MHOXHTesIeM. (ObiTb MOXKeT, paBHbIM Hysw). (HepaseHcTso
Koun-Bynskosekoro.)

*504. JokasaTb, uTO AJs JIOOBIX KOMIIEKCHBIX 4YHUCeN ajp,
a2, ..., ¥ by, by, ..., b, UMEET MECTO PABEHCTBO

§ )5 (50020
k=1 k=1 k=1 k=1
= Z (ajbk — akbj)((_ljl_)k — (_lkl;j).
1<j<k<n

*505. Jlokazatb, uTo AJs1 JIOOBIX ABYX CHCTEM KOMIJIEKCHBIX
qHuces ai, Gz, - .., ap 4 b1, ba, ..., by CIIpaBeMBO HEPABEHCTBO

n

(Zn: |ak|2) (Z |bk\2) > ‘kZ: aiby

k=1 k=1

:

)
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NpryeM 3HAK PABEHCTBA UMeEeT MECTO TOraa U TOJIbKO TOraa, Koraa
ypcJaa OJHOW K3 NAHHBLIX CHCTEM OTJHYAITCS OT YHCeJs llpyFOIjI
JIMIIb YHCJIOBBIM MHOXKHUTEJEM.

*506. Baaumnoim (nnu npucoedurenroim) onpedesumenrem K
onpepenuresio D nopsiaka n > 1 HasbiBaeTcs onpenenutens D,
NOJIy4eHHBI U3 D 3aMeHOH BcexX ero 3/JeMeHTOB Ha UX anredpau-
yecKHe J0MoJIHeHHs (C COXpaHeHHeM TPEXKHEero PacroJOXKeHH s ).

JlokasaTb, 4TO

D/ —_ Dn—1. (1)

*507. Ilyctb M — muHoOp nopsinika m onpenenurens D, A —
anreGpanyeckoe pomnoJHenue M, M’ — MHHOpP B3aUMHOTO OMpe-
neautens D', coorBercTByoOHE MuHOpY M (. e. cocraBJseH-
HbIH W3 ajreOpauvyecKUX JONONHEHHH 3JIeMeHTOB OIpefe/uTe/Is
D, Bxopsmux B M). JlokasaTb paBercTBO M’ = DA,

Ecay yc/0BUTbCS DONMOJNHUTEIbHBIH MHHOP KO BCEMY OIpene-
autesio D cyuTaTh paBHBIM 1, TO 3TO paBeHCTBO OyneT 06001ile-
HUEM paBeHCTBA Mpeblayllei 3agauu (mpu m = n).

*508. Ilycte C' — wmuHOp (1 — 2)-ro Mopsifika, MOJyuYeHHbIN
U3 onpenenutenss D BbluepKUBaHUEM ¢-H U j-# CTPOK k-ro u [-ro
cTo16L0B, mpuueM ¢ < j U k < [; A,qy, KaK 00bI9HO, — anrebpa-
A Au
A Aj

M4ecKoe JIOMONHEHHE JJeMEHTa dpq. JoKas3ars, 4To
_ (_1)i+j+k+lDC.
*509. [TokasaTb, 4To ecau onpenenuTesb [D paBeH HYJHO, TO

BC€ CTPOKH (a TaK2xKe CTO.H6LU:I) B3aMMHOTI0 OIlpefaesuTesisd Mmpo-
MOpLUHUOHAaJIbHBI.

*510. IlycTe a;; — saeMeHT ompefenutens D mopsaka n H
Aj; — anreGpaudeckoe JI0MOHEHHE COOTBETCTBYIOLIErO 3/1eMeHTa
A;; onpepenurens D’, Bzaumuoro ¢ D. Ilokasarb, 4to A;j =
= D"’Qaij.

*511. Ilycts M — muHOp nopsiika m omnpenenurtens D mo-
psinka n, M’ — cooTBeTcTByOWME M MHHOpP B3aHMHOTO OMpe-
nenutens D' u A’ — anre6Gpaudeckoe jponosHeHue MHHOpa M.
Ilokasatb, uto A’ = D"~™~'M. 1o — 06obLIeHHe paBEHCTBA
npeblAyLed 3aiauH.

*512. 3Hasi MMHOpHI BCEX JIEMEHTOB ONpeneauTens DD, OTauu-
HOT'O OT HYJIsl, HAUTH €r0 3JIEMEHTHI.
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*513. Ilyctb
_ ..k k k _
sp=af +os+---+a, (k=1,2,3,...),

pP=T1T2...Tn-

[Tokasartb, uTo

n+1 s So ... Sp
S1 S92 S3 oo Sn4l
52 S3 Sq Sp2| =
Sn Sn+1 Sn+2 Son
n. 81 S Sn—1
51 52 53 Sn
2
=p 52 53 Sq Sn+1
Spn—1 Sn Sn+1 Son—2

514. TlokasaTb, 4TO ecJu

a1 —& ai12 ‘e A1n
asy azo — T ... aA2n,
D(Z’) = )
A1n a2n Qpn — T

A11 — 1‘2 A12 .o Aln
Agl A22 — :L'2 . Agn
Anl An2 Ann x2

rae Bce A;; He 3aBucAT OT x. HaliTu BblpaxkeHHe A;; uepes ay;.

*515. C moMoLIbl0 YMHOXKeHHsI ONpeliesiuTeiell 10Ka3aTb, UTo
TIpY NepecTaHoBKe ABYX CTPOK (M/IM CTOJ6LOB) ONpeie uTeb Me-
HSIET 3HAK.

*516. C moMowIbl0 YMHOXKEHHs ONpefieuTe el 10Ka3aTh, 4To
OnpeJieTUTe/Ib He U3MEHSIETCSl, €CJIH K OfIHOH ero ctpoke (cTosi6-
1y) npuGaBUTL APYrylo CTpoKy (cTosber), yMHOXKEHHYK Ha
4HUCIIO C.
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*517. TlokaszaTb, 4TO OMpeneuTeNb

1 COS 3 COS Y2
COoS 3 1 Cos 1
COs (2 COS P71 1

paBeH HYJII0, eClH ¢ + w2 + w3 = 0.

*518. Ilyctb ly, lo, I3 1 My, M, M3 — KOCHHYCHI YTJIOB IBYX
Jyded ¢ OPTOTOHAJBbHBIMU OCSIMH KOOPAHHAT U (0 — YTOJ MEXAY
stuMH ydamu. Jlokasate, uto sin? ¢ = (Iymy —lomy )2 + (loms —
— 13m2)2 + (13m1 — llm3)2.

519. Ilycte a1, B1, 11; @2, B2, Y2; s, B3, ¥3 — YIJIB TPEX
ayueid Ly, Ly, L3 ¢ OPTOrOHA/JBbHBIMU OCSIMH KOOPAWHAT, U MYCThb
YIJIBL 3THX JIy4ed Mexnay cobod 6ymyT @1 = (Lo, L3), w2 =
= Z(Ls,L1), w3 = £(L1, Ls). Hokasatb, uTo

2
cosay cosf; cosyy
cosag CcoSfly  cosy2| =
cosag Ccosfl3  COS7Y3

=1 — cos? ¢, — cos® @y — €082 Y3 + 2C0s P71 COS Py COS P3.
*520. Ilycrs (z1,91), (z2,y2), (x3,y3) OYLYT OPSIMOYTOJBHbBIE

KoopAHHaTBl Touek My, Ma, Ms Ha naockoctu. [lokasarts, 4To
ornpeneuTeb

1 Y 1
T2 Y2 1
x3 ys 1

He U3MEHMTCS NPH MOBOPOTE OCEil KOOPAHHAT M MepeHoce HaydaJa.
[Tosib3ysich 9TUM, BHISICHUTb €0 T€OMETPHUYECKUEH CMBICIL.

*521. Ilycts (x1,y1) ¥ X2, Yy2) — NPSIMOYTOJIbHBIE KOOPAUHATHI
IByX ToueK M; u My Ha MIOCKOCTH. BBISICHHB reoMeTpHuecKuit

T1 1
CMBICJI OTIpEeJINTEJIs ‘x sz , Y3HaTb, MEHSIETCs JIX OH IPH IIO-
2 2

BOPOTE OCel W NPH NepeHoce Hayaja KOOpaUHAT?
*522. BbluucauB Mpou3BejieHHe OINpeaenuTeen

1y R| |-z1 —y1 R

x2 y2 R|-|—x2 —y2 R|,

x3 ys R| |—z3 -ys R
MOJYUUTh BbIpaXKeHHE Pajiiyca OMUCAHHOTO KPyTa uepe3 CTOPOHbI
a, b, ¢ v nyomwanp S TPeyroJpHUKA.
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*523. Ilycts a1, az, as; Bi, B2, B35 71, Y2, V3 — COOTBET-
CTBEHHO KOCHHYCBI YIVIOB TPeX MONapHO OPTOrOHAJbHBIX JydeH
OA, OB, OC ¢ ocsimu MpsiMOYyToJIbHOH cucTeMbl KoopauHaT Oz,

a1 a2 Q3
Oy, Oz. [lokasatb, 4To onpefenutesb |B1 (2 P3| = +1, npu-
7oo72 8
YyeM 3HaK IJI0C OyeT B cydae OOMHAKOBOW OpPHEHTALMU TPHI-
poB OABC u Oxyz (910 03HaYaeT BO3MOXKHOCTb NPU BPALIEHHH
urypet OABC' coBmectuts OA ¢ Ox, OB ¢ Oy, OC ¢ 0z) u
MHHYC — B CJlydae MPOTHUBOMONOXKHON opueHTalkH (310 O3Haua-
et, uto npu coBMmelleHun OA ¢ Ox u OB ¢ Oy ayun-OC' u Oz
OKaKyTCsl TIPOTHBOIONOKHO HaNPABJIEHHBIMH).

*524. Tlyets (21,41, 22), (z2,Y2, 22), (23,Ys3,23) — KOOpAHHA-
Tl Tpex Todek M;, Mo, M3 mpoctpancTtsa. [lokasats, uto omnpe-
JIeTUTENb

rr Yy z
T2 Y2 . %2
T3 Yz z3

HEe MEHsAEeTCsd IPpU MOBOPOTE CUCTEMbI KOODAHWHAT (KOTOpaH npen-
rnoJiaraeTrcsd HpﬂMOyFOJ’IbHOﬁ) H BBIACHHTH €ro FeOMeTpI/I‘-IeCKI/Iﬁ
CMBICJI.

*525. Haiitu BbIpaxkeHne o6bema V' mapasjenenumnena uepes
IJIMHBL a, b, ¢ ero pebep, NPOXOASALIMX Uepe3 OAHY BEPLIMHY H
YLIbl «, 3,7, o6pasyemble 3TUMK pebpamu. (Yron o oGpasosaH
pebpaMu AJaMHb b 1 ¢; 3 06pasoBaH ¢ U a; y o6pasoBaH a H b.)

*526. Ilycts Iy, ls, l3; mq, mo, ms; ni, ng, N3 — COOT-
BETCTBEHHO KOCHHYCBl yrsoB Jjyuedt OA, OB, OC c mnoJoxu-
TeJIbHBIMH MOJIYOCSIMU TIPSIMOYTOJIbHOH CHCTeMBI KoopauHaT O,
Oy, Oz.

Jlokasatb, 4TO 1Jis KOMIUIaHapHOCTH (T. e. /it pacrosioxke-
HUA B ofHOM muockoctu) aydedt OA, OB u OC Heo6XoauMo H
JOCTAaTOUHO BBINOJIHEHHE YCIOBUS

iy I I3
mi1 Mo Mms3| = 0.
ny N2 N3
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*527. Ilycrs (x4, y;, 2;) — OPSIMOYTOJIbHBIE KOOPAUHATBI TOYKH
M; npocTpaHcTBa (i=1, 2, 3, 4). [Tokasas, 4To ornpefeNuTeNb

1 Y1 2 1
T2 Y2 22 1
x3 ys z3 1
Ty Ya 24 1

He MEHseTCsd MPH NMepeHoce HavyaJlla KOOPpAUHAT, BBIACHUTb €0 Ireo-
METpI/I‘{eCKI/IIjI CMBICJI.

*528. [lepeMHOXKUTD OINpeNeNUTENH

X1 Y1 Z1 R —X1 —UY1 =Z1 R
T2 Y2 22 R " -T2 —Yy2 —z2 R
r3 Y3 23 R —-r3 =y3 —z3 R’
Ty Yo Z22 R T4 —ys —z4 R

MOJIYYHTh BblpayKeHHe pajuyca lLiapa, ONHCAHHOTO OKOJIO MPOHU3-
BOJIHOTO TeTpasapa, uepe3 ooveM U pedpa TeTpaszapa. B uactHo-
CTH, HaUTH U3 [IOJIYHEHHOIr'0 BbIpa>K€HHA paauyC MLlapa, OMNUCaH-
HOT'O OKOJIO MPABHJILHOTO TeTpasjpa ¢ AJHHOH pebpa, paBHOH a.

§ 8. PA3JIMYHBIE 3A0AYM

*529. Ilokasarhk, uTo OnpeaenuTe b MOPSIAKA 1 AOMYCKAET CJie-
Aylollee aKCHOMaTHueckoe ornpenesieHue (9KBUBaJeHTHOE OObIY-
HOMY).

JIo6yi0 CTPOKY M3 1 unces’ GyleM HasblBaTh BEKTOPOM M 060~
3HavyaTh OiHOH GyKBOH kupHOro mwpHdra. CloKeHHe IBYX BEKTO-
pOB M yMHOXKE€HHE BeKTOpa Ha UHCJO ONpefesioTcs, Kak 00bIYHO,
T. €. ec/u

a=(ay,as,...,ay) u b= (b1,ba,...,by),

TO
a+b= (a1 +bi,a2+ba,...,a,+by),

€CJIH ¢ — YHCJIO, TO ca = (cay, Cag, - .., Cay).

"BMecTo yKces MOXKHO paccMaTpUBaTh TaKiKe 3JeMeHTHl Jo6oro noas P.
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Oyukuus f(a1,as,...,a,) OT N BEKTOPOB C YMCJIOBBIMH 3HA-
UEHMSIMH HasblBaeTcsl JHMHEHHOH M0 KaxAoMy aprymenty (uim,
KOpoue, MOJIMJIUHEHHOH), eCJIH

/! swii
flay,....cda;+"al,...;a,) =
/ / /! 1
=dflay,...,al,...,a,)+"f(ar,...,a?,...;a,) (a)
1Jis1 JII0ObIX BXOISIIMX CIOfa BEKTOPOB, JOObIX uucesa ¢, ¢’ u
moboro i =1, 2, ..., n. [lanee HazoBeM QyHKIHIO 06Jsaaatomien

ceoticmaom AHHYAAUUU, €CIIU

flai,....a;...,aj,...,a,) =0 npu a;=a;; ()

ii=1,2,...,n, i#]j.

[ycts €; (i = 1, 2, ..., n) — BEKTOp, y KOTOPOTO Ha i-M
MecTe CTOUT e[MHHMIA, a Ha BCeX OCTAIBHBIX MecTax HymH. DyHK-
s f(ay,asz,...,a,) HasbiBaeTCs HOPMUPOBAHHOM, €C/IH

f(el,GQ,...,e"):l. (’}/)

[TycTs mana KBazpaTHas MaTpula MOPSAKA N

u |A| — omnpenennTesb B 0OBIUHOM CMBICTE, T. €.

|A‘ = Z(—l)saula2i2 <o Qngy,

rae cymma 6epeTcs 1o BCEM MEPEeCTAHOBKAM i1, 19, . .., i, YHCEJ
1,2,..., n ¥ s — YNUCJO UHBEPCHH B KaXKJOH NepecTaHOBKE.

[Tokasatsb, yToO:

1. onpenenutesb |A| Kak QyHKUHS CTPOK MaTpuibl A obia-
naet ceoiictBamu (o), (8), (7);

2. mobas (GyHKUUS n BeKTOpOB, 06Jajallasi CBOWCTBAMHU
() u (B), ynosnetBopsier paseHcTBy f(ai,as,...,a,) =
= |A|f(e1,e2,...,€,), THe A — MaTpuLa CO CTPOKaMH
a, az, ..., Qp;
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3. gwbas ¢yukuus f(ai,as,...,a,), obiamawlias CBOH-
crBamu (), (3), (v), pasua onpenenurenio |A| Marpuiisl
A co cTpokamu ai, as, ..., G,. VHBIMH cl0BamMHu, onpe-

nenutesb |A| MaTpuubl A eCTh eIMHCTBEHHAS NOJHIHHEH-
Hasi, CO CBOMCTBOM aHHYJSLIMH, HOPMUPOBAHHAS (PYHKIIHS
ee CTPOK.

*530. [Tosb3ysich yTBep:KAeHWEM 2 Mpenblaylled 3anadu, I0-
KasaTh TeopeMy 00 YMHOXKEHHH OmpeleuTened.
531. Ilokasarb, uTo 051 (DYHKLUHH 7 BEKTOPOB HAJ MOJIEM Xa-
PaKTepUCTHKH, OTJUYHOH OT 2, cBoicTBO (3) NpH HaJIHUMH CBOM-
ctBa (o) 9KBMBaJIEHTHO 3HAKONEPEMEHHOCTH (DYHKLHH, T. €.

flai,....a;....a5,....,a,) = —f(a1,....a55...,0;,...,0Gy,)
(B
I/ TIOOBIX BEKTOPOB W JIOOBIX 4, j = 1,12, ..., n, i # j. [lo-

CTPOUThL MpUMepP (BDYHKIHM 1 BEKTOPOB Haj moJjeM P XapakTepw-
cTUKH 2, obnanaomeii csoiicteamu (), (8') u (), Ho He o6aa-
natolleil ceoiictBoM (3).

*532. BbluuCIUTh ONpenenuTeb

1 1 1 1 e 1

1 e &2 el gn—1

1 &2 o4 26 £2(n—1)

1 &3 6 &9 63(n71) )
1. gn—1 62(n71) 63(7171) E(nfl)Q

rie € = cos%7r +isin%’r.

*533. Kak M3MeHHUTCs ONMpefeuTe/b, €CAU B HEM BbIIEJNHTD
k ctpok (MM cTONOLOB) ¥ W3 KaXK[JOH W3 HUX BBIUECTb BCe
OCTaJsIbHble BbIIEJEHHbIE CTPOKU?

534. Onpepnenutesb

a1 +x a2+ ... aip+x
D= a1+ asx+x ... ag,+x
p1 +2 ape+2x ... Gapp+ax

NpeacTaBUTb B BHAE MHOTrOYJIEHa, pPACIOJJO02KEHHOro I10 CTe-
NeHdaM .
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*535. [lokasaTb, 4TO CyMMa aJjreOpanyeckKUX JIOMOJHEHHH
BCEX 3JIEMEHTOB OTPEeNeJIUTENS

a1 a2 .. Q1n
a21 as92 ... Q2n
apl  An2 Ann
paBHa oIpeneanuTe/ o
1 1 e 1
a21 — @11 a22 —ai2 ... d2p — Qln
az1 — a11 azz2 —ai2 ... a3p — Ain
Gn1 — Ayl  ap2 — 412 cee Opp— Ain

*536. lokazatb, 4TO cyMMa aJjreOpandyecKUX [OTOJHEHHH
BCEX 3JIEMEHTOB OTpelleIUTeIs He U3MEHHUTCS], eCJIM KO BCEM 3Jie-
MeHTaM MPHUOaBUTb OJHO U TO K€ UUCJO.

*537. JlokasaTb, UTO €CJIM-BCe 3JIeMeHThl KaKOH-HUOYAb CTPO-
ku (cTO/I61a) OMpeneNMTe IS PABHBl eIHHUIE, TO CyMMa airedpa-
WUeCKHUX IOMOJHEHUH BCEX 3JIEMEHTOB OIpelesuTes]sl pPaBHA ca-
MOMY OMpeeUTENIO.

538. JlokasaTk, 4YTO KOCOCHMMMETPUUYECKUH OTpeleNUTeNb
YeTHOTrO Mopsiika He W3MEHUTCs, eCId KO BCEM ero 3JeMeHTaM
npubOaBUTh OfHO U TO Ke UHCJIO.

*539. YCTaHOBUTb CJIelyIOLLYI0 CBSI3b KOHTHHYAHT (pasBepHy-
TOE BBIPA’KEHHe KOHTHHYaHThI 1aHo B 3anade 420):

ay 1 0O 0 ... O 0
-1 as 1 0 ... O 0
(a1a2...a,)=10 =1 a3 1 ... 0 O
0 0 0 0 -1 a,

C HENpepbIBHBIMU 1POOSIMHU

1 (aras ... ay,)

ay + =
1
as + poS—— a20a3 . ..0ay

an
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*540. [lycTs maHbl [Ba ONpeNeTUTENS:

ailp a2 ... Qin
a a a
A=t 22 n nopsiaKa n
an1 an2 Ann
)4
bi1 bi2 bip
b b ... b
B=|7 "2 2P| nopsgka p.
bpl bp2 bpp
CocTaBuM OMpeJeuTelNb OPSAKA Np:
a11bir ... ainbir  a1ibiz ... aipbiz o aribiy ... ainbip
a21b11 ... agpbir  a21bi2 ... a2pbize ... a21bip ... a2nbip
an1b11 annb11  an1biz Annbi2 an1bip annbip
D a11b21 a1nb21  a11b22 a1nba2 a11bop a1nbap
az1b21 a2nb21  a21b22 a2nba2 a21b2p a2nb2p
an1b21 Gnnb21  ap1bo2 Gnnb22 an1b2p annb2p
anlbpl annbpl anlbp2 annbp2 anlbpp annbpp

Takum 06pa3oM, MaTpuLa onpeaeautens D cOCTOMT U3 p° Kje-
TOK 10 7 (CTPOK M 7 CTOJOLOB B Kaxno#. [Ipu aTom KJjeTka,
crolast. B ¢-H KJIETOYHOH CTPOKE M j-M KJIETOUHOM CTOJIOLE
(i, jo= 1, 2, ..., p), MONy4aeTcss M3 MATPULBI ONPEIETUTEs
A yMHOXeHHeM BCeX ee 3/1eMeHTOB Ha b;;. JlokasaTb, uto D =
= APB"™. Onpenenntenb DD Ha3blBaeTCsl KDOHEKEPOBCKUM MPOU3-
BefieHueM onpegenntesned A u B (cm. sagauun 963, 965).

541. Jlokasath cjaefyioliee NPaBUIO0 Pa3N0kKeHHs OKaHMJIeH-
HOT'O ONpeleNuTeNs: eCcyu
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u A;; — anre6pandeckoe JONOJHEHHE 3JEMEHTa ajj, TO

al apa ... Qn I1

a1 22 A2p T2 n
........................ =Dz — Z Aijziy;
apl  An2 Unn  Tn ,j=1

n Y2 Yn z

*542. TlycTb s7eMeHThI ornpefesnTesi D SBJASIOTCS MHOrOuJIe-
HaMH OT HEM3BECTHBIX T1, T2, . .., T3 C UACJAOBLIMH (MJIM M3 Mpo-
H3BOJILHOTO TIoNsT P) Koa(p¢punrentamu, npuaem D =0. Joka-
3aTh, UTO ajnrebpanyeckue JOMOJHEHHUS 3JEeMEHTOB ONpelenuTeNs
D moxHO mpencTtaBuTh B BULe A = A;Bj, i, j=1,2, ..., n,
rae Bce A; 1 Bj — MHOTOUJIEHHl OT X1, T2, ..., Ls. HalTH 3TH
MHOTOUJIEHBI /i1 OTIPeNesnuTes

0 a b
A=|-a 0 ¢,
—b. =c 0

rle 32 HeW3BECTHble MPUHSATHL a, b, c.

*543. [losb3ysick OByMS MPeAbIAYLIMMU 3aJadyaMu, NOKa3aTb,
YTO KOCOCHUMMETPUUECKHH ONpefie/IuTe /b YeTHOTO MOPsiAKa SBJIS-
eTcsl KBaJipaTOM HEKOTOPOI'O MHOTOUJIeHa OT ero 3JeMeHTOB, CTO-
SILIUX BBILIE [JIaBHOH QMaroHaJfH.

*544. Tlokaszatb, uTo ecyu B 0011eM BbIpa’KeHHH KOCOCHMMET-
pUYeCKOro ONpefiesIuTeNsl KaxAbl# 3/7eMeHT aj; NMpH j > 4 3a-
MEHHMTb 4epe3 —a;j, TO COKPaTATCsA BCe YJeHbl, MOACTAHOBKH M3
WH/IEKCOB KOTOPBIX MPH Pa3JOKEHWH Ha LUKJBl TAIOT XOTS OBl
OIMH IUKJ HEYETHOH AJIUHBI.

*545. [Ilycte D — KOCOCHMMETPHUECKHH ONpeNeuTeNb UeT-
HOTO TOPsIAKA 1 C 3JeMeHTaMu a;; = —aj; (i, j =1, 2,..., n).
lIpagdosoim npoussederuem onpedesumens D Ha3biBaeTCs Npo-
U3BeleHUe

€y i Qig iy - -+ Qi1 ,in >

B KOTOPOM MHJEKCHI 12/2 3JIeMEHTOB, B HETO BXOASIIIHUX, 06pasyioT
MepecTaHoOBKY 41, G2, ..., in Udcen 1, 2, ..., n; e = 1, ecsu 31a
nepecTaHoBKa 4YeTHast, U € = —1, ecsn HeueTHas. [1papdoso npo-
U3BeJleHHe HA3bIBAETCS npusedeHHbiM, €CJIU OHO COCTOUT TOJBKO
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U3 3JeMeHTOB, JekKallux B [ BbIIIe IJIaBHOH auaroHanu (T. e. ec-
JIH Y KaXKJI0TO 3JleMeHTa MepBbli MHIeKC MeHblle BToporo). Usen
onpenenutesss D Ha30BeM cyujecmserHobim, eCld MOACTAHOBKA U3
€ro UHJIEKCOB UMeeT TOJbKO LHKJbl YeTHOU NJuHbl. [lapa mnpuBe-
JeHHbIX NpadpoBeix npoussefeHudd Ny, Ny (B manHOM HOleIKe)
Ha3blBAETCS coOmaemcmsayroujell TaHHOMY CyL1eCTBEHHOMY 4Jie-
Hy omnpenenuTess D, eciyd oHa MOCTPOEHA MO 3TOMY UJIeHY Cleay-
oM o6pasom. [1ycTb mopcTaHOBKA U3 MHIEKCOB JAHHOTO 4jieHa
3anucaHa B IUKJaX TakK:

(g .. ap—1ap)(B1fP2 ... Bg—18q) - (pap2 - . . pe—1pk), (1)

npHueM op = 1 ¥ KaXKAbl{ LUK/, HAYHHAs CO BTOPOTO, HAUHHAETCH
C HaMMeEHbILIEero 4ucja M3 YHCes, He BOLIeAIMX B NpeNblAyllHe
nukael. CTpouM mnadqoBsl MPOH3BEIEHHS

I
Ny = €100 ,00 00z 000 « - - Q1,0 AB1,B2AB5,84 - - - ABg_1,84 - - -

c 'aH1,H2au3,H4 e aﬂk—lvﬂk

r
Ny = 200,03 %1,05 - - - Gay,,alps,85084,85 - - -ABy,61 - - -

co OQpgypis Qg s - - - Qg

3aTeM KaXKAbld 3JIeMEeHT a; j, TAe % > j 3aMeHsIeM 4epes —a ;.

COOTBETCTBEHHO MeHSIeTCs 3HAaK €1 WJH €3, HO MeHseTCs U
KJ1acC TepecTaHOBKH, TaK 4TO NPH KaxKAOH 3aMeHe Mbl CHOBa
noaydaem ngpadposo npoussenerue. Buinosnus B N, NS Bce
yKasaHHble 3aMeHbl, Mbl U TONyunM napy Ni, N TpHUBEIEHHBIX
ngap@oBbIX NPOU3BENEHUIH, COOTBETCTBYIOILYIO NAaHHOMY CYIIe-
CTBEHHOMY uJieHy D.

JlokasaTb, 4ToO:

1. Jliobas napa npuBeneHHBIX MNhaddoBEIX MPOU3BeNEHHH
(pas/MYHBIX MJIM ONMHAKOBBIX) COOTBETCTBYET OJHOMY H
TOJIBKO OJHOMY CYLIECTBEHHOMY uJieHy OOLIEro pasJsoxe-
HUS onpenenutens D. (B o6em pasnoxxeHuH D ujieHbl,
N0JIy4yalolyecs ONHH M3 ADYrOro 3aMeHaMH THIA d;; =
= —aj;, CYUMTAIOTCS pasnUuHbIMM.) HHbIME cj0BamH,



92 Tasa 1

YCTAHOBJ/IEHO B3aUMHO OJJHO3HaYHOE COOTBETCTBUE MEXKIY
BCEMHU CYLIECTBEHHbIMH YJeHaMH W BCeMHU NapaMH NpHBe-
NeHHBIX ndagpdoBbIX MPOU3BeAeHUHN onpeneautes D.

2. Kaxnblfl cyliecTBEeHHBIH YJjleH paBeH MPOU3BEAEHHUIO MPH-
BeIEHHBIX N(adQPOoBLIX NMPOU3BEAECHHUH COOTBETCTBYIOIIEH
eMy naphl.

3. D = p? rae p — cymMMa Bcex npuBefeHHbIX ndaddoBbix
npou3BeleHNH, Ha3plBaeMasi ndadhoBbIM arperatoM UM
ngapduanom onpenennutens D.

*546. Jlokasatb cjenymollyl0 peKyppeHTHY (opmyay, yao6-
HYI0 NI BblUHCJeHUSl Ndad@oBa arperara, ONPeNeJEHHOTO B
npensiaymed sagade. Ecau p, — ndaddo arperat KococHM-
MeTpHYecKoro ompegenurens D, = |a;;| 4eTHOro mopsika n >
> 2, pin — Ndaddos arperat onpepenutesas Dj,, M0OJyueHHOTO
u3 D,, BbluepKHBaHUEM n-H U i-# CTPOK, a TaKxKe COOTBETCTBYIO-
[[UX CTOJNOLOB, THe ¢ =1, 2, ..., n—1, To

n—1

Pn = Z(_l)iilpinain; P2 = a12.

i=1

[ToxasaTb, 4TO p;, HOJNy4YaeTCs U3 DP,_2 yBeJHdYeHHeM Ha |
BCeX MHJEKCOB 3/1€MEHTOB, OO/BbIINX W/ PABHbIX i.

547. Tlonb3ysick Gopmy/oN MpeabayLIeH 331241, BEIYUCIUTD
nhadpuansl pg, pa, Pe-

548. [losb3ysice (Gopmynoil 3anaun 546, HalTH YHUCHO cJara-
eMblx npaddosa arperata p,, KOCOCHMMETPHUECKOTrO OMNpee/t-
Tess )y, UeTHOro Mopsiika n, T. €. YUCJO PA3JHYHBIX MPUBEIeH-
HbX TipaddoBbIX NpousBeneHUH onpegeautens D, (npoussene-
HUS, pas/uyamllyecs JULb NOPSAKOM COMHOXUTeJeH, passiuu-
HBIMM He CYMTAIOTCS).

*549. [lycte D — KOCOCUMMETPHYECKHH OTIpeieINTeNb HeueT-
HOTO TMOPSJKA 1 C 3JE€MEHTaMH a;j; GG,j=1,2,..., n), M;; —
MHHOD 3JIeMeHTa @ij, Pin+1 — Ndapdos arperar muHopa M;;.
ITokasatb, 4to M;; = pint1pjn+1 (G, 5 =1, 2, ..., n). lanee,
1oKasaTb, 4TO 3a MHorouseHsl A;, B; 3agaun 542 (npu ycaosuu,
YTO HEHU3BECTHBIMH Z1, . .., Ls CUATAIOTCS 3JeMeHTHl D, cTosine
BBILLE [JIABHOM AMaroHaju) MOXHO NMpuHsTb A; = (—1)""1p; 11,

- j—1
Bj = (=1)""pjnt1.
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0 a b
[IpoBepuThb, uTo AMs1 ompenenutens |[—a 0  c¢| 3TUM myTeM
b —c O

MoJTydaeTcsi TOT XKe Pe3y/ibTat, 4To U B 3afade 542 (ecsm yuects,
uTo B 3ajaue 542 A; u B; onpeeneHbl ¢ TOUHOCTBIO [0 M3MeHe-
HUsl 3HaKa Y BCEX 9THX MHOTOYJIEHOB).

*550. JlokasaTb, 4TO onpeje/uTe b 00LIero BK/a, pacCMaTpH-
BaeMblil KaK MHOTOYJIEH OT CBOMX 3/1MEHTOB, IPUHATHIX 3a HEH3-
BeCTHbIe, He pasJiaraeTcsl Ha JBa MHOXMTEJS, KaXblH U3 KOTO-
pbIX €CTh MHOTOUJIeH OT TeX JKe HeM3BeCTHBIX CTeMeHH, QTIMUHOH
OT HyJil. IHBIMM cJlOBaMM, ONpefie/InTe b AB/SeTCs HelpPHBOLH-
MBIM MHOTOUJIEHOM OT CBOMX 3/IEMEHTOB U NPHUTOM Haj JOObIM
noJieM.

*551. Ilycte D = |a;j| — onpenenutenb nopsiaka n > 1, k —

ny __ k .S n! .
mo6oe u3 uncen 1, 2, ..., n, (}) = Ch = K gy1 0003HAUHM
Hepes 1, §2, ..., S(n) BCEBOSMOXHDIE COUETAHUS U3 7 HHCEl
k
1, 2, ..., n no k, 3aHyMepoBaHHbIE B IPOHU3BOJIbHOM, HO B 1aJb-

HefilleM HeM3MeHHOM ropsiiKe (118 OnpeeleHHOCTH UKC/Ia B KaX-
JIOM COYETAHHH MOXKHO CUHTATB PACIIONOKEHHBIMH B TIOPSIIKE BO3-
pacTaHusi, XOTs 1/is JaJbHeHllero 370 He CYIIECTBEHHO); fij —
MuHOp k-To MopsiKa ompeaenuTens D, CTOSIIHUH Ha epecedeHuH
CTPOK C HOMEpaMH M3 COUYeTaHHs §; U CTOJNOLOB C HOMEDAMH U3
couertausi s, i, j = 1,2, ..., (}); a;,; — anredpaudeckoe 1omoJ-
HeHWe MHUHOpa fi;; B D. OmnpejenuTeneM MUHOPOB k-To mopsika
onpenenntens D HasoBeM onpefennteb nopsiaka (}), HMeOLH

BUJL

H11 M1z ... /h(:)
Ap = H21 H22 ... ﬂg(:)
Ry Bz PR

Beenem ewie onpenesnutens Ay nopsaka (Z) NoJy4armuics 13
A}, 3aMeHOH KayK[0ro MHHODA f;; €ro ajare6panieckuM IOMOJHe-
HUeM o; B D.
JlokasaTb, 4TO:
1) 3uauenus ompenenutesneil Ay u Ay He MeHSOTCS MPH U3-
MeHeHUM HyMepaluu COUeTaHWH, T. e. TP MepecTaHOBKe
COYeTaHHH B MOCAEJ0BATENbHOCTH S1, X2, .. ., S(n)
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2) Ap = A, _j. 910 — 060011eHHe YTBePKAeHHUs 3anaun 242;

3) ApA, =D,

4) Ay = DG,

5) Ay =D,
*552. Briuncnuth onpefennress P, = [p;;|, B KOTOpOM p;; =
= 1, ecnu ¢ penut j, ¥ p;j = 0, ecan ¢ He genut j. Halitu

3HaueHUe onpefesuTess @, = |¢;j|, B KOTOPOM ¢;; PaBHO YHCIY
0OLIMX NeJUTeNeld Uucesa ¢ U j.

*553. @ynkyuers Jiirepa HasbiBaeTCst HYHKLHS p(n), paBHas
qucy unces psiaa 1, 2, ..., n, B3aUMHO NMpocThiX ¢ 7. [Tosb3ysich
npeablayliel 3anadeil u Teopemoit [aycea o Tom;uto n =Y ¢(d),
rae cymma 6eperca 1o BceM AesutensM d uucaa n (Bkaodas 1
M caMo n), N0Kasarb, 4TO ONpeesuTesb mopsiika n D = |d;],
rae d;; — HauOOJMbWIMH OOWIMH NENHUTENb YMCEN i W j, PaBeH

e(1)p(2) ... p(n).
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CUCTEMbI JIMHEMHbIX YPABHEHUM

§ 9. CUCTEMbI YPABHEHMH, PELLIAEMBIE MO MPABUITY
KPAMEPA

Crenymooliye CcHUCTeMbl YpaBHEHHH pELIUTb 110 [PaBHJY

Kpamepa:

554.

555.

556.

557.

2@, 4+ 229 — v3 + x4 = 4,

41 + 319 — X3 + 224 = 6,

8x1 + dxo — 3x3 + 4wy = 12,
3x1+3x2 — 223 + 224 = 6.
2x1 4 3x0 4+ 1lxs + by = 2,
T, 4+ To 4+ dry + 224 =1,

2x1 + x9 + 3x3 + 224 = —3,

T + xo + 3x3 + 4y = —3.

2x1 4 Hao 4+ das + x4 = 20,

r1 + 3xs + 223 + x4 = 11,

2x1 4+ 102 + 923 + Txy = 40,
3x1 + 8x9 + 93 + 224 = 37.
3r1 +4xo+ 23+ 204 +3=0,
3x1 4+ Hxo 4+ 3x3 + dry + 6 =0,
6x1 4+ 8x2 4+ 3+ drs +8=0,
3x1 + 522 + 3x3 + Txy + 8 = 0.
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558.

559.

560.

561.

562.

563.

Txy 4+ 920 + 4as + 224 — 2 =0,
201 — 220+ 23+ 14 —6 =0,
5x1 + 6x2 + 3x3 4+ 224 — 3 =0,
2x1 + 322 + x3 + x4 = 0.

6 + 5y —2z+4t+4=0,
9 —y+42—-t—-13 =0,
3r+4y+22-2t—-1=0,
3r—9y+2t—-11=0.

20 —y — 62+ 3t+1=0,
Tex —4y+ 22— 15t +32 =0,
r—2y—42+9t-5=0,
r—y+2z—6t+8=0.
2r+y+4z+8=—1,

T+ 3y — 62+ 2t =3,

3 —2y+ 22 -2t =38,

2z —y+ 2z =4.

20 —y + 32 =9,

3r — by + 2= —4,

4o — Ty + 2z = 5.

20 =5y +3z+t =25,

3z —=Ty+3z2—t=—1,

5 — 9y +62+4t =7,

4 — 6y +3z+t=8.

*564. [IBe cucteMbl NHHEHHBIX yPaBHEHHH C ONHUMH U TeMH
e HeHsBeCTHbIMU (He 00s3aTesIbHO C ONHHM M TeM »Ke YMCJIOM
ypaBHEHM) HAa3BIBAKOTCS SKBUBAJEHTHBIMH, €CJIH JH000€ PelleHne
nepBoO# CHCTEMBI YI0BJIETBOPsieT BTOpoi U obpatHo. (JIro6bie nBe
CHUCTEMBl C OAHHMH U TeMH 2Ke HeH3BECTHBIMHU, KaxKJasi U3 KOTO-
pbIX He MMeeT pelleHHH, TaKKe CUUTAIOTCs KBUBAJEHTHBIMH. )

[ToxasaTb, yTo J1060€ U3 CeyIOUUX Npeobpa3oBaHU cUCTe-
MBI JTUHEHHbIX ypaBHEHUH:
a) mepecTaHOBKA JABYX ypaBHEHHM;
6) yMHOXEeHHe 00euX uacTedl OJHOIO U3 ypaBHeHHUH Ha J11060e
YHCJI0, OTIIHUHOE OT HYJIS;



Cucmemol auHelHbLY YPABHEHUL 97

B) NOYJE€HHOE BbIYWUTAHHWE K3 OAHOTO YpPaBHEHUsA MOPYyTOTo,
YMHOKE€HHOTO Ha noboe qyHucJao,
MEepeBOAUT NaHHYIO CHCTEMY ypaBHeHI/Iﬁ B 9KBHBAJIEHTHYIO.
HQPEBO,HHT JIW U3MEHEeHHe HyMepalHlh HEeHU3BECTHBbIX AaHHYIO
CUCTEMY B S)KBI/IBaJIeHTHy}O? ,HOHYCTI/IMO JIM U3MEHEHHEe HyMepa-
UMW HEHU3BECTHBIX IPU pelIeHHUH CUCTEMBbI ypaBHeHI/IP’I?

565. JlokaszaTb, uto Jrobas CUCTeMa JIMHEHHbIX YpaBHEeHUH
n
E aijxj:bi, i:1,2,...,8, (1)
Jj=1

MoCpeaCTBOM NpeoGpasoBaHuil Tuna a), 6), B) npeablaylied 3a1a-
YM ¥ U3MEeHEHUs HyMepallui HEU3BECTHBIX MOXKET ObITh MPHUBEIEHA
K BHIY

n

Zcijyj:div i=1,2,...,8, (2)
j=1

YIOBJIETBOPSIIOLIEMY OJHOH U TOJNBKO OJHOH M3 CJEAYIOUIUX TPex

TPYII YCJOBUHA:

a) ¢; #0,i=1,2,...,n; ¢;; =0 nas i > j (B yactHoCTH,
KO3((UIIMEHTBl NPU HEM3BECTHBIX BO BCEX YPaBHEHHSIX,
caenyomux 3a n-M (mpu s > n), paBHBl Hya0), d; = 0
s i =n+1,7.., s (B 9TOM caydae roBopsT, 4TO CHCTeMa
NpUBeJeHa K TPeyrolbHOMY BULY);

6) cymectsyer nenoe uucao r, 0 < r < n — 1, Takoe, 4To
Cii#o,izl,z...,T;CijZOHpHi>j;Cij=O
npu's > r W JwOoM j, paBHoM 1, 2, ..., n; d; = 0 npu
i=r+1,r+2,...,5;

B) cymecTByeT Hejoe yucao r, 0 < r < n, Takoe, 4To ¢;; #
#F0mpui=1,2,...,7 ¢ =0mnpu¢> j; ¢i; =0 npu
i >runmobom j =1, 2, ..., n. CyliecTByer LeJjoe YUCIO
k, r+ 1< k < s, takoe, uto dj # 0.

[Tokasatb, uTo ecau B chucTeMe (2) BOCCTAHOBUTb MPEXKHIOK
HyMepalHtio HeM3BECTHBIX, TO MOJYUYHTCS CHCTeMa, SKBHUBAJEHT-
Has ucxonHoii cucteme (1). 3aTem nokasaTb, 4To B cayuae a)
cucrema (2) (a snauut, u (1)) MMeeT eIMHCTBEHHOe pelLleHHeE; B
ciydae 6) cuctema (2) umeer GeCKOHEYHO MHOTO PEIIEHHEH, MpH-
yeM JISl JI0OBbIX 3HAYE€HUH HEM3BECTHBIX Yy i1, - - ., Ypn CYLIECTBYET
eIMHCTBEHHAs CHCTeMa 3HAueHHH OCTaJbHBIX HEHM3BECTHBIX



98 Thasa 2

Y1, ..., Yr; B Caydae B) cuctema (2) pemenuii He umeet. dTa Teo-
peMa faeT 060CHOBaHHME MeTOAA HCKJIOUYeHHS! HeM3BEeCTHBIX MpH
pellleHHH CHCTeMbl JHHeHHBIX ypaBHeHHH.

566. [Tokasath, uTO ec/u cucTeMa JUHeHHbIX ypaBHeHui (1)
npenblAylel 3afaund UMeeT LeJble KOI(PMUIHUEHTD], TO NPHU BCex
npeo6pa3oBaHuUsX B MpoLecce ee MPUBeAeHHs K BUAY (2) MOXHO
136eKaTh APOGHBIX YHCE, TAK YTO U cucTeMa (2) OyfeT ¢ UebIMu
KO3((DULIHEHTAMH.

C/ienyroliye CHCTEMBl YpaBHEHUH pPELIUTb METOIOM HCKJIoue-
HHUSI HEU3BECTHBIX:
3x1 — 2x9 — brs + x4 = 3,
2x7 — 3x2 + x3 + bry = —3,
r1 + 2w — 4wy = —3,
r1 — xo — 4dag 4+ 9y = 22.
4x1 —3x9 + 3+ 514 — 7.=0,
T1 — 2x9 — 223 — 314 =3 =0,
3x1 — xo + 2x3 + 1.=0,

2x1 + 3x0 + 223 = 8x4 + 7 = 0.
21 — 2x0 + x4+ 3 =0,

2x1 + 3x2+ 23 — 314 +6 =0,
3x1 +4xe — x3 + 214 = 0,

T+ 3Ty +x3 —24 —2=0.
Ty + xo — 63 — 44 = 6,

567.

568.

569.

3%‘1 — T2 — 6%‘3 — 4.134 = 2,
2x1 + 3x2 + 923 + 224 = 6,

3x1 + 229 + 323 + 8xy = —T.
2x1 — 3x2 + 323 + 2204 — 3 =0,

6x1 + 920 — 223 — x4 +4 =0,
101 + 322 — 323 — 224 — 3 =0,

8r1 + 6x9 + a3+ 314 +7=0.
r1 + 2x9 + bxy + 924 = 79,

3x1 + 1322 4+ 18x3 + 3024 = 263,
2x1 + 4xo + 113 + 1624 = 146,
x1 + 929 + 923 + 924 = 92.

570.

571.

572.
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T1+ T2 + 23+ x4 + 5 = 15,

T + 229 + 323 + 4x4 + S5 = 35,
573. { x1 + 3x5 + 623 + 1024 + 1525 = 70,
Ty + 4xg + 1023 + 2024 + 3525 = 126,
z1 + 5xs + 1523 + 3524 4+ 7025 = 210.

T + 229 + 3x3 + 44 + S5 = 2,

211 + 3w + T + 10x4 + 1325 = 12,
574. { 3x1 + 5xo + 11a3 + 1624 + 2125 = 17,
2@y — Txg 4+ Txs 4+ Ty + 225 = 57,

x1 + 429 + dxs + 3x4 + 1025 = 7.

6x1 + 622 + b3 + 1824 + 2025 =14,
1021 + 922 + Tas + 2424 + 3025 = 18,
*B575. { 12x1 + 1229 + 1323 + 27xs + 3525 = 32,
8x1 + 639 + 623 + 1524 + 2025 = 16,
4dx; + dbxo + 4x3 + 1524 + 1525 = 11.

T + xo + 43+ 4xg + 925 + 9 = 0,

2x1 4 2x9+ 17x3 + 1724 4+ 8225 4+ 146 = 0,
576. < 2x1 +3x3 — x4 + 425+ 10 =0,

ToHdxs + 1234 + 2725 + 26 = 0,

r1 + 2w + 223 + 1024 — 37 = 0.

5x1 4 2x9 — Taxg + 14wy = 21,

51 — x9 + 8xz — 1324 + 325 = 12,
577. { 10x1 + 290 — 2x3 + Tay — x5 = 29,
1521 4 322 + 1523 + 924 + 725 = 130,
2x1 — x9 — 4x3 + by — Tws = —13.

2x1 4+ Txo 4+ 3x3 + 24 = 5,
T 4 3T + Dy — 224 = 3,
T 4+ dxy — 93 + 81y = 1,
5x1 + 18z + 43 + bxy = 12.

578.
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221 +3x2 — w3+ 14 =1,
8x1 + 1229 — 93 + 8x4 = 3,
579. { ' 2o e o
421 + 629 + 323 — 224 = 3,
2x1 + 3x0 + 923 — Ty = 3.
41 — 39 + 223 — 14 = 8,
3x1 —2x9 + 3 — 314 =7,
580. 1 2 3 4
2$1—$2—5(E4:6,
5x1 — 3x2 + x3 — 81y = 1.
207 —xo + T3 — x4 = 3,
dx1 — 229 — 223 + 324 = 2,
581, ¢ - TR T o
2x1 — x9 + brs — b6rg =1,
2x1 — x9 — 3x3 + 414 = 5.

582. [lokasaTb, 4YTO MHOTOUJIEH CTENEHH 1 BIOJHE ONpejie/si-
eTcs ero 3HaueHUsIMU MpU n+1 3HaUeHUAX HeH3BeCcTHOro. TouHee,
M0Ka3aTh, 4TO JJ/Is1 JIOObIX Pa3IUUHBIX MexXAY coboli uncen g, =1,
T2, ..., Ty W JIOOBIX UUCET Yo, Yis - - - » Yn CYLIECTBYET U MPUTOM
TOJIBKO OMH MHOTOuJiIeH f(x) cTeneHu < m, IJsl KOTOPOTO

flx) =wy;, i=0,1,2,...,n.

583. [losb3ysice peab ylel 3anaveil, 10Ka3aTb SKBUBAJIEHT-
HOCTB BYX OTIpefie/IeHHH paBeHCTBA MHOTOUYJIEHOB OT OTHOTO HEU3-
BECTHOro! ¢ YuCoBBIMU Ko3(duimentamu (uan KoshduimenTa-
MU U3 JI060T0 GECKOHEYHOro MoJst):

1. 1Ba MHorouseHa Ha3bIBAIOTCS PaBHBIMH, €CJH PaBHbl HX
KO3(D(PULHUEHTBl NPY KaxX 10U ape 4JIeHOB OJUHAKOBOH CTe-
nenu (onpenenenue, NpUHATOE B anaredpe);

2. JBa MHOTOYJIEHA HA3bIBAIOTCS PABHBIMH, €CJIH OHHU PaBHBI
KaK (DYHKLHUH, T. €. eCJH PaBHBl MX 3HAU€HWs INPU Kax-
JIOM 3HaYeHWH HeWsBecTHOro (ompeneseHue, NMPUHATOE B
aHaJmse).

584. [lokaszatb, 4YTO 1/ KOHEYHOro MoJs KO3(h(HHLNEHTOB
onpesiesIeH st PebIAYIIed 3a1auk He 9KBUBAJIEHTHBI (MOCTPOUTD
npumep).

"Munykimeit 1erko 10Kasath aHalOrMUHOe yTBEPXKAEHHE s MHOTOU/IEHOB OT
J110060r0 Ync/aa HEU3BECTHBIX.
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585. Haiitu kBaapartHblit MHOrOU/IEH f(x), 3Hast, UTO

587. Kakoli reoMeTpHuecKHi CMbIC/] HMeeT yTBEP:XKAEHUE 3a-
nayy 5827

588. Haiitu napabosy 3-i1 cTeneHu, NpOXOASIIYIO Uepe3 TOoU-
ku (0,1), (1,-1), (2,5), (3,37), npuyeM acUMIOTOTHYECKOe Ha-
TpaBJieHHe NapaJjlyie/lbHO OCH OpAHHAT.

589. Hatitu napabosy 4-i1 cTeneHu, NpoXoaslIyI0 yepe3 Tou-
ki (5,0), (—13,2), (—10,3), (=2,1), (14,~1), npuyem acUMIITO-
TUYeCKoe HallpaBJ/leHHe NapaJlye/lbHO OCH abcLucc.

Pemnth cienyomine CUCTEMbl JIMHEHHBIX YpaBHEHHUH, TIpUMe-
HUB B Ka)K/IOM cjyuyae HauboJiee MOAXOASIIMN MPUeM:
—x+y+z+t=a,
r—y+z+t=0>,

590.
r+y—z+t=c
THy+z—t=d.
a(z+1t)+bly+2) =c,
*591. a’/(y +t) + b/(Z + x) = C/a

a//(z + t) + b”(x + y) _ C”,

r+y+z+t=d,

npuueM a # b, a' £ b, a” #b".

ax + by +cz +dt = p,

—br+ay+dz —ct =q,
—cr—dy+az+bt=r,
—dr+cy—bztat=s.

Tn +@1Zp 1 + 32y o+ -+ a g +a} =0,
“593. Ty + 2Ty 1+ a3y -+ ag’_lazl +a% =0,

*592.

Tp+ @nTp_1 + 02Ty o+ +a Ltz +a? =0,
rae ap, as, ..., 4, — PasjMYHble YUCJA.
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594.

rae ap

595.

Ttz an =1,
a1y + asxe + - + apxy, = b,
a%xl + a%xz + e+ a%xn =12,
al ey 4 al ey o Fa e, = 00!
, a2, ..., Gy — Pas3jHUHbIE YUCJIA.
-1
x1+a1x2—|—-~-—|—a? xn:bla
-1
T+ agxe + -+ ay  x, = b,

—1
T1+ ap®a + -+ ay Ty = by,

TIe ai, ag, ..., G, — Pa3JUUHbIE YUCIA.

596.

Ty + T2+ +xp = by,
121 + asT2 + -+ - + apty, = bo,

1 1 &
al'ry+ay reg 4o+ a e, = by,

Tie a1, G2, ..., Gp, — PA3JHUHBIE YHCTA.

597.

598.

e (a

*599.

J}1+1‘2+"'+l‘n+1:0,
2w, + 2%2x0 + -+ 272, +1 =0,

nxy +n?xy 4 +n"x, + 1 =0.
a$1+bx2+"'+bxn:Cl7
b$1+a$2+"‘+bxn2627
bl‘1+b$2+"'+a$n:Cna
—b)a+ (n—1)b] #£0.

(3+2a1)x1 + (34 2a2)x2 + -+ + (34 2an)xn = 3+ 2b,

(14 3a1 + 2a3)z1 + (1 + 3az + 2a3)w2 + . ..
<o+ (14 3an +2a2)x, = 1+ 3b + 267,

a1(1l+ 3a1 + Qa%)xl + a2(1 + 3az + 2a§)x2 +...
oot an(1+ 3an + 2a2) s = b(1 + 3b+ 2b?),

a? 31+ 3a1 + 2ad)x1 + af 73 (1 4 3a2 + 2a3)z2 + . ..
a1 4 3an + 2a2)z, = b3 (1 + 3b + 207),

a? 2(1 4 3a1)z1 +ay " 2(1 + 3az)wa + ...

s a2 (14 3an) T, = b"2(1 4 3b).



Cucmemol AUHELIHbLX YPABHEHUL 103

*600. Paznaras ¢yHkuuio ln(1I+T) B CTENEHHOH PSf, NMOJYYUM
1+h1]}+h21‘ —|—h3$ =+ .

(1+w)
[Tokasats, 4ToO
3 1 0 0 ...0
1 1
h,=11 1 1
1 3 2
1 1 1 1 1
n+1 n—1 n—2 2
601. lsBecTHO, uTO s 1—|— L g2 —|— 2 —|— 3206 1.
e1, €, €3, ... — TaK Ha3bIBaeMble ‘-II/ICJ'Ia SHﬂepa Hoxae,aTb, 4yTO
1
31 1 0 0 0
1 1
I 31 1 0 0
= 11 1 1
1 1 1 1
2n!  (2n—2)! _(2n—4)! (2n—-6)! 2!

*602. B pasnoxennn %5 = 14 b1z + box? + bsx® + ...
(_1)nle

KO3(D(PULUEHT ba,, = W," rne B,, — Tak HasbiBaeMble UHCJIa
Bepuynau.
[Tokasats, 4TO
o 1 0 0o ... 0
5 5 1 0 0
. n+1
Bp = (=1)""2n)! ] L = = 1 0]
SRR R RRERRRLEEE A
(2n+1)! 2n)! (2n—1)! (2n—2)! 2!
Jlanee mokasaTh, 4TO
% 1 0 0 0
& o 1 0 0
bona=| L % L 1 ol=0
R EERREEEREEEEE RRRRREERREE .
2n)!  (@n-1)! (2n-2) (2n—3)! 21
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*603. [lokasarp, uto uucao Dbepuynnu B,, BBeieHHOe B
npenbiayilel 3anade, MOXKeT ObITh BHIPaXKEHO CJIEAYIOLINMHE Ompe-
JeNUTENIMH N-TO MOPsIAKa:

3 1 0 0

3 x 1 0

e COl T 0
ARRREREEEE EREEEREEE ERREREEEEEEREERREES L

2n+1)!  (2n—1)! (2n-3)! (2n-5)! 3!

A1
& 5 0 0

a @ 0 0

B, =2"(2n)!| 2 1 1 1 0
SRR RRREERE S QAR RARREEREERE X

@2n+2)!  (2n)!  (@2n-2)! (2n—-4)! - 4l

*604. O603HaYnM uyepes s, (k) cyMMy n-X cTeneHe#l yuces Ha-
TypajbHOro psima ot 1 mo k=1, 1. e. s,(k) = 1™ + 2" + ...
- — (k—1)". YcTaHOBHB pPaBEHCTBO

E" =140 s, 1 (k)4 Cn 25, _o(k) + - -+ CLsy (k) + so(k),

[10Ka3aTb, 4TO

kv cn=2 ocn=3 o0 Ccr o
grtoont?ocentd oL oy
1 |pn—2 n—3 1
sn_1(k) = o k 0 Ch=y .. Cho 11
k> 0 0 ci 1
k 0 0 0 0

*605. [IpencTaBuTh B BUJE ONpeneuTens n-H Kod(p(UIHEHT
I pasnoxkenust L =1+ ly2? + lpa* + - + l,a® + ...
606. [IpencraBuTb B BUIe ONpefeJUTe]s n-H KOIDOULIUEHT
fn pasnoxenns vctgx = 1 — fia? — fox* — - — froa® — ...
*607. BripasuB n-# Ko3(p(OULHUEHT a,, pasjoxeHus e ¥ =1 —
—a17 + aza® — azx® + ... B BUIe onpeneauTeNs, HAHTH OTCIOIA
3HaueHHe ONpeaeNUTeNs.
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§ 10. PAHI MATPMLIbL. IMHEMHAS 3ABUCMMOCTb
BEKTOPOB M JIMHEMHBIX (POPM

HaiiTu paHr cjefyomnx MAaTPUIL METOAOM OKARMJIEHHsI MUHO-
poB:

2 -1 3 -2 4
608. (4 -2 5 1 7
2 =11 8 2
1 3 5 -1
2 -1 -3 4
609. 501 -1 7
T 7 9 1
3 -1 3 2 5
5 =3 2 3 4
610. 1 -3 -5 0 -7
7T -5 1 4 1
4 3 -5 2 3
8§ 6 =7 4 2
611. |4 3 -8 2 7
4 3 1 2.-5
§ 6 -1 .4 —6

612. Hatitu 3HadyeHus A, pu KOTOPBIX MaTpUIa

31 1 4
A4 10 1
1 7 17 3
2 2 4 3

WMeeT HaUMEHDbIIHH paHr.
UeMmy paBeH paHr MpPW HaBIEHHBIX A\ H YeMy OH paBeH IIpH
IPYTUX 3HAUEHHAX AP

613. Uemy paBeH paHT MaTpHIibl

1 X -1 2
2 -1 X 5
1 10 -6 1

TNPH Pa3JINIHBEIX 3HAYEHHSIX A?
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614. Ilycts A — marpuua paHra r u My — MHHOD k-TO IO-
psillKa, CTOSILLME B JIeBOM BepxHeM yriy matpuubl A. Jlokasars,
4TO NyTeM IepecTaHOBOK CTPOK MeX1y COO0H U CTONOLOB MEXIY
co6oll MOXKHO NOOUTBCS BBINOJNHEHHUS ycaoBui: My # 0, My # 0,
..., M, # 0, Torna Kak Bce MMHOpHI, MOpPsiiKa GOJbIlIEe ueM r
(ecu oHHM BOOOIIE CYLIECTBYIOT), PABHBI HYJIIO.

615. Iremenmaproimu npeobpas3o8aruIMU MAMPUL bl Ha3bl-
BAIOTCH CJENYIOLIHe NPeoOpasoBaHUs:
1) ymuHOXenue cTpoku (cTosbua) Ha YHC/IO, OTIMYHOE OT
HYJIS;
2) mnpubabsenue K ofHOi cTpoke (cTos6Ly) APYroil CTPOKH
(cTonbua), yMHOXKEHHOMH Ha JMI060€e YHCIIO;
3) mepectaHoBKa ABYX CTPOK (CTOJGLOB).

JlokasaTb, 4TO 3JeMeHTapHble NPeoOpa30BaHUs He U3MEHSIOT
paHra MaTpHLBbL.

616. Jlokasarb, 4TO MepecTaHoBKY CTPoK (CTOJGLOB) MaTpH-
L(bl MOXKHO TIOJTYYHTh, BBIMOJIHSAS IPe0OPa30BaHKs CTPOK M CTOJIG-
LOB TOMbKO THIOB 1), 2), yKasaHHbIX B NpeablAyLuei 3anade.

617. JloxaszaTb, 4TO JIOOYI0 MaTpUIy paHra r 3JeMeHTapHbl-
MH TpeoOpa3oBaHUsIMH, yKa3aHHBIMU B 3ajade 615, MOXKHO TpH-
BECTH K BHAY, Te JMEMEHTBl a1 = Ggo = *++ = app = 1, @
oCTaJjIbHble 3JIeMEHThl PaBHbBI HYJIIO.

618. JloxaszaTb, uToO 3JeMeHTapHbIMU NpeoOpa30BAHUAMU Ofl-
HUX CTPOK WJIM OOHHUX CTOJOLOB KBAaApPATHYIO MAaTpPHUIy MOXHO
NIPUBECTH K «TPeyroJbHOMY», TH€ BCE 3JEMEHTBl M0 OfHYy CTO-
POHY OT FJIaBHOH AMaroHa/J W PaBHbl HYJIO, MPUYEM HYJIH MOXKHO
MOJTYYHUTD M0 2KeJaHHIo0 JTU60 CBepXY, MO0 CHHU3Y OT IVIaBHOH AHa-
TOHAJIH.

BeruncauTh paHr c/AeayomyX MaTpUL MPH TOMOLIH 3JeMeH-
TapHBbIX MpeoOpa3oBaHUi:

25 31 17 43

75 94 53 132

75 94 54 134

25 32 20 48

47 —67 35 201 155
620. |26 98 23 —-294 86

16 —428 1 1284 52

619.
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24 19 36 72 —38
49 40 73 147 —80
73 59 98 219 118
47 36 71 141 =72
17 —28 45 11 39
24 -37 61 13 50
622. (26 -7 32 -—-18 -—-11
31 12 19 —43 =55
42 13 29 —-55 -—68
623. JlokaszaTb, UTO €CJIM MaTpHlla COIEPKHUT m CTPOK U HMe-
eT paHr r, To JMo0ble s ee CTPOK 00pa3yloT MaTPUILy, paHT KOTOPOH
He MeHblIe 7 + S — m.

621.

624. JlokazaTb, 4YTO NPUIIHCbIBAHHE K MaTpHLE OJHOH CTPOKH
(usu omHOrO CcTONOLA) MMGO HE U3MEHsieT ee paHra, JUbo yBeJu-
YUBaeT ero Ha efnHHUILY.

625. JlokasaTb, 4TO BbYEPKUBAHUE ONHOH CTPOKH (CTOMO-
1a) MaTpHIbl TOTAA W TOJBKO TOL[A He M3MeHsieT paHra, Koraa
BbIUEPKHYTasi CTpoka (cTosbew) JIMHEHHO BbipaXkaeTcst yepes
ocTasbHble CTPOKH (cTON6LbL).

626. Cymmoul dsyx mampuiy,, AMEOIINX OIUHAKOBOE UHCJIO
CTPOK U OfIMHAKOBOE UKEJIO CTOJOLOB, HA3bIBAETCS] MATPHLA, KaXK-
IbIH 3JIeMEHT KOTOPOH paBeH CyMMe COOTBETCTBYIOLIMX 3J€MEeH-
TOB NAHHBIX MAaTpHL, T. €. (a;;) + (b;;) = (a;; + b;;). Hokasats,
4TO PAHT CYMMBI IBYX MaTpHL He GOJIblie CyMMbl UX PaHTOB.

627. JlokaszaTb, 4TO JI00yI0 MAaTPHIy PaHra r MOXKHO Tpef-
CTaBUTb B BHIE CYMMbl T MaTpHLl paHra eIMHHLA, HO HeJb3sl
NpeACTaBUTb B BUIE CYyMMbl MeHee 4eM 7" TAKHX MaTpHILL.

628. loxaszaTb, YTO eCJd paHT MaTpuubl A He H3MeHseTcs
OT TPUIMHCKK K HeH Ka)K[IOoro CTos0la MaTpullel B ¢ TeM ke
YUCJOM CTPOK, TO OH He MeHsieTCs OT MPUMIHCKH K MaTpuie A
BCeX CTOJOLOB MaTpulbl 5.

*629. [lokasaTb, UTO ecau paHT MaTpullbl A paBeH r, TO MH-
HOp d, CTOSILIMH Ha MepeceueHnH 00X 1 THHEHHO He3aBUCHMbIX
CTPOK U 7 JTUHEHHO HE3aBHCHMBIX CTOJOIOB 3TOH MaTPHUIBI, OTJIH-
4eH OT HYJS.

*630. [Iycts A — kBajpaTHas MaTpHua mopsizka n > 1 u A —
Matpuna, B3auMHas (mpucoenuHeHHas) ¢ Martpuued  A.
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BbISICHUTB, KaK M3MeHsieTCsl paHr 7 MaTpulbl A ¢ H3MeHeHHeM
paHra r mMatpuusl A.

*631. [lokasaTb, 4TO BBIUHCJIEHHE PAHTA CHMMETPHUECKOH MaT-
PHIBI CBOAMTCS K BBIUHUCJIEHUIO ONHHX TOJBKO IVIABHBIX MHHOPOB,
T. €. MHHOPOB, CTOSIIIIMX B CTPOKAX H CTOJO1AX C COOTBETCTBEHHO
paBHBIMU HOMepamu. MIMeHHO, 10Ka3aTh, UTO:

1) ecnu B cummerpuueckodl mMatpuue A nopsaka n uMeeT-
¢Sl IJIaBHBIA MHMHOpP M, mopsiKa 7, OTIWYHBIA OT HYJA,
IJIsT KOTOPOTO BCE OKAHMJISIONINE €ro IJaBHble MHHOPHI
(r+1)-ro u (r + 2)-ro NoOpsAKOB PaBHBI HYJIO, TO paHT
Matpuibl A paBeH r (ec/iM Bce I1aBHble MUHOPbI PABHBI HY-
JIF0, TO MOXKHO CUMTATh [VIABHBIH MHHOp HYJIEBOTO TOPSiIKA
My paBHBIM €IMHHIE, U TeOpeMa OCTAHETCS BEPHOMH; MpH
r = n — 1 MHHOPOB mopsiaka r + 2-He CYIIeCTByeT, HO
YTBEPXKIeHHEe TeopeMbl BepHO, MO0 paHr A pasen n — 1);

2) paHr CMMMETPHUUYECKOH MaTpHIibl PaBeH HaWBBICIIEMY I10-
PSOKY OTJIMYHBIX OT HYJs. I[JIaBHBIX MHHOPOB 3TOH
MaTpHULBL.

*632. [lyctb A — cuMMeTpHuecKasi MaTpulla paHra r u My, —
MHUHOpP k-ro MOpsiiKa, CTOSIIUHA B JIeBOM BepXHEM YIJy MaTpu-
bl A. (HpH k = 0 cuntaem My = 1.) Jlokasats, 4To nyTeM HeKO-
TOPOH TMepecTaHOBKH. CTPOK M COOTBETCTBYIOLIEH MePeCTaHOBKU
CTOJIOLIOB MaTPUIBl-A MOXHO HOOUTHCS TOTO, UTO B PSILY MHHO-
poB My =1, My,"M>, ..., M, HUKaKHe Ba COCEIHUX He pPaBHBI
Hymo u M, # 0, Bce e MHHOPH MOpsifiKa Bhille r (ecau oHH
CYLIECTBYIOT) PaBHbI HYJIIO.

*633. [lokazaTb, 4YTO paHI KOCOCMMMETPHUYECKOH MaTpHILbI
ompesesisieTcst ee TJIaBHBIMH MHUHOpaMu. MmenHo:

1) ecau CylecTByeT IVIaBHBIA MHHOD MOPSAKA 7, OTIMYHBIA
OT HYyJSl, A/ KOTOPOrO BCE OKAaMMJISIOIME €ro TJaBHble
MUHOpBI Mopsifika 742 paBHbl 0, TO paHT MaTPHUIBI paBeH 1;

2) paHr KOCOCHMMMETPHUECKOH MaTPHIIbl PaBeH HaUBbICIIEMY
MOPSAAKY OTJAMUHBIX OT HYJs IVIaBHBIX MUHOPOB 3TOH Mart-
PHLBL

*634. [lyctb A — KococMMMeTpHYecKasi MaTpulla paHra r u
M}, — MuHop k-To mopsifika, CTOSIIIUK B JIeBOM BepXHeM yIJy MaT-
punbl A (Mg = 1). Jlokasatb, 4To MyTeM HEKOTOPOH MepecTaHOB-
KM CTPOK U COOTBETCTBYIOLIEH MEPEeCTaHOBKU CTOJOLOB MaTpPHUIBI
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A MOXHO NOGUTbCS TOTO, YTO MHUHOPBl My, Mo, My, ..., M,
OTJIMUHBI OT HYJS, a MUHOpBl My, M3, ..., M,_1 1 BCce MUHOPBI
nopsiaKa Bbile 7 (ecM OHM CYIIECTBYIOT) PaBHbI HYJIO.

635. [loxasaTb, UTO paHI KOCOCHMMMETPHYECKOH MaTpHLbl —
YUCJIO YETHOE.

636. Hatitu nuHeliHyt0 KOMOMHALMIO 3a1 +Ha2 — a3 BEKTOPOB
a; =(4,1,3,-1), a2=1(1,2,-3,2), as=(16,9,1,-3).
637. HaiitTu BekTOop & U3 ypaBHeHUS
a1 + 2as + 3as3 + 4x = 0,
rie

a; = (57_87_172)) as = (25_1a47 _3)7
as — (—3, 2, —5,4).

638. Haiitu BekTOop & U3 ypaBHeHUS
3(a1 —z) +2(az+ ) =5(as + x),
rae
a; =(2,5,1,3), a9 =(10,1,5,10), a3 = (4,1,—1,1).

BhIsSICHUTB, SIBASIOTCS JIH cjaeayrue CUCTeMbl BEKTOPOB JIKU-
HeHHO 3aBUCUMBIMM HJIH JINHEHHO HE3aBUCHMbBIMH:
639.

ay (17 a3 9

as = (3, ,7
640.

a; (45 _256)7

az = (65 _35 9)
641.

a; = (2,-3,1),

as = (3; _]-a 5)7
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642.

643.

644.

1,0,0,2,5),
0,1,0,3,4),
0,0,1,4,7),
2,-3,4,11,12).

(
(
(
(

645. Ecau 13 KOOpAHHAT Ka)KJIOTO BEKTOpa JAHHOH CHCTEMBbI
BEKTOPOB OJHOT'O W TOTO Ke 4YMcjaa U3MepeHUH BeibepeM Koop-
JMHAaThI, CTOSILME HA onpejeJeHHbIX (OIHMX W TeX ke /s BCex
BEKTOPOB) MECTAX, COXPAHS MX TOPSIOK, TO MOJYYHM BTOPYIO
CHCTEMY BEKTOPOB, KOTOPYIO OylneM HasblBaThb YKOPOUEHHOLU IJs
nepBoil cucrembl. [lepByio xe cucremy OyneMm HasbBaTb yoAu-
HerHo 1751 BTopol. Jlokasatb, uto nobasi yKopoueHHasi CUcTeMa
1J151 JIMHEeHO 3aBUCUMOH CHCTeMbl BEKTOPOB CaMa JMHEeHHO 3aBU-
cuMa, a qawobas yAJUHeHHas cucTeMa [Jis JIMHEHHO He3aBUCUMOK
CHUCTEMBI BEKTOPOB caMa JHHEHHO He3aBHUCHMA.

646. [lokazaTb, UTO CHCTEMa BEKTOPOB, COIepKalllas [Ba
PaBHBIX BEKTOpa, JHHEHHO 3aBHUCHMA.

647. JlokasaTb, 4TO CHCTeMa BEKTOPOB, [Ba BEKTOpa KOTOPOH
pasauyaloTCcsl CKalspHbIM MHOXKHUTeNEM, JUHEHHO 3aBHCHMA.

648. JlokasaTb, UTO CUCTEMa BEKTOPOB, COep:Kallasi HyJneBOH
BEKTOp, JIMHEHHO 3aBHUCHMA.

649. [loxkazaTb, UTO €CJU YaCTh CUCTEMbl BEKTOPOB JHHEHHO
3aBUCHMa, TO U BCSl CUCTeMa JMHEHHO 3aBHCHMA.
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650. /lokasarb, 4yTO J00ast 4aCTh JIMHEHHO HE3aBHCUMOH CH-
CTeMbl BEKTOPOB caMa JIMHEHHO He3aBHCHMA.

*651. Ilyctb naHa cucTeMa BEKTOPOB

a; = (ai1,02,...,04,) (i=1,2,...,s; s<n).

S

JlokasaTb, uTO eci |ayj;| > D | |, TO naHHas cucTeMa Bek-

i=1
. i#]

TOPOB JIMHEHHO HE3aBHCHMA.

652. JlokazaTb, UTO €CJU TPU BEKTOpa @1, G2, @3 JUHEHHO
3aBUCHMBI U BEKTOP @3 He BBIPAXKAETCS JIMHEHHO 4Yepe3 BEKTOPHI
aj; U @z, TO BEKTOPHEl @1 U G2 PA3JUYaAIOTCS MEXIY COOOH JIHIIb
YUCJIOBBIM MHOMKHTEJIEM.

653. JlokazaTb, 4TO €Cy BEKTOPH @1, A2, ..., Q) JUHEHHO
He3aBUCHMBI, 8 BEKTOPHl a1, A2, . . ., Gk, b TUHEHAHO 3aBUCUMBI, TO
BEKTOp b JIMHEHHO BbIpaXkaeTcsi 4epe3 BEKTOPH a1, @3, ..., Q.

654. [Tonb3ysich mpenblaylIed 3agadel, 10Ka3aThb, UTO Kax-
IbI# BEKTOp NaHHOK CHCTEMbl BEKTOPOB JIMHEHHO BbIparkaeTcs ye-
pe3 J06yl0 JUHEHHO HEe3aBUCHMYIO MOACHCTEMY 3TOH CHCTEMBI,
ColepaKallyl0 MaKCUMaJbHOe UHCI0 BEKTOPOB.

655. JloxasaTb, UTO yHOpsiIOYeHHAs CHUCTeMa BEKTOPOB aj,
as, ..., @, OTIAUHBIX OT HYJS, TOTJA U TOJNBKO TOTAa JHHEHHO
He3aBUCHMa, KOTJa HH OIMH M3 3THUX BEKTOPOB He BBIPAXKAETCs
JIMHEHHO uepe3 mpeblayIire.

*656. JlokazaTb, UTO €C/M K yNOPsIIOUEHHOH JIMHEHHO He3a-
BHUCHMOH CHUCTEME BEKTOPOB @1, G2, ..., G NMPUNHUCATb BIEpeIH
eme onuH BeKTop b, To He GoJsiee YeM OOMH BEKTOP MOJYy4YeHHOH
cucTeMbl OyieT JUHEHHO BbIpaXKaTbCs yepes Mpeablayliye.

*657. lokasaTb, 4TO €CJIU BEKTOPHl @1, G2, ..., G, JHAHEH-
HO HE3aBHCHMBl W JIMHEHHO BBIPAXKalOTCs uepe3 BeKTOpPHl by, ba,
..., bg, Tor <s.

*658. bajsoti danHOU cucmemvl 8eKMOPO8 Ha3bIBAETCS TaKasi
ee MoOACHCTEMA, KOTOpasi 00J1aflaeT CAeAYIOINME CBOHCTBAMU:
1) sTa noxcucTema JMHEHHO HE3aBUCHMA,
2) noGoH BEKTOD BCell CHCTeMbl JHHEHHO BblpaXkaeTcs yepes
BEKTOPBl 3TOH TOACHCTEMBI.
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JlokasaTb, 4TO:

a) Bce 6asbl JaHHOH CHCTeMbl CONEPXkKAT ONMHAKOBOE UYMCJIO
BEKTOPOB;

6) 4YMCJIO BEKTOPOB JII0GOKH 6a3bl SIBJSETCS MAaKCHMaJbHbIM
YUCJIOM JIMHEHHO HEe3aBUCUMBIX BEKTOPOB JAHHOH CHCTe-
MBI; 3TO YHCJIO HA3blBaeTCsl PAHTOM JAHHOH CHCTEMBI;

B) €C/M JaHHas CHCTeMa BEKTOPOB UMEET PaHr T, TO JIoOble
7 JHHEHHO HEe3aBUCHUMBIX BEKTOPOB 00pa3yioT 6a3y 3TOH
CUCTEMBI.

*659. [lokasaTb, 4To JI06YI0 JHHEHHO HE3aBUCHUMYIO IMOACH-
CTeMy NAaHHOH CHCTEMbl BEKTOPOB MOXKHO [OMOJHUTb 10 0a3sbl
3TOH CHCTEMBI.

660. [[Be cucTeMbl BEKTOPOB HA3bIBAIOTCS IKBUBAACHNMHbIMLL,
€CJIM KaxK bl BEKTOP OJHOM CHCTEMBI INHEHHO BhIpaxKaeTcs uepes
BEKTOphI APYroi cucteMel U obpaTHo. JlokasaTk, 4To ABe 3KBHUBA-
JIeHTHble JIMHEHHO He3aBMCHMble CHUCTEMbl COAEPXKaT ONMHAKOBOE
YHCJIO BEKTOPOB.

661. JloxazaTb, 4TO ecjaud BEKTOPH @i, @2, ..., G JHHEH-
HO BbIpakaioTcsl 4epe3 BeKTOpbl b1, by, ..., by, To paHr mepBoi
cucTeMbl He GoJiee paHra BTOPOH.

662. J[aHbl BEKTOPHI:
a; = (0,1,0,2,0), as =(7,4,1,8,3),
as =(0;3,0,4,0), as =(1,9,5,7,1),
as= (0,1,0,5,0).

MoxkHo 1 nopobpats uueaa c;; (i, j =1, 2, ..., b) Tak,
YTOObl BEKTOPbI

b1 = ci1a1 + c12a2 + c13a3 + caa4 + ci5as,
by = ca1a1 + ca2a2 + co3a3 + couay + Co5a5,
bz = cz1a1 + c32a2 + c3z3a3 + caay + c3sas,
by = ca1a1 + capan + cyz3az + cauay + cysas,

bs = cs1a1 + cs0a2 + c53a3 + csua4 + C55a5,

ObLIM JIMHEHHO HEe3aBUCHUMBI?
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663. JloxazaTb, 4To BeKTOp b TOrma W TOJIBKO TOT/A JHHEHHO
BbIpakaeTcst Yepe3 BEKTOPhI a1, Ga, . .
Hel CHCTeMbl BEKTOPOB HE M3MEHSIeTCS OT MPUCOENHHEHHS K Hel

BeKkTOpa b.
*664. JlokasaTb, 4YTO:

1) IB€ 9KBUBAJEHTHBIC CUCTEMbI BEKTOPOB UMEIOT OOWH U TOT

JKe paHr;

2) Teopema, oGpaTHasl yTBepPKAEHHIO 1), HeBepHa.

Onnaxo CIIpaBeJIuBO YTBEPXKICHHE

3) €CJIM [ABe CHUCTEeMbl BEKTOPOB HMEIOT OJINHAKOBBIH paHT u
OJIHa U3 3THX CUCTEM JINHEHHO BbIpaxKaeTcqd yepes3 Apyryto,

TO 3TH CUCTEMbl 3KBHUBAJIEHTHBI.

HaiiTu Bce 3HaueHUs] A, IpPU KOTOPBIX BeKTOP b JMHEHHO BHI-

pakaeTcsl 4epes BEKTOPHl a1, Aa, . .., Q.
665.
a; = (2, 3,5),
as = (3, 7,8),
as =(1,-6,1),
b= (7,-2,\).
666.
a; = (4,4,3),
as = (7,2,1),
a3 = (4,1,6),
b=(509M\).
667.
a; = (3,4,2),
as = (6,8,7),
b=(9,12,))
668.
a; = (3,2,5),
as = (2,4,7),
as = (5,6, ),
b=(1,3,5).

., @, KOTAa paHr mnocJen-
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669.

) ) )

3
= (7,
=(5,1,3),
A

o =W N

6)
9),
3)
5).

~ o~ o~ o~

) )

670. TlosicHUTb OTBeTH B 3anauax 665-669 ¢ Toukn 3peHus
pacroJioxKeHus! JaHHBIX BEKTOPOB B MPOCTPAHCTBE.

671. Tlonbsysich 3amauedl 657, mokasaTb, 4TO 0OJIe€ UeM 1
Nn-MepPHBIX BEKTOPOB BCErNa JIMHEHHO 3aBUCHMBL.

672. Haiitu Bce MakcHMaJibHble JTUHEHHO HE3aBUCHMbBIE IOJ-
CHCTEMBl CHCTEMBI BEKTOPOB:

a; =

as =

(4
(3,

7_173a_2)a az =
_174a_2)a a4y =

Haiitu Bce 6asbl cucTeMBI BEKTOPOB:

673.

674.

675.

=(1,2,0,0),
as = (1,2,3,4),
as = (3,6,0,0).
=(1,2,3,4),
as = (2,3,4,5),
as = (3,4,5,6),
ay = (4,5,6,7).
a; =(2,1,-3,1),
as = (4,2,-6,2),
as = (6,3,-9,3),
a, = (1,1, 1,1).

(87 _27 6a _4)a
(6,—2,8, —4).
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676.
a; = (1,2,3),
as = (2,3,4),
as = (3,2,3),
ay, = (4,3,4),
as = (1,1,1)

677. B kakoM cayuae cucTeMa BeKTOPOB 00J1a1aeT eUHCTBEH-
Hoil 6a3oi?

678. CxonbKo 6a3 umeeT cucrteMa k + 1 BeKTOpPOB paHra k,
colep:kallas MNpornopLHOHaNbHble BEKTOPBI, OTJUYHbIE OT HYJs?

Haiitu kakyio-unOynp 6a3y CHCTEMbl BEKTOPOB U BCE BEKTOPHI
CHCTEMBI, He BXOJSILIHKE B JaHHYIO 6a3y, BEIPA3UTb Yepe3 BEKTOPHI
6asbl:

679.
ai (5a 27 _37 1)a
az = (4717_27 3)a
asz = (15 17 _17 _2)7
ay = (Sa 47 ]-7 2)
680.
a; = (25 _15 3) 5)7
az (45 _35 1) 3)7
as = (3,-2, 3, 4),
as = (4,-1, 15, 17),
as = (75 _65 7) 0)
681.
a; = (]-a 27 3a _4)7
az = (25 37 _47 1))
az = (2; _5a 8a _3)7
as = (5, 26,—9, —12),
as — (3, —4, 1, 2)
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*682. [lyctp maHa cucremMa BEKTOPOB X1, &2, ..., Ly OLHO-
rO U TOTO e yucsaa udMmepeHuid. OcHoBHOL cucmemoll TUHeHHbIX
COOTHOUIEHUH 3TOH CHUCTEMBI BEKTOPOB Ha3bIBAe€TCS CHUCTEMa CO-
OTHOLIEHHH BHIA

n
Z%j%‘ =0 (i=1,2,...,9),
=1

obsanarlas TaKUMU JABYMs CBOHCTBaAMHU:

a) 3Ta cUcTeMa COOTHOIIEHWH JHMHEHHO He3aBHCHMa, 4TO
03HauaeT JIMHEHHYI0 HE3aBUCHMOCTb CUCTEMbl BEKTOPOB

a; = (a,;_yl,a@g,...,ai’n) (i: 1,2,...,8);
6) mobas JUHeHas 3aBUCHMOCTb BEKTOPOB X1, X2, ..., Tp
SIBJIIETCSI CJIECTBHEM COOTHOMIEHMH MJaHHOH CHCTEeMBI,
T.e.ecn )i ax; = 0, T0/BeKTOp @ = (a1, Qg, . . ., )

ABJseTCS JUHeHHON KOMOUHALIMel BEKTOPOB ay,@2, ..., ;.

JlokasaTb, 4TO:

1) ecau @1, T2, ..., o, — 6a3a JaHHOH CHCTEMbl BEKTOPOB H
T . o
T; = ijl Aijj&y, i =r+1,r+2, ..., n, To ONHO! U3 OC-
HOBHBIX CUCTEM JIMHEHHBIX COOTHOLIEHHUH NaHHOH CHCTEMBbI
BEKTOPOB OyIeT CHCTEMa COOTHOIIEHUH

:ci—Z)\i’jwj =0 (i=r+1r+2,...,n);
j=1

2) BCe OCHOBHbIE CHCTEMBI JIMHEHHBIX COOTHOLIEHHH COMep-
)KAT OJIMHAKOBOE YHCJIO COOTHOLIEHUH;

3) ecau Kakasi-HUOy[b OCHOBHAs CHCTEMA JIHHEHHBIX COOTHO-
[IEHUH CONEpPKUT S COOTHOLUEHWH, To Jobas cucremMa s
JTUHEHHO HEe3aBHCHMBIX JIMHEHHBIX COOTHOIIEHUH TOH 2Ke
CHUCTEMBbl BEKTOPOB TaKKe SBJISIeTCS OCHOBHOH CHUCTEMOH
JIMHEHHBIX COOTHOILEHHUH;

4) ecamn cuctema cooTHowenui Y o o x; = 0 (0 = 1,
2, ..., S) sIBAsieTCSI OCHOBHOH CHCTEMOH JIMHEHHBIX CO-
OTHOLUGHHUH, TO CHCTEMA COOTHOMIeHHH .7 (i ja; = 0
(1 =1, 2, ..., s) OymeT OCHOBHOH CHCTEMOH JHMHEHHBIX
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COOTHOILEHUH TOTZA M TOJNbKO TOTAA, KOra, I[oJaras
a; = (aiyl,aiﬁg,...,ai,n), i = ]., 2, Lo, S, bl =
= (8i1,Bi2,---,0in) i=1,2,..., s, OyoeM UMeTb

bi= nija; (i=12...5),
j=1

rie Ko3(QQUUUEeHTE v; j 00pasyloT onpelennuTeNb NopsaKa
S, OTJIMUHBIH OT HYJS.

[Tonb3ysicb yMHOXKeHHEM MaTpHUl, MOC/eJHUE S5 Bek-
TOPHBIX PaBeHCTB MOXKHO 3amucaTb B BHJE  OJHOTO Mar-
PHUYHOrO PaBEHCTBA

B = CA, roe A= (ai,j)s,n7 B = (6i,j)s,n ucC = (Vi,j)sv

C — HEBbIPOXKAEHHAasA MaTpulla IlopsiiKa s.

OnpeesiuB OCHOBHYIO CUCTEMY JIMHEHHBIX COOTHOIIEHUH /51
CUCTEMbl JIMHEeHHBIX q)OpM dHaJOrCM4YHO TOMY, KaK 3TO ObLIIO cae-
JIAHO B 3ajade 682 AJIs1 CUCTEMbI BEKTOPOB, HaUuTH OCHOBHYIO CH-
cTeMy JUHEHHBbIX COOTHOLIEHUN NJIA CUCTEMbI JIMHEHHBIX (bOpM:

683.

f1 =511 — 322 + 223 + 4y,
fo=2x1 — 22 + 323 + Hx4,

f3 = 4.231 — 33?2 — 51‘3 - 73?4,

fa=m1 4+ Tes + 1lay.
684.

f1 =8z, + Txo + 4xs + Huy,
fo =31+ 220 + 3 + 44,
f3 =2x1 + 3xo + 2x3 — 314,
fa=x1 — 22 — 23 + T4,

f5 =bxo +4xs — 1Txy.
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685.
f1 =bx1 + 222 — x3 + 314 + 425,
fo=3x1 + 22 — 223 + 324 + S5,
f3 =6x1 + 3z — 2x3 + dxy + Tas,
f4 = Tx1 +4x9 — 323 + 224 + 425.
686.
f1 = 2x1 — 3x2 + 423 — 514,
fo =21 — 222 + Twz — 814,
f3 =311 — 4dxo + 23 — 224,
fa =4x7 — Bxo + 623 — T4,
f5 = 6%‘1 — 7.132 — T4.
687.

f1=3x1 + 229 = 2x3 — x4 — 45,
fo =627 + dxo — 4wy — 224 + 85,
f3 ="Tx1 4+ 5x9 — 3x3 — 224 + 5,
fa =4z, + dxo — 4w — 34 + S5,
f5=8x1 + Taxg — Hxsy — 4dg + 225.

*688. Ilycrb nana cucrema JHHEHHBIX (opM

fi=Y apan (j=12...,5) 1)
k=1

¥ BTOpasi CUCTeMa JIMHEHHBIX (POPM, JIMHEHHO 3aBUCSALIUX OT GopM
TepBOH CHCTEMBI,

@i:Zcijfj (i:1,2,...,t). (2)
j=1

Ilokasatb, 4To paHr cucteMbl hopm (2) He Gosiee paHra CHCTEMbI
dopm (1). Ecain s = t 1 onpenesutens |¢;;|s OTIHYEH OT HYJIS, TO
paHru o6erx CUCTeM JIMHEHHBIX (DOPM COBIAAAIOT.



Cucmembl AUHELIHbLY YPABHEHUL 119

§ 11. CUCTEMbI JIMHEUHbIX YPABHEHMH

HCCHeﬂOBaTb COBMECTHOCTh U HaHTH O6LU.ee pemieHre U OOHO
YaCcTHOE pellleHHe CHCTEMBI ypaBHEHHUH:
2x1 4+ Txo 4+ 33 + 24 = 6,

689. < 315 4+ Hro 4+ 223 4+ 224 = 4,
921 +4xo + x3 + Txy = 2.

21 — 3x2 4+ D3y 4+ Try =1,
41 — 69 + 223 + 314 = 2,
2x1 — 3x9 — 11z — 1524 = 1.
3x1 4+ 4xo + 23 + 224 = 3,

611 4+ 8xo 4+ 223 + Dy =7,
9x1 + 1229 + 33 + 1024 =13.

691.

3x1 — DHro 4 203 + 4y = 2,
Txy —4xo + 23 + 314 = 5,
S5x1 + Taxo — 4x3 — 614 = 3.

692. {

211 4+ Hro —8x3 =8,
693. [ 41 + 3x9 — 923 =9,

2014 3x0 —Hry =17,

xy 4 8xy — Twz = 12.

3x1 — 2x0 + dxy + 4s = 2,
694. { 6x1 — 4dxo 4+ 4das 4+ 324 = 3,
9x1 — 622 + 323 + 214 = 4.
2x1 — x9 + 3x3 — Txy = 5,
695. { 611 — 320 +1x3 —4dag4 =7,
4r — 229 + 1423 — 3124 = 18.
9x1 — 3x2 + by + 614 = 4,

{6x1 — 229 + 323 + x4 = 5,

3xr1 — x9 + 3x3 + 1424 = —8.

696.
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697.

698.

699.

700.

701.

702.

703.

31 + 229 + 223 + 224 = 2,
2x1 + 3x2 + 223 4+ dxg = 3,
921 + xo +4x3 — Sy =1,
2x1 + 2x9 + 3x3 + 4y = 5,
Trx14+ a0 + 623 —24 =T7.

T1 + x9 + 3x3 — 204 + 325 = 1,
2@ + 220 + 4dxs — x4 + 35 = 2,
3x1 + 3x2 + dxs — 224 + 35 = 1,
2x1 + 2x0 + 8x3 — 3x4 + 95 = 2.

201 — x9 + x3 + 224 + 315 = 2,
6x1 — 32 + 223 + 44 + bas = 3;
6x1 — 3xo + 4x3 + 8x4 + 1325 =9,
dxy — 209 + 3 + 14 + 205 = 1.

6x1 + 4xo + g + 224 + 35 = 1,
3x1 + 229 + das + 24 + 225 = 3,
3x1 + 229 — 223+ x4 = —7,

91 + 629 + a3 + 314 + 225 = 2.

Ty + 225+ 3x3 — 224 + x5 = 4,
3x1 4629 + drg — 4y + 315 = 5,
T+ 2xo + Txg — 4wy + x5 = 11,
2x1 + 4xo + 223 — 3x4 + 325 = 6.

6x1 + 3x2 + 223 + 314 + 45 = 5,
41 + 229 + 3 + 224 + 315 = 4,
4x1 4+ 229 + 323 + 224 + 25 = 0,
201 + x0 + T3 + 3x4 + 205 = 1.

8x1 + 6x2 + das + 24 = 21,
3x1 + 39 + 223 + x4 = 10,
4x1 + 229 + 323 + 14 = 8,
3x1 + 59 + x3 + x4 = 15,
Tr1 4+ 4xo + drs + 224 = 18.
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221 4 3we + x3 + 214 = 4,
41+ 3x2 + 23+ 24 =5,

704. 5x1 + 11z + 33 + 224 = 2,
21 + 522 + 23+ 24 =1,
T — Txe — a3+ 224 = 7.

*705. JlokasaTb, 4TO
a) 00y CHCTeMY S JIMHEHHbIX YDaBHEHME C 7 HeM3BeCTHbI-
MH, Y KOTOPOH MaTpULa U3 KO3((PHULMEHTOB P HEU3BECT-

HBIX UMEET paHr r, NyTeM M3MeHEeHHs HyMepalHuu ypaBHe-
HUHU U HEU3BECTHBIX MOXHO NIPpUBECTHU K BULY

Zaijszbi (i=1,2,...,s), (1)
Jj=1

06J1a11a}0meMy CBOHCTBaMU
m():l, m17é0, TRQ#O, vy m,,;éO, (2)

rae mjy — MHHOP k-TO TOpsiaKa, CTOSIME B JIEBOM BepX-
HEM YIJIy MaTpMII M3 KO3(D(QHUIMEHTOB MPH HEU3BECTHBIX
cucremsl (1);

6) cucreMy ypashenuil (1), ob6nagamomyio coiictBamu (2),
myTeM psiia BHIYMUTAHHH ee ypaBHEHWE, YMHOMXKEHHBIX Ha
NOAXOMSIIHE YUCAA, U3 TOCTeNYIOUIMX YPAaBHEHHE MOXHO
NPUBECTH K KBUBAJIEHTHOH CHCTEME

Zcijszdi (i=1,2,...,s), (3)
j=1

00J1aal0lIel CBOHCTBAMHU

0“750 npu iZl,Q,...,’I‘,
cij=0 mpu j<i<r, aTaKxke (4)
npy +>7r u j=12,...,n.

Ecind; =0npui=r+1,r+2,..., s, 10 cucremsl (3) u (1)
COBMECTHBI, IPUYEM TIPH 7 = 1 UMEeTCs eAMHCTBEHHOE pelleHHe,
a mpu r < 1 6eCKOHEYHO MHOTO DPeIleHHH.
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B mociennem ciydae cBOOOMHBIMH HEH3BECTHBIMH SIBJISTIOTCS
Tyils .., Tp. VI3 7-rO ypaBHEHHsS] MOXHO BBIPa3uTb I, depe3
cBoOoHble Heu3BecTHble. BeraBiisist 3To BhipaxkeHue B (r — 1)-e
ypaBHeHHUe, HalleM BbIpaXKEHHE 1 Uepe3 CBOOOIHbIE HEU3BECT-
HbIE U T. [I.

Haxkowerr, U3 nepBoro ypaBHeHust HallieM BbIpaXKeHUE X1 Yepe3
CBOOOJHBIE HEU3BECTHHIE.

[TonyueHHble BbIpaXKeHUs Ty, T3, ..., Ty UEPe3 CBOOOMHBIE
HEeHW3BECTHbIE Tyi1, ..., & COCTABJSIOT oOIlIee pelleHue
cuctem (3) u (1). 1o 03HaYaeT, 4TO NMPHU JTOOLIX 3HAYEHHSAX CBO-
OOHBIX HEM3BECTHBIX U3 HAWIeHHBIX BBIPAKEHUH MOJyUUM pellle-
uust cucteM (3) u (1) 1 060€ pelenre STUX CHCTEM MOXKET GbITh
MOJNyYeHO TaKHUM MyTeM MpPH TMOAXOASIIMX 3HAUEHUSIX CBOOOAHBIX
HEU3BECTHBIX.

Ecnu d; # 0 xors 6bl mpy OIHOM 3HAYEHHUH ¢ > 7, TO CHCTe-
Mol (3) u (1) HecoBMecTHHI.

M3/10)KeHHBIH METOM MCCJIEIOBAHHUS M PEIlIeHHs] CHCTEMbI JIH-
HeHHBIX YpaBHEHHH HA3bIBAETCS METOIOM HCKJIOUEHUs HEH3BECT-
Heix (cp. ¢ sapaueit 565).

[Tosb3ysich METONOM MCKJIOUEHHS] HEH3BECTHBIX, YKA3aHHBIM B
3apmaue 705, vcc/e10BaTh COBMECTHOCTD M HaHTH 0OOllee pellleHHe
cucTeM ypaBHeHHH (ecsiM MCXOfHAsA CHCTeMa MMeeT LeJble KO-
3(h(GUIKMEHTH, TO B, TIPOLECCe UCKIIOUEHHST HEU3BECTHBIX MOXHO
usbexarh Apobeil):
1+ 2w + 33 + 14 = 3,
1+ 4xs + dxs + 2x4 = 2,

706. 201 + 922 +8x3 + 324 =7,

3x1 + Tre + Taxs + 204 = 12,

5x1 + Txo + 923 + 224 = 20.

1221 + 14a9 — 1523 + 2324 + 2725 = 5,
1621 + 1829 — 2223 + 2924 + 375 = 8,

707.
1821 + 2029 — 2123 + 3224 + 415 = 9,
10z + 1229 — 1623 + 2024 + 2325 = 4.
1021 + 2329 + 1723 + 4424 = 25,

708. 1521 + 3529 + 2623 + 6924 = 40,

25x1 + BTz + 4223 + 108z4 = 65,
30z + 6929 + 5lxs + 13324 = 95.
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4521 — 28x9 + 34x3 — H2x4 = 9,
3621 — 2322 + 2923 — 4374 = 3,
709. { 35z — 2129 + 2823 — 4bx4 = 16,
47x1 — 3229 4 363 — 4824 = —17,
27x1 — 1929 + 2223 — 3524 = 6.
1229 — 1623 + 2524 = 29,

27x1 + 24x9 — 3223 + 4724 = 55,

710.

50x1 + 5lxg — 6823 + 9524 = 115,

3lx1 + 21z — 2823 + 464 = 50.

24x1 + 149 + 3023 + 4024 + 4125 = 28,
711 36x1 + 21x9 + 4523 + 61y + 6225 .= 43,

48x1 + 28x5 + 60x3 + 8214 4 8315 = 58,
60x1 + 35x2 + 7523 + 9914 4+ 10225 = 69.

Hccaenosats cucteMy M HalTH 0Ollee pelleHHe B 3aBUCHMO-
CTH OT 3HA4YeHHs napameTpa A:

5x1 — 3x0 4+ 2234 4y = 3,
719, dry —2x9 + 33 + Try =1,
8xr1 — 6x9— x3 — by =9,
Tax1 —3xo + Taxg + 1704 = A
3x14 229 4 Hag 4+ 4y = 3,
713, 211 4 3x9 4+ 623 + 8x4 = 5,
r] — 6xy — 923 — 2024 = —11,
41 + w9 + 43 + vy = 2.
221 + dwo + x3 + 314 = 2,
4. 421 + 69 + 33 + by = 4,
4y + 1dao + 23 + Try = 4,
21 — 30 + 323+ Ay = 7.
2x1 — x9 + 3x3 + 4xg = 5,
715, 4x1 — 2x4 + Dby + 614 =7,
6x1 — 3x2 + Tx3 + 814 =9,
Axp — 4ao + 9x3 + 1024 = 11.
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221 + 3we + 23 + 234 = 3,
116, { 421 + 629 + 323 + 414 = 5,
6x1 + 929 + by + 64 =7,
8x1 + 12x9 + Tx3 + Ay = 9.
Ar1 + a0 + 23 =1,
717. {xl—l—/\xg—l—xgl,
Ty + xo + Axz = 1.
Ar1 + 2o+ 23+ 24 =1,
118. {$1+/\$2+$3+$41’
r1 4+ T2+ Ars + 14 = 1,
r1 + X0 + 13 + Ay = 1.
1+ XNz +z2+ 23 =1,
719. {x1+(1+)\)x2 + a3 =),
z1+ 72+ (1 + N)zg =A%

A+ Dz + 20 + 9= A% 4 3,

720. < 21+ (A + D)oy +a3 = A3 4302,

1+ x2 + (A Dag = A+ 3)3.

HccnenosaTh cucTeMbl ypaBHeHHH M HalTH oOllee pelleHHe B
3aBUCHMOCTH OT 3HAYeHHUH BXOAALIUX B KOI(DPPHULHEHTH TapaMeT-
poB:

r+y+z=1,
721. ¢ ar +by+cz=d,
a’x + by + 2z = d°.

ar+y+z=1,
722. ¢ z+by+ 2z =1,
r+y+cz=1.

B kakowm csyuae 3mech BO3MOXKHBI HYyJIeBble 3HAUeHUS] HEKOTO-
PbIX M3 HEM3BECTHBIX?
ar +y+ z = a,
*723. ¢ v +by+ 2z =0,
r+y+cz=c
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Haiitu o61uee peurenvie 1 (pyHaaMeHTa by (M/IH OCHOBHYIO)
CUCTEMY pelleHHH [Jis CHUCTeMbl ypaBHEHHUH:

724.

725.

726.

727.

728.

729.

730.

r1 + 2x9 + 43 — 314 = 0,
3x1 4 Hro 4+ 623 — 4y =0,
41 + dxo — 223 + 314 = 0,

3x1 + 8xo + 24x3 — 1924 = 0.

2x1 — 4xo 4 Hxg 4+ 314 = 0,
3x1 — 629 4+ 43 4+ 224 = 0,

4x1 — 8xo + 1723+ 1124 = 0.

3x1 + 222 + x3 + 3x4 + S5 =0,
611 + 4xo 4+ 323 4+ Hxy + Tx5 = 0,
921 4 622 4+ Hx3 4+ T4 + 925 = 0,

3x1 + 2x9 + 4x4 + 825 = 0.

3x1 + 5x2 + 223 = 0,
41 + Txe + by =0,
T + a9 —4x3 =0,
2x1 + 9x9 + 6x3:= 0.
6x1 — 222 + 2x3 + dxy + Tx5 = 0,
9x1 — 3x2 4+ 43 + 8x4 + 925 = 0,
61 —2x9 4+ 623 + Ty + x5 = 0,
3r1= x9 +4x3 +4xy — x5 = 0.

T

—I

Z1

T

Z1

— 23
To —T4
+ 3 — x5
—x2 +x4
— T3 + x5
—2y
—x3 + x5
X9 —X4
—x2 + x5
To — I3

—x4 + x5
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5xy + 6x0 — 223 4+ Ty + 45 = 0,
731. 2x1 + 322 — x3 + 4xy + 225 = 0,
Txy 4+ 9xo — 323 4+ 524 4 625 = 0,
5x1 + 920 — 33 + x4 + 625 = 0.
3x1 + 4xo + x3 + 224 + 315 = 0,
7392, o1 + Txo + 23 + 324 + 4225 = 0,
421 + dxo + 223 + x4 + S5 = 0,
Txy + 10z + x3 4+ 624 4+ 525 = 0.

733. okasatb, uTto AJs J0O0H ONHOPOAHOH CHUCTEMBI JH-
HeHHBIX ypaBHEHUH C PallMOHaNbHBLIMU (B YaCTHOCTH, C LEJIBIMH)
KO3((PULIKEeHTAMH MOXKHO MOCTPOUTH LeJOYUCTeHHYI0 (PyHIaMeH-
TaJbHYI0 CUCTEMY peleHud (mpu ycJOBMH, YTO DAaHT MaTpPHILbI
K03(D(PHUIMEHTOB MEHbIIE YHCJIa HEM3BECTHHIX).

734. JloxaszaTb, UTO 1J1s1 CHCTEMbl yPaBHEHHUH

n
D ajzi=0 (i=12,...,s) (1)
j=1
paHra r < n Jwobble n — r JUHEHHO He3aBUCHMBIX pEI_I_IEHI/Iﬁ
11, X125 - - -5 A,
Q21, 22, . . ., A2n,
Ap—r 1, Ap—r.2, .-, An—prpn

00pasyloT (pyHIaMeHTaJbHYI0 CUCTEMY pellleHHH, a olllee pelle-
HHE MOXKHO' TPE/ICTABUTb B BUJE

n—r
xj:chozkj (j=1,2,...,n), (2)
k=1

rIe 1, C2, . .., Cp—y — TPOU3BOJIbHBIE MapaMeTphl. MHbBIMHU co0Ba-
MH, 0Ka3aTh, Y4TO TIPH JIOOBIX 3HAYEHUSIX TAPAMETPOB C1, Ca, . . . ,
Crn—r Gopmyiibl (2) nawt pewenue cuctemsl (1), u mo6oe pemenue
cuctembl (1) MOXXKHO MosyuuTh M3 hopmya (2) NpH MOAXOASIMX
3HAYEHHUSIX MAPAMETPOB C1, Ca, . .., Cp_r.

Jlnst clefyoKUX CHCTeM ypaBHeHHE HaiTH ofliee pelleHue
Buaa (2) U3 mpembiAyLIel 3a1a4H, TIe KaX10€ HEU3BECTHOE TPel-
CTaBJIEHO ONHOPOJHBIM JIHHEHHBIM BBIPAXKEHHEM OT MapaMeTpoB C
LeJbIMH KO3(P(PHUIINEHTaAMHU:
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735.

736.

737.

738.

739.

740.

2x1 + x9 — 4z =0,

3x1 + 529 — Tz =0,

4x1 — Dy — 623 = 0.

2x1 — x9 + brs + Txy =0,

4x1 — 2x9 + Txs + bxy =0,

2x1 — x9 +x3 — by = 0.

3x1 + 229 + bx3 + 224 + Tx5 = 0,

611 + 4dxo 4+ Taxs 4+ 4y 4+ daxs = 0,

31 4+ 2x9 — x3 + 224 — 1125 = 0,

6x1 + 4xo + x3 + 423 — 1325 = 0.

6x1 — 222 + 3x3 + 44 + 925 = 0,

3x1 — x9 + 2x3 + 624 + 325 = 0,

6x1 — 229 4+ Hxg + 2024 + 325 = 0,

9xr1 — 3x9 + 4x3 + 224 + 1525 = 0.

2x1 + Txo + 43 + dxg + 8x5 = 0,

41 + 4as + 8x3 +514 + 425 = 0,
r1 — 919 — 3x3— by — 145 =0,

3x1 + dxo +7x3 + bxy + 625 = 0.

3x1 +4xs+ 3x3 + 924 + 625 = 0,

921 + 8x2 + dxz + 624 + 925 = 0,

3x1 4 8xo 4+ Taxg + 30xy + 1525 = 0,

6x1 + 622 + 4x3 + Txy + dxs = 0.

741. BblcHUTDb, 00pa3yloT /M CTPOKH KaxKAOH U3 MaTpHIL

30 —24 43 =50 =5 4 2 9 =20 -3
A=19 -1 8 5 2|, B=|(1-11 2 13 4
4 2 9 =20 -3 9 =158 5 2

(yHIaMEHTaJbHYIO CHUCTEMY PeLleHHH /51 CHCTEeMBbl ypaBHEHHUH

3x1 + 4xo + 203 + 24 + 625 = 0,
5x1 4 929 + T3 + 4 + Tx5 = 0,
41 + 329 — 23 — x4 + 1125 = 0,
x1 + 629 + 83 + by — 4xs = 0.
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742. OnpenenuTb, KakKue U3 CTPOK MaTpHULBI

6 2 3 =2 =7
5 3 7T -6 —4
8§ 0 -5 6 13
4 -2 -7 -5 -7

00pasyloT (PyHAAMEHTANbHYI CHUCTEMY peLleHUH AJ5 CHCTeMsl
ypaBHEHHUH

2x1 — Hxo 4+ 3x3 + 224 + x5 = 0,
5x1 — 8xo 4+ dag + 4dxy 4+ 35 = 0,
T, — Txs + 4as + 224 = 0,

4r1 — T9 + 13 + 224 + 325 =0.

*743. [lokasaTb, 4TO ecJu B oOllee pellleHre OAHOPONHON CH-
CTeMbl JIMHEHHBIX ypaBHEHWH paHra 7 'C n HEHW3BECTHBIMH, TIe
7 < 1, BMECTO CBOOOJHBIX HEM3BECTHBIX MMOJCTABUTD YHCJIA MOoUe-
penHo M3 KaXKOOW CTPOKH OMpENeNUTess Topsiaka n — 7, OTJIHU-
HOTO OT HYJS, U HaliTWU COOTBETCTBYIOLME 3HAYEHUS] OCTAJbHBIX
HEU3BEeCTHBIX, TO MOJYUHUTCA (yHAAMeHTaJbHas CUCTeMa pelle-
HUH, 1, 0OpaTHO, JIOOYIO (PyHIAMeHTaJbHYI0 CHCTEMY pelleHHd
JAHHOH CHCTEeMbl yPaBHEHMH MOXKHO MOJNYUYHUTh TaKUM TyTeM IPU
MOAXO/ASIILIEM BEIOOPE ONpelenTe s NopsiaKka n — r, OTJUYHOTO OT
HYJIS.

744. TlycTb CTPOKH MaTpPHULbI

aj1 (g2 Qin
A= Q21 (22 Qap,
Ozpl Ong apn

00pasyioT (pyHIaMeHTalbHYI0 CUCTEMYy pelleHHH OLHOPOAHOH CH-
CTeMBl JIHHEHHBIX ypaBHEHHH paHra r ¢ m HeusBeCTHbIMH (n =
=1+ p). Jlokasatb, 4TO CTPOKH MATPHULIbI

ﬁll ﬁ12 SR ﬂln
B = 521 ﬁ22 SR 5271,
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TOTAA M TOJBKO TOTJA TaKKe 00pasyloT (pyHAaMeHTAJbHYI CH-
CTeMY pelleHHMH TOH »Ke CHUCTeMbl ypaBHEHHH, KOTJa CYL1eCTBYeT
HeBBIPOXKEHHasl MaTpulla p-ro MnopsakKa

Y11 Y12 ... Yip
= Y21 Y22 V2p
Yp1  Vp2 Ypp
Takasi, 4To
p
B = vigogr (i=1,2,...,p, k=1,2,...,n).
=1

[Tosib3ysicb MaTpHUHBIM YMHOXKEHHEM, 9T PaBEHCTBA MOXKHO 3a-
nucaTtb OAHUM paBeHcTBOM B = C'A:

745. TlokasaTb, uto 3anadya 743 sBJsSETCS YaCTHBIM CJyyaeMm
3ajmaun 744.

746. JlokazaTb, UTO €CJIM PAHT OJHOPOJHOH CHCTEMBI JIHHEH-
HBIX YpaBHEHHH Ha eMHUIY MeHbllle YHC/Ia HEU3BECTHBIX, TO JIO-
Oble [Ba pelleHHs 3TOH CHCTeMbl MPONOPLHUOHANBHBI, T. €. OT-
JIMYAKOTCS I YHCJIOBBIM MHOXKHTeJeM (ObIThb MOXKET, paBHbIM
HYJIO).

747. Tlonb3ysicb Teopwell OQHOPOAHBIX CHCTEM JIMHEHHBIX
ypaBHeHUH, pewnTh 3agady 509, T. e. 10Ka3aTb, YTO €CJH OIpe-
nenutenb D mopsinka n > 1 paBeH HyJ0, TO ajreOpauueckue
JOTIOJTHEHUS] COOTBETCTBYIOLIUX 3JIEMEHTOB IBYX JIIOOBIX CTPOK
(¢TONBLOB) MPOMOPLUOHABHBI.

*748. [lokazaTb, 4TO eclyd B OFLHOPOAHOH CHCTeMe JIMHEHHBIX
YPaBHEHUH UHCJIO ypaBHEHHH HAa e€IMHHUIy MeHblle YHCJa HEus-
BECTHBIX, TO B KauecTBe peLIeHUs] MOXKHO MpPHUHSATb CUCTEMY MH-
HOPOB, MOJYYEHHBIX W3 MaTPULBl KO3(D(PHULIHEHTOB MOOYepPENHBIM
BblUEPKHBAHUEM 1-TO, 2-T0 U T. 1. CTOJOLOB, IPUYEM 3TH MHUHOPbI
GepyTcsl C UepeayIoIMMHUCS 3HaKaMH.

[lanee, nokasartb, 4YTO €C/IM 3TO pelleHHe He HYJIEeBOe, TO JII0-
6oe pelleHHe MOJYy4aeTCs U3 HEro yMHOXEHHEM Ha HEKOTOpoe
YHCJIO.
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[Tosib3ysick pedysnbTaToM NpeiblAylleld 3agayy, HAUTH YacTHOe
v oflllee pelleHUs CUCTEM ypaBHEHMH:

5x1 + 329 + 423 =0,
749.

6x1 + 5x2 + 623 = 0.

4x1 — 69 + brs =0,
750.
6x1 — 922 + 10z3 = 0.
2x1 4+ 3x2 + Hxg 4+ 624 = 0,
751. 3x1 + 4x9 + 623 + Txg =0,
3x1 + 29 + a3 +4x4 = 0.
8xr1 — bre — b6z + 314 =0,

752. 4x1 — w9 — 3x3 + 224 = 0,

12z1 — Txo — 923 + Dy = 0.

753. JlokasaTb, 4TO [J51 TOTO, YTOObl CHCTEMa JHUHEHHBIX
YpaBHEHHUH ¢ YHCJAOM ypaBHEHWH, Ha eIWHULY OOJbLIMM UYHC/a
HeM3BeCTHBIX, Obl1a COBMECTHA, HeoOXxomuMo (HO He mOCTaTOU-
HO), 4TOObI ONpPENeNHUTeNb, COCTABJEHHbIH U3 BCeX KO3((QULHMEH-
TOB TIPU HEWU3BECTHHIX W CBOOOAHBIX 4JIEHOB, ObIJI paBeH HYJIIO.
[lokaszate, 4TO 3TO ycaoBUe OymeT TakyKe W JOCTATOUHBIM, €CJHU
paHT MaTpUlbl U3 KOI(PPULUHEHTOB paBeH UUCJY HEU3BECTHBIX.

754. TlycTs faHbl: CUCTeMa JHHEHHBIX YpaBHEHUH

n
Zaijxj:bi (i:1,2,...78),
j=1

JIBa pelleHUs 3TOH CUCTEMBl (v, (2, ..., Qp U B1, B2, ..., Bn 1
gucao A. Ha#itu cucremy JMHEHHBIX ypaBHEHHH C TeMM Ke KO-
3(ppULUEHTaMH TP HEU3BECTHBIX, KAK B JJAHHOM CHCTeMe, MMe-
IOLLYI0 pelleH’eM

a) CyMMy NaHHBIX DelleHuH:

al—’_ﬂh a2+ﬂ27 R Oln+ﬁn,

WM
6) TpoW3BeNEeHHEe MEPBOrO U3 JAHHBIX PEIIEHMH HA YHCIO \:

Ao, Aag, ..o A,
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755. Hatitn ycsoBHs, HEOOXOANMBIE U IOCTATOUHBIE /JISI TOTO,
4TOOBl MO0 CyMMa [ABYX pelleHHH, J160 NpPOoU3BeleHHe OLHOrOo
pelleHHs Ha YUCI0 A # 1 OBLIO CHOBA peleHHeM TOH 2Ke CHCTeMBbI
JINHEWHBIX YpaBHEHUH.

756. [lpy Kakux yCJOBUSIX JAaHHAas JHHEHHass KOMOWHALUs
JIIOOBbIX pelleHU JaHHOH HeOQHOPOIHON CUCTEMbI JIMHEHHBIX ypaB-
HeHWH CHOBa OyleT pellleHHeM 3TOH CHUCTEeMBbI?

757. Kakue 3HayeHHs] MOI'YT NPUHHMATh HEH3BECTHbIE B JIO-
OBIX pelleHHsIX COBMECTHOH CHCTeMbl JIMHEHHbIX yPaBHEHHUH, €C/IH
CTOJIOLBl KOI(P(PHULHUEHTOB NPH BCEX HEHU3BECTHBIX, KPOME IepPBO-
ro, a Takxe cTosbel CBOOOMHBIX YJEHOB IOMAPHO pa3aHualoTCs
JIMLIb YUCJIOBBIMH MHOXKHUTEJISIMU?

758. Ilpy Kakux ycJOBUSIX B JIOOOM pellleHHH COBMeCTHOH
CUCTeMBbI JINHEHHbIX ypPaBHEHUH HeH3BECTHOE &, UMEEeT OJHO U TO
JKe 3HaueHue?

759. Hatitu ycaoBusi, HeoOX0OnHUMBblE M NOCTATOUYHBIE [JISI TO-
ro, 4ToObl B JI060M peLIeHHH COBMECTHOH CHCTEMBl JIMHEHHBIX
ypaBHEHUH k-e HEeU3BeCTHOe ObLI0 PABHO HYJIIO.

760. IIpy KakuUX YCJIOBHSX B OOLIEM pelleHUH CUCTEMbI ypaB-
HeHUH

y+az+bt =0,
—x +cz+dt =0,
ar +cy —et =0,

br+dy+ez=0
3a CBOOOIHbIE HEW3BECTHBIE MOXKHO NPUHSTh 2 U t?

761. CKO/JbKO HE3aBUCUMBIX MEXY COOOU YCJOBHUH MOJIKHO
ObITh BBIMTOJHEHO /151 TOTO, YTOObI CUCTEMA S JIMHEHHBIX ypaBHe-
HUH. C 1 HEU3BECTHBIMH OblJa COBMECTHA M COflepXKaJsa 1 He3aBH-
CHMbIX YpaBHEHHUH, /i1 KOTOPbIX OCTa/JibHble YPaBHEHHUS SIBJSIUCh
Obl UX CJELCTBUAMU?

762. Tlpy KakMX yCJOBHSX CHUCTeMa ypaBHEHHH

r =0by+ cz+du+ ev,
y = cz+du+ ev+ ax,
z =du+ ev + ax + by,
u = ev+ ax + by + cz,
v=ax+by+cz+du

UMeeT HeHyJIeBoe pelleHHe?
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*763. [lpyu KakuX yCJOBHSIX CHUCTeMa JIMHEHHBIX ypaBHEHHUH ¢
BeLeCTBEHHBIMH KO3((ULHEHTAMU

Ar +ay+bz+ct =0,
—ax+ A \y+hz—gt=0,
—br —hy+ Az+ ft =0,
—cx+gy—fz+ Xt =0

MUMeeT HeHyJieBOe pelieHue?

[Tonb3ysick Teopuel NMHEHHBIX ypaBHEHWH, PeLIUTh: CJedyIo-
e 3anaun (paccMaTpUBAlOTCS TOJIBKO MPSIMOYTOJBHbIE 1EKapTO-
Bbl CUCTEMbI KOOPIHHAT):

764. Haiitu yc/oBus, He0OX0NHUMBbIE U LOCTATOUHbIE AJIs TOTO,
4TOOBl TPU TOYKH (z1,y1), (Z2,y2), (r3,ys) Jexaau Ha ONHOM
NPSIMOH.

765. Hanucarb ypaBHeHHe NpPSMOW, MPOXOASIEH uepe3 MBe
touku (r1,y1), (T2,Yy2).

766. Hafitu ycioBus, HeoOXOAUMbIe U IOCTATOYHBIE JS TOTO,
4YTOOB! TPU IIPSIMble

air + b1y +c =0,
asx + boy 4+ co = 0,
asx + bsy +c3 =0

MPOXOJUJIN Uepe3 OIHY TOUKY.

767. Ha#iTu HeoOXonuMble U AOCTATOUYHBIE YCJIOBUS IS TOTO,
4TOGB! 1 TOUEK MJIOCKOCTH (x1,Y1), (T2,Y2), - - ., (Tn, Yn) J€KAIH
Ha OJHOH NpSIMOH.

768. HaiiTu HeoOXonMMble U AOCTATOUYHbIE YCJAOBUS IS TOTO,
YTOOBI 72 MPSIMBIX Ha MJOCKOCTH

a1z + b1y +c1 =0,
as® + boy +c2 =0,

anT + bny +cn = 0

NPOXOAUJHU Yepe3 OOHY TOUKY.
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769. Hatwitn ycioBusi, HeoOXOAMMBIE U NOCTATOUHBIE IJIS TO-
ro, 4TOObl YeTblpe TOYKH MAOCKOCTH (z1,y1), (x2,¥2), (x3,Y3),
(4,ya4), He J€XKALIMe HA ONHOM MPSIMOH, JiexKaJHi Ha OMHOM OKPYXK-
HOCTH.

770. HanucaTb ypaBHeHHe OKPYKHOCTH, NMPOXOAsIIel yepe3
TpH TOUYKH (21,y1), (T2,Yy2), (T3,ys3), He Jexallyre Ha OTHOU Mpsi-
MOH.

771. Hanwncartp ypaBHeHHE OKPY»>KHOCTH, NPOXOASIIEH 4Yepes
tpu Touku (1,2), (1,—2), (0,—1), n HAHTH ee LEHTP U paguyc.

*772. JlokasaTb, 4TO OKPY2KHOCTb, TPOXOASIIAS YEPE3 TPH TOY-
KM C pallHOHAJbHBIMUA KOOPAWHATAMU, UMEET LIEHTP B TOUKE TaKXKe
C palMoOHaJbHBIMH KOOpPAUHATaAMH.

773. Hanucarte ypaBHeHHe KPHUBOH BTOPOTO MOPSAKa, MPOXO-
asiilell yepe3 NsiTb TOYEK:
(xlvyl)a (x27y2)a (x37y3)a (3347y4), (x5,y5).
774. Ha#itn ypaBHEHHWe U ONpeNeNUTb BUJ KPHUBOH BTOPOTO
nopsiika, MpOXOAsIIed yepe3 MsATh TOYeK:
(350)7 (_330)7 (536%)7 (57_6%)7 (_55_6%)'

775. Hanucartb ypaBHeHHE W ONpENENHUTb MOJNOXKEHHEe U pas-
Mepbl KPUBOH BTOPOTO TIOPSiiKA, IPOXOASIIEH Yepes MATh TOUEK:

(0,1), (£2,0), (£1,-1).

776. Haiitu ycioBue, Heo6X0IUMOE U JOCTATOUHOE AJisl TOTO,
4yToGbl 4YeThipe TOUKH (x1,y1,21), (T2,Y2,22), (23,¥s,23),
(4,Y4, Z4) J€XKAIN B OTHOH IMJOCKOCTH.

777. Hanucatb ypaBHeHHe MJIOCKOCTH, TPOXOASIIeH yepe3 TpH
TOUKH
(1,1,1), (2,3,-1), (3,—1,-1).
778. Haiitu yc/oBus, HeoOX0AHMble U LOCTATOUHbBIE AJs TOTO,
9TOObl HeThIpe MJI0CKOCTH

a1x + b1y +c1z+dy =0,
a2x + by + coz + do = 0,
asx + b3y + c3z +ds =0,
asx +bay +caz+dy =0

IPOXOAWJIA Yepe3 OOHY TOYKY.
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779. Halitu ycsoBusi, HeOOXOAHMbIE U JOCTATOUHBIE AJISl TO-
ro, uTobbl . MJocKocTedl a;x + by + iz +di = 0 (i = 1,
2, ..., n) NPOXONMJHM Yepe3 OIHY MPAMYI, HO He CJHBAJHUCh B
OHY MJIOCKOCTb.

780. Hanucatb ypaBHeHHe c(epbl, NPOXOASLIEH Uepe3 UeThl-
pe TO4YKH (l‘l,yl,Zl), ($2,y2,22), ($3,y3,23), ($4,y4,Z4), He Jie-
JKalllke B OJHOH MJIOCKOCTH.

781. Hanucatb ypaBHeHHMe W HalTH LUEHTpP WU paguyc cdepsl,
npoxopsie#t uepes rtouku: (1,1,1), (1,1,-1), (1,=1,1),
(—1,0,0).

782. Kakas cucrtema JHHEHHBIX ypaBHEHHWH 3ajiaeT TPHU pas-
JIMUHble TIPSIMble Ha MJIOCKOCTH, NPOXOASILHE YePE3 OOHY TOUKY?

783. Kakasi cucteMa JIMHeHHBIX ypaBHeHUH 3ajaeT TpH Ipsi-
Mble Ha IJIOCKOCTH, 00pasylolliie TPeyroJbHUK?

784. Kakas cucrema JiMHEHHbIX YpaBHEHHWH 3a/laeT TpH TJIOC-
KOCTH MPOCTPAHCTBA, He UMelollre OBLIUX ToueK, HO Mepecekalo-
IIMecs] TIOTNapHOo?

785. Kakas cucrtema JMHEUHBIX ypaBHEeHUH 3ajaeT 4deThbipe
IJIOCKOCTH MPOCTPAHCTBA, 00pasyloliye TeTpasap?

786. YkasaTb reoMeTPUUECKYIO UHTEPIPETALHIO CHCTEMBI Ye-
ThipeX JUHEHHBbIX YPaBHEHHUH C TpeMsl HEU3BECTHBIMH, B KOTOPOH
paHrM BCeX MaTpHUL M3 KO3(PPHULHEHTOB MPHU HEU3BECTHBIX TPex
YpaBHEHUH M paHT PaCLIMPEHHON MATPHUIbl PABHBI TPEM?

787. PaccMoTpeTb BCe BO3MOXKHbIE C/ydaH, BCTpeyaroliuecs
NpU pelleHWH CHCTeM JHMHEHHBIX ypaBHEHHH C IBYMsI W TpeMms
HEeM3BECTHBIMH, U B KaxKJIOM cJjydyae [JaTb [e€OMeTPHYECKYI0 HH-
TeprnpeTaluio TaHHOH CHCTeMBbl YPaBHEHHH.
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MATPULBI U KBEAOPATUYHDBIE ddDOPMbI

§ 12. AEMCTBUSA C MATPULLAMU

3
5

Brruncants NpOU3BENCHUSA MATPUIL:

788. (

790.

—16

16 0
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4 3 28 93 73
796. 7 5> ( —126>'<2 1)'

-1 70 34 —107 27 —18 10
—2 —1 2 |52 26 —68 |-[-46 31 —-17
—2 —1/ \101 50 —140 3 2 1
1 -1 7 -2 3 4
—5 —3 —4 4 11 0 3 4
798. 5 1 4 =315 4 3 0|
-16 —11 —15 14 22 2 9 8

Brruncauts BbIpaKE€HHUSA:
3 5 n
1 -2 4 -1 2 —1
799. <3 _4> . 800. (5 _2>. 801. (3 _2> .
802. (CF)S(X —SlIlOé> .
S11 ¢ COS ¢
A1 0

A2
803.

0 An
rape HyJu 0003HaUalIOT, UTO BCE 3JIEMEHTHI MaTpHULbl, CTOSILIIME BHE

rJIaBHOU AWaroHal/y, PaBHbBI HYJIIO.
3

111 ... 1

1 1\" n" 011 ...1

804. (0 1> . 805. (0 )\> . 806. |00 1 ... 1

0 00 1

1100 ... 00\""
0110 ... 00
807. 10 0 1 1 ... 0 O
0000 ... 01
(Topsimox NaHHOH MaTPHLBI PaBeH 7).
17 -6

808. Briuucautsb < > , UCIIOJIb3Ysl PABEHCTBO

35 —12

(3 0)=(G 6 )G %)
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4 3 -3
809. Boluucauts |2 3 —2 | , UCHOMNB3YS PAaBEHCTBO
4 4 =3
4 3 -3 1 31 1 0 0 o 2 -1
2 3 =2|=(2 21 0 20 1 1 -1
4 4 -3 3 4 2 0 0 1 -2 -5 4

810. Jloxasatb, uto ecau nas matpul, A u B oba npousse-
neunss AB n BA cyuectBylot, npudeM AB = BA, To MaTpulbl
A v B KBajpaTHble U UMEIOT OJMHAKOBBIH MOPSIIOK.

811. Kax wusmenutcs npousBenenve AB wmatpun A u B,
eCJIHu:

a) TepecTaBUTb i-K0 U j-10 CTPOKM MaTpHilbl A?

6) K i-d cTpoke MaTpuibl A NpuGaBUTh j-10 CTPOKY, YMHO-
JKEHHYI0 Ha YHCJIO ¢?

B) IepecTaBUTh i-d K j-i cTONONBI MaTpUlbl B?

r) Ki-My CTOJOLY MaTpHibl B TpUOaBHTD j-i cToMGeL, YMHO-
JKeHHBIH Ha 9HCJIO ¢?

812. Tlonb3ysich mpenplnylied 3agadedl U HEU3MEHHOCTBIO
paHra Ipd 3JeMeHTapHbIX NpeobpasoBanusix (cM. samauy 615),
10Ka3aTh, UTO paHT IIPOM3BeleHHs ABYX MaTpHL He GoJsee paHra
KaKJIOTO COMHOXKHUTES.

813. JloxaszaTh, 4TO paHT MPOU3BENEHHS] HECKOJIbKHUX MaTPHUIL
He GoJslee paHra KaxKAOH M3 MepeMHOXKaeMbIX MaTpHlL.

814. (Credom KBanpaTHOH MaTpPHUIbl Ha3blBaeTCs CyMMa 3Je-
MEHTOB; CTOSIIIMX Ha [JIaBHOHW nuaroHasu. [lokasaTb, UTO CJef
AB pageH cieny BA.

815. [oxasaTb, 4To ecau A U B — KBaJgpaTHble MaTPHULbI
OJTHOTO W TOTO Ke Topsiika, npuueM AB # BA, To:

a) (A+ B)? # A2 +2AB + B?;

6) (A+ B)(A— B) # A% — B2

816. Jlokasatb, yto ecau AB = BA, 10

(n—1)

(A+B)n:An+nAn—lB_|_n 5 An'_2B2—|—-'~—|—Bn.

3]1er Au B — KBaApaTHbIE MAaTPULbl ONWHAKOBOTO IMOPANKA.



138 Tnasa 3

817. [loxasaTb, 4TO JIFOOYH KBaIpaTHYI MaTpHLy A MOXKHO
NpelCcTaBUTb, U IPUTOM €IHHCTBEHHBIM 06pa3oMm, B Bule A = B+
+ C, rne B — cummerpuueckas, a C — KOCOCHUMMeTpHuecKas
MaTpHLbl.

818. Marpuusl A 1 B Ha3bIBAIOTCS nepecmaHo80UHbIMU, eC-
mn AB = BA. Keanpatnast matpuua A Has3blBaeTCsl CKAAAPHOL,
ecJ/ld Bce ee 3JIeMeHTbl IVIABHOH QMaroHajsu paBHbl Mex1y COOOH,
T. e. ecii A = cE, e ¢ — uncno, a £ — enuHUYHas MaTpulia.
JlokasaTb yTBepKaeHHe: [/1s TOro 4yToObl KBajpaTHas MaTpuna A
Obljla NepecTaHOBOYHA CO BCEMM KBaJpaTHBIMH MaTPULAMH TOTO
e nopsiiKa, HeoOX0IUMO U O0CTaTOYHO, UToObl MaTpula A Oblaa
CKaJ/IIPHOH.

819. KaaspaTtnas maTpuua HasbiBaeTcsi 0uacOHAAbHOU, ec-
JIM BCE €€ 3JIEMEHTbl, CTOSIILHE BHE TJIABHOH AHArOHAaJH, PaBHBI
Hyqt0. JlokasaTb yTBepKAeHHe: 1 TOro YToObl KBagpaTHasi Mat-
puna A Oblyia epecTaHOBOUHA CO BCEMH AHMArOHAaJbHBIMU MaTpH-
aMH, HeoOXOAUMO U JOCTAaTOUHO, HTOOB Marpuua A cama 6blia
MaroHaJIbHOH.

820. [loxasathb, uto ecnu A — nuaroHajbHasi MaTpPUIa H BCe
9JIeMEHTBl €€ TJIABHOH JAMArOHA/M PA3JHUHBl MeXAy co0O0H, TO
mobasi MaTpulla, NepecTaHoBouHas ¢ A, TakxKe AHAroHasbHa.

821. JloxasaTb, UTO YMHOXKeHHEe MaTpHUllbl A cjeBa Ha aua-
roHajbHyto mMatpully B = {1, A2,..., A\, } BbI3bIBAET YMHOXKEHHE
CTPOK A COOTBETCTBEHHO Ha A1, A2, ..., \,, YMHOXeHHe ke A
Ha B crpaBa Bbi3blBaeT aHAJOTMUHOE H3MEHEHHe CTOJIOLOB.

HaiitTu Bce mMaTpuLbl, NepecTaHOBOYHbIE ¢ MaTpULEH:

12 7 -3
822. <3 4>. 823. (5 _2>.

824. (0 3 1 825.
00 3 0 0 01
0 0 0 O

826. Haiitu Bce uncsa ¢, yMHOXeHHe Ha KOTOpble HEBBIPOXK-
JEHHOH MaTpHLibl A He U3MEHSIeT ee ONpeNeUTeNs.
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827. Haiitu snauenne muorounena f(z) = 322 — 2z + 5 ot
MaTpHULbI

1 -2 3
A=12 -4 1
3 -5 2

828. Haiitu snauenue Muorousena f(x) = 23 — 722 +13x -5
OT MaTpHIibl

5 2 =3
A=|1 3 -1
2 2 -1

829. Jloxaszatb, uto Marpuua A = (i Z) YIOBJIETBOPSIET
ypaBHEHUIO
2? — (a+d)x + ad —be = 0.

*830. Mlokasatb, uTo AJs JIOOOH KBafpaTHOH MaTpuubl A Cy-
eCTBYeT MHOrouJsieH f(x), OTIMYHBIA OT HYJIEBOTO U TAKOH, YTO
f(A) = 0, mpuueM Bce TaKHe MHOTOUJIEHBI AEJSATCS HA ONUH M3
HUX, ONpeeJeHHbIH OMHO3HAYHO YCIOBHEM, UTO €ro CTapliHi Ko-
3(QhHUUMeHT paBeH eauHuile (OH HasbIBaeTCS MUHHMAJbHBIM MHO-
ro4JIeHOM MaTpHIbl A).

*831. [lokasaTb, uto paBeHcTBO AB — BA = FE He BBINOJHS-
eTcsl HY 115 Kakux matpuil A u B.

832. HafitTu Bce MaTpullbl BTOPOro Mnopsiika, KBaapaT KOTO-
PBIX pPaBEH HYJIEBOH MaTpHLE.

*833. Ilycte A — matpuua BToporo mopsinka u k — mesoe
ymceso, 6osbiiee nByX. [lokaszatk, 4ToO A¥ = 0 Torma u TONBKO
torma, korga A% = 0.

834. HaiiTu Bce MaTpULibl BTOPOrO NMOPsIKaA, KBaApaTbl KOTO-
PBIX pPaBHBI eIMHUYHOH MaTpHLe.

835. HccnenoBats ypaBHeHue AX = 0, rme A — pnaHHas U
X — WCKOMasi MaTpPHIbl BTOPOTO MOPSIAKA.

Haiitu o6paTHble MaTpULbl AJIS1 CJEIYIOLIUX MaTPULL

1 2 3 4 a b
836. (3 4>. 837. (5 7). 838. (c d)’
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—sina
cos &

cos «v
sin o

839.
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74Q_u51_
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Sy A
0 ]
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e e —
33
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o — =)
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f a1 .
— ~ :
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12 111 .
M~ o0 , [ o - B e R o =) I — o O
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™ o < 109 © ~ )
= N = = NN N =
0 [*2] 0 0 [*.2] [*e] 0
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1000...00
alOO0...00
0al10...00
849. 00al . 00 (mopsimox matpulubl paseH n+1).
000O0...al
1 2 3 4 n—1 n
01 2 3 n—2 n-—1
850. 0 0 1 2 n—3 n—2
0 0 0 O 1 2
0o 0 0 0 ... 0 0
2 -1 0 0 0
-1 2 -1 0 ... 0
851. o -1 2 -1 ... 0
0 0 0 0 2
1 1 1 1
1 0 1 1
852. 1 1 0 1
1 1 1 0
0 1 1 1
1 01 1
853. |11 O 1
1 1 1 0
l+a 1 1 1
1 14a 1 ... 1
854. | 1 1 14a ... 1
1 1 1 ... 14a
(MOpsOK MaTpHLIBI PABEH 7).
1+a; 1 1 1
1 1—|—a2 1 1
855. 1 1 1+ag ... 1
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856. IloxaszaTh, 4TO BEIUKCJ/AEHHE MATPHUIlBl, 0OpPaTHOH K JaH-
HOM MaTpHlle MOpPsiIKa 7, MOXKHO CBECTH K PELIEHHI0 1 CHCTEM
JIUHEHHBIX ypaBHEHHH, KaXK1asi U3 KOTOPbIX COAEPKHT n ypaBHe-
HUH C m HEM3BECTHBIMU H MMeeT MaTpHlell Ko3(h(hHIINEeHTOB MpPH
HEH3BECTHBIX MaTpuly A.

[Tosb3ysick MeTomoM 3anaud 856, HalTH oOpaTHBlE MaTpPHULbI
IJ151 CJIeAYIOLIUX MaTpHULL:

3 3 —4 -3
0 6 1 1
857. 5 4 9 1
2 3 3 2
1 2 3 n—1 n
n 1 2 n—2 n—1
*868. [n—1 n 1 n—3 n—=2
2 3 4 n 1
a at+h  a+2h a+(n—2)h a+(n—1)h
859 a+(n—1)h a ath .. at+(n—3)h a+(n—2)h
.. a+h ...... a+2h . a+5h ....... a+(n71)h ...... ‘a ....
1 1 1 1 1
1 e 52 63 6"_1
. 1 &2 o4 6 £2(n=1)
860. 1 53 56 59 53(77,71) )
1 gn—l g2(n-1) 3(n-1) 5(n71)2

27

n

rae &= cos 2T + isin

Pemuts MaTpPUYHbIE YPDABHEHUS:
1 2 3 5
861. (3 4> - X = (5 9>.
3 -2 -1 2
soz. x (2 72) - (1 )

3 -1 5 6 14 16
863. (5 —2>'X'(7 8>_(9 10)'

1 2 -3 1 =30
864. (3 2 —4|-X=[10 2 7

2 -1 0 10 7 8
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5 3 1 -8 3 0
865. X-| 1 -3 -2]=|-5 9 O
-5 2 1 (—2 15 0
2 -3 1 9 7 6 2 0 -2
866. |4 -5 2] -X-|1 1 2|=118 12 9
5 -7 3 1 1 1 23 15 11
2 -3 2 3
sor. (2 9).x— (2 7)
3 6 2 4
868. X <4 8)(9 18).
4 6 1 1
869. <6 9) X = 1 1>
3 -1 2 3 9 7
870. |4 -3 3|-X=(1 11 7
1 3 0 7T 5 .7
1 1 1 1 1 2 3 n
0 1 1 0 1 2 n—1
871. |0 0 1 2X=10 0 1 n—2
0 0 0 ...01 0 0 O 1
872. Kak namenuTcst obpaTHast MaTpuia A1 ecsu B naHHO#
matpuie A:

a) TepecTaBHTb i-10 U j-10 CTPOKM?

6) i-10 CTPOKY YMHOXHTb Ha UMCJIO ¢, He PaBHOE HYJIIO?

B) K i-il CTpOKe NMpUGaBUTb j-10, YMHOXKEHHYIO Ha YMCJIO C,

UJIM COBEPLIUTb aHAJOTMUHOE NpeoOpa3oBaHHe CTONOLOB?

873. llenouucsnennass KBajpaTHas MaTpHlla Ha3blBaeTCs
YHUMOOYAAPHOLU, ecli ee onpenenuTenb paBeH +1. Jlokasars,
YTO LieJIOYMC/IeHHasi MaTpPULla TOTAA WU TOJBKO TOTJAa MMeeT LeJio-
YUCJIeHHYI0 00paTHYI0 MaTpHLy, KOTAa JaHHAas MaTpUla YHHMO-
LyJsipHa.

874. [oxasaTb, yTo MarpuuHoe ypaBHeHue AX = B paspe-
IIKUMO TOTJIa ¥ TOJIBKO TOT/a, KOTAa paHr MaTpulibl A paBeH paHry
MaTpuubl (A, B), moaydaeMoi U3 A npunucbiBaHHeM K He#l crpasa
MaTpHLbl B.

875. Tlokasatb, uto maTpuuHoe ypaBHenue AX =0, rne A —
KBagpaTHas MaTpHlla, MUMeeT HyJeBOe pelleHHe TOTLa M TOJbKO
toraa, korna |A| = 0.
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876. Ilycts A 1 B — HeocoOeHHble MAaTPHUIIbl OJHOTO U TOTO
ke nopsiaka. [TokasaTb, 4To YeTblpe paBeHCTBA:

AB = BA, AB™! = B4,
A"'B=DBA™!, A7t =p~ta-!

PaBHOCHJIbHBI MEXAY COGOH.

877. Ilycts A — kBajpatHas marpuua u f(z) n g(x) — Jo-
6ble MHOTOuJeHbl. [loka3aTe, uto Matpuubl f(A) u g(A) nepecra-
HoBouHHl, T. €. f(A)g(A) = g(A)f(A).

878. Ilycts A — kBajparTHasi MaTpuua # r(z) = ) — pa-
LHOHa/bHas GyHKUMS oT . [TokazaTb, uTO 3HaYeHHe r( ) GyHK-
uun r(x) npu x = A ompeneseHO OJHO3HAUHO TOTZA H TOJNBKO
torna, korna |g(A)| # 0.

879. Haiitu matpuuy A~!, obpaTHyio ans mMaTpuubl A =

0 E
CTBeHHO nopsinkos k u [, U — npoussoabuas (k,[)-marpuna (7. e.
Matpuua u3 k CTpok W [ CTONBIOB), a Bce OCTa/bHble 3JE€MEeHThI
paBHbI HYJIIO.

E. U
= , rne By u E; — efMHWYHBle MaTPHULBl COOTBET-

880. Ksanparnast Matpuna Hy = (h;;) nopsiika n HasblBaeT-
cst k-M Kocoim psdom nopsaoka n, dJeMeHThl KOTOPOH onpenels-
I0TCST paBeHCTBAMH

' i
hij; = TPH I U= a1 42 (0 — 1),
0 npu j—i#k

okasath, uto HF = Hy,, H* | = H_j,ecruk=1,2, ..., n—1;
HE=H* =0, ecu k > n.
881. Kak usmenutcs matpuiia A npu yMHOXKEHHH ee cJieBa
WJIM clipaBa Ha Matpuuy Hp uau Ha H_; npenbiaylied 3agauu?
882. [lokaszarb, yTo omepauusi TPaHCIOHUPOBAHUS MaTPHUILBI

ob6JagaeT CBOMCTBAMU:
a) (A+B) =A4+DB

( B)' — B'A/;
(cA) = cA;
( 71)/ — (A/)—l

rie ¢ — uucao, a A u B — MaTpHLBL.
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883. lloxasatb, 4Tto ecin A U B — cuMMeTpHUUeCKHe KBaj-
paTHble MaTpHLBl ONUHAKOBOTO NoOpsiika, To Martpuua C =
= ABAB ... ABA gBasieTcsi CHMMETPHYECKOH.

884. [lokasats, 4TO:

a) wmaTpuia, o6paTHast K HeOCOGEHHOH CHMMeTPUUeCKOH, Oy-
IeT CUMMeTpHYeCKOH;

6) MaTpuia, oOpaTHass K HEOCOGEHHOH KOCOCHMMeTPHUeCKOM
OyzeT KOCOCUMMeTPHYeCKOH.

885. Ilokasare, yTo mas sm06oil MaTpuisl B marpuna A =
= BB’ saBisieTCst CUMMETPHYECKOH.

886. Ilycth A* = A’ — matpuua, noiyueHHas us A mytem
TPAHCIIOHUPOBAHUS ¥ 3aMeHOH BCeX 3JeMEHTOB Ha UHCJA KOM-
TJIEKCHO compsikeHHble. [lokasate, uTo:

a) (A+ B)* = A* + B*,

6) (AB)* = B*A*;
B) (cA)* =A%,
F) (A—l)* — (A*)_l,

rage ¢ — 4ucJjo, a AuB — MaTpUllbl, HaA KOTOPbIMHU BbIITOJIHHUMAa
COOTBETCTBYIOLLasl ornepanus.

887. Marpuua A nasweiBaercsi spmumosoil, ecau A* = A.
[ToxaszaTb, uTo mjs J1060H MaTpulbl B ¢ KOMMJIEKCHBIMH HJIH
BellleCTBEHHbIMHU 3/eMeHTaMu Matpuua A = B - B* gBasercs 3p-
MHUTOBOH.

888. [lokazarp, 4yTO Mpou3BeleHHE ABYX CHMMETPHUYECKHUX
MaTpHuL TOFAA U TOJNBKO TorAa OyneT MaTpuLel CMMMeTpHYeCKOH,
KOrJa JaHHble MAaTPHLbl ePECTAHOBOYHBI.

889. [lokasaTb, 4TO MpOH3BeNEHHE ABYX KOCOCHMMMETpHYe-
CKHUX MaTpHL TOTJA U TOJbKO TOTAa OyHeT MaTpHled CHUMMeT-
PUUECKOH, KOra TaHHble MATPHLbl TTePeCTaHOBOUHBI.

*890. [loxkaszaTb, UTO MpOW3BeleHHE NBYX KOCOCHMMeETpHYe-
CKUX MaTpull A u B Torma u ToJbKO Toraa OyaeT KOCOCUMMETPHU-
YyecKOH MaTpuLe#, Korna AB = —BA.

[IpuBecTH MpUMepE KOCOCHMMETPHYECKHX MaTpHL, YAOBJe-
TBOPSIIOIUX ycaoBUIO AB = —BA.

891. KsanparHas marpuia A = (a;;) MopsiiKa n HasblBaeTcs
opmoeonavroil, ecni AA' = E, rie F — elnHuYHasi MaTpHUlia.
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[ToxasaTb, 4TO /19 OPTOrOHA/JBbHOCTH KBaApaTHOH Martpuubl A
HeO0OXOAMMO U JOCTATOYHO J11000€e U3 C/IeNYIOUIUX YCJIOBUH:
a) cTosbusl A 06pa3yrT OPTOHOPMUPOBAHHYIO CHCTEMY, T. €.

n
g agiag; = 07,
=1

rae 65 — cumBos Kponekepa, o6o3Haqamomuil 1 npu ¢ =5
u 0 npu i # j;
6) cTpoku A 06pasylOT OPTOHOPMHUPOBAHHYIO CHUCTEMY, T. €.

n
§ : v/
ik Ajk = 51
k=1

892. Kpanparnas marpuua A = (a;;) mopsiika m C Belle-
CTBEHHBIMH HJM KOMIIJIEKCHBIMHU 3JIEMEHTaMH Ha3BIBAETCH YHU-
maproii, ecnu AA* = E (cmblea o603HaueHuss A* TOT e, uTo
u B 3anade 886). [TokasaTb, 4TO MNJis YHUTAPHOCTH KBaIApaTHOM
MaTpuubl A He00XOAMMO M [OCTATOYHO J1000e H3 CJeLYIOLIHUX
YCJIOBUM: ,

a) > op_y Gkilg = 07,

6) Doy Gikljk = 07

(67 — cumBon Kpomekepa).

893. loxasate, UTo omnpenenuTe b OPTOrOHAIbHOH MaTpPHUILbI
paBeH *1.

894. Jlokasarb, uTO omnpeienuTe/]b YHUTAPHOH MaTpHUIBl MO
MOJYJII0O PaBeH elMHHIIE.

895. [lokaszaTb, UTO €CJIM OpPTOroHaJbHasi MaTpula A nMeeT
Ha IJIABHOM JHArOHA/M KBaJgpaTHble KaeTKH Aq, Ag, ..., As #
HYJW MO ONHY CTOPOHY OT 3THX KJETOK, TO BCe 3JeMEHTHI MO
IPYTYI0 CTOPOHY OT HHUX TaKKe PaBHbl HYJIO W BCe MaTpuLbl Aj,
As, ..., As OPTOrOHAJIbHBI.

896. [lokaszatTh, uTO AJ OPTOTOHAJbHOCTH KBaApAaTHOH MaT-
puubl A He0OGXOOUMO U IOCTATOYHO, UTOOH! €€ ONpeaeauTeNb Obli
paBeH £1 U KaXXJblH ee 37eMeHT ObLT paBeH CBOeMY ajrebpaunue-
CKOMY JIOTOJIHEHHIO, B3ITOMY CO CBOMM 3HakKkoM, ecau |A| =1, u
C MPOTHBOMOMOKHBIM, ecan |A] = —1.

*897. [lokasarTb, 4TO BellecTBeHHAas KBajpaTHas marpuua A
nopsinka n > 3 OyIeT OpPTOTOHAJbHA, €CAN KaXKAbIH ee 3JeMeHT
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paBeH CBOeMy ajreOGpanyecKOMy JOMOJHEHHIO U XOTsl Obl OMUH U3
3JIEMEHTOB OTJIMUEH OT HYJIS.

*898. JlokasaTb, 4TO BellleCTBeHHasi KBajpaTHas matpuua A
nopsiika n > 3 OyeT OPTOTOHAJIbHA, €CH KaXKIblH ee 3JeMeHT
paBeH CBOeMy aJreO6paniyecKoMy AOIMOJHEHMIO, B3ATOMY C MPOTH-
BOIIOJIOXKHBIM 3HAKOM, U XOTS OBl OAWH U3 3JIEMEHTOB OTJIHYEH OT
HYJIS1.

*899. Jlokasarb, 4TO CyMMa KBaJpaToB BCeX MUHOPOB BTOPOroO
MOpSIIKa, JIeXKalKX B IBYX CTPOKax (MJH CTOJIOIAX) OPTOTOHAb-
HOH MaTpHuLbl, paBHA €IMHHLE.

*900. [oxaszaTh, UTO cCyMMa KBaJpaTOB MOAYJeH BCeX MHHO-
POB BTOPOTO MOPSI/KA, JEXALIKX B ABYX CTPoKax (uau cTos61ax)
YHHUTApHOH MAaTpHIlbl, PABHA €IMHHIIE.

*901. [loxkasaTb, 4TO CyMMa KBaJpaToB. BCeX MHHOPOB Kk-TO
MoOpsiKa, JeXKallkX B J00bX k cTpokax (¢To/161ax) opToroHab-
HOH MaTpHuLbl, paBHA eIMHHLE.

*902. [okaszaTh, 4TO CyMMa KBagpaTOB MOAYyJeH BCeX MHHO-
poB k-ro mopsaxa, Jexalmux B Jo6bx k cTpokax (cros6uax)
YHHUTApHOH MAaTpHIlbl, PABHA €IMHHIIE.

*903. JlokasaTb, 4TO MHHOp JI0O0TO MOPSIAKA OPTOTOHAJNBHOH
MaTpulbl A paBeH cBoeMy anareGpanuecKoMy NOMOJHEHHIO, B3STO-
My C €ro 3HaKOM, ecji# |A| = 1, ¥ ¢ MPOTHBOMOJIOKHBIM 3HAKOM,
ecan |Al = —1.

*904. Ilycts A — yHurapHas marpuua, M — ee MHHOD JiIO-
6oro nopsnka, M4 — anrebpauueckoe OMOJHEHHe MUHOpa M
B martpuue A. Jlokasath, uto My = |A|- M, rne M — uucio,
comnpsizkeHHoe ¢ M.

905. Ilpu Kakux yc/0BHUSIX AUaroHasbHash MaTpULa SIBJSETCS
OPTOTOHAJIBHOH?

906. Ilpu Kakux yc/0BHUSIX AUaroHasbHasi MaTpULa SIBJSETCS
YHUTapPHOU?

907. IlpoBeputb, 4To J1060€ K3 TpexX CBOMCTB KBaApaTHOH
MaTpHLBl: BeLleCTBEHHOCTb, OPTOrOHAJNBHOCTb, YHHTAapHOCTb —
BBITEKAET U3 ABYX OCTAJbHBIX.

908. KBanpartnass matpuua I Has3blBaeTcsl UHBOAHOMUBHOLL,
eciu [2 = FE. Tloka3aTb, uTO KaXuoe W3 Tpex CBOHCTB
KBaJIpaTHOH MaTpHLBI: CHMMETPHS, OPTOrOHAJIbHOCTb, HWHBOJIO-
TUBHOCTb — BBITEKAeT U3 ABYX OCTAJbHBIX.
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909. TlpoepuTh, UTO MATPHUILBI
1/3  —=2/3 —2/3
a) [-2/3 1/3 =2/3]);
-2/3 -=2/3 1/3
1/2  1/2 1/2 1/2
1/2 1/2 —-1/2 -1/2
1/2 —-1/2 1/2 -1/2
1/2 —-1/2 -1/2 1/2
00/121aI0T BCEMH TPeMsl CBOMCTBAMH Tpelblayllel 3aiauH.

910. Kazmpartnas matpuua P Ha3blBaeTcs udemnomesmuoll,
ecin P2 = P. TlokaszaTh, uTo ecau P WOeMMOTeHTHa, To [ =
= 2P — E UHBOJIIOTUBHA, U HA000pOT, ecu I UHBOJIOTHBHA, TO

= 1/2(I + E) unemnoTeHTHa.

911. JloxasaTb, 4TO:

a) TpousBeleHHe NBYX OPTOTOHAJbHBIX MaTpHI[ OyleT opTo-

roHaJbHOH MaTpullei;
6) Mmarpuua, oGpaTHas K OPTOROHAJbHOH MaTpHle, OpPTOro-
HaJbHa.

912. Jloxkasarhb, 4ToO:

a) TpousBeneHMe NBYX YHHTAPHBIX MATpPULL OyleT YHUTaPHOH
MaTpuLeH;

6) Marpuua, 00paTHas K YHMTAPHOL MaTpulle, YHUTAPHA.

6)

*913. MuHop MaTpulbl A, CTOSILIME HA TepeceyeHun CTPOK C

HOMepaMH i1, fg,..., ip H CTOJI6LLOB C HOMepaMH ji, Jo2, - .., Jp
22, ceey Zp
G6yneM 0003HauYaTh yepe3 A )
,717 .727 et Jp

JlokasaTb crnpaBenHBOCTb CJIEAYIOLLEr0 BBIPaXKEHHsS MHHOPOB
npoussenenus C' = AB nByX MaTpull yepe3 MHHOPbI EPEMHOXKa-
eMbIX MaTpHLL:

o <21 zzzp> _
J1s )25 -5 Jp
Sy a(iei) (b )
1<k <kg<--<kp<n b e T2 I
(1 <idp <+ <ip; J1<jo<--<Jp)
€CJIM p He NIPEBOCXOAUT HU YHCJIa CTOIOIOB MaTPULLbl A, HU UUC/Ia

CTPOK MaTpuLbl B. B NpoTHBHOM cjlyyae Bce MUHOPHI IOPSKa P
Matpuubl C' paBHBI HYJIIO.
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914. Tlonb3ysick mpeablaylled 3amaded, 10Ka3aTb, YTO PAHT
MPOU3BEIEHHsT IBYX MaTpHIL He GoJiee paHra Ka)KJI0ro COMHOMXKH-
TeJis.

*915. JlokasaTb, UTO YMHOXKEHHe MaTPHUILbl A cJieBa UJH Clipa-
Ba Ha HEBBIPOXKIEHHYIO MaTPULLy HE U3MEHSIET ee paHra.

916. T[naBHBIM MMHOPOM MaTpHUIlbl A Ha3biBaeTCs MHHOP, CTO-
SILIMH B MepeceyeHut CTPOK M CTOJOLOB C OMHAKOBBIMU HOMEpPa-
mu. Tlokasate, 4To ecsiu 3/1eMEeHThl MaTpULbl B BelleCTBEeHHBI, TO
Bce rviaBHble MUHOPbl A = BB’ HeoTpHLIaTebHbI.

917. TlokasaTb, uTo AJs JMIOO0H MaTpULbl B ¢ KOMIJIEKCHBIMA
WJIM BeILleCTBEHHBIMH 3/JIeMEHTAaMHU BCe TJIaBHble MUHOPBI MaTpPHUILbI
A = BB* HeorpuuaresbHbl. 31ech B* = B

918. TlokasaTb, 4To ecau B 0003HAUEHUSX TIpeBIAYILEN 3a-
nauu A = BB*, to panr A paBeH panry B.

919. [okaszatb, UTO CyMMa TIJIaBHBIX MHHOPOB k-TO Mmopsifika
maTpuubl AA’ paBHa cymMe KBajpaTOB BCeX MHUHOPOB k-ro mo-
psiiKa MaTpuubl A.

*920. JlokasaTb, 4TO AJis JIOOBIX KBaApaTHBIX MaTpul, A u
B nopsizka m cymMMa BceX [VIaBHBIX MUHOPOB NAHHOTO Mopsinka k
(1 <k <n) nns matpun AB n BA onvHakosa.

*921. Ilyctb A — BelllecTBeHHash MaTpulla mopsiika n, B u
C — wmarpuubl M3 IIepBHIX k W MOCAeTHUX n — k CcTOJAOLOB A.
Ilokasats, uto |A?| < |B'B|-|C'C|.

*922. Ilyers A = (B,C) — BemecTBenHass matpuua (cMbic
cumBosia (B,C') ykasan B 3anade 874). Jlokasatb, uto |A'A| <
< |B'BJ-{C'C).

*923. Tlycts A = (a;;) — KBajgpaTHas BellleCTBeHHash MaTpH-
ua- ropsinka n. JlokaszaTb HepaBeHCTBO Anamapa:

n n
|A2| < H Zafk-

k=11i=1

*924. JlokasaTb, 4TO AJIs1 JIOOOH BelIeCTBEHHOH TPSIMOYTOJ/Ib-
HOH MaTpuubl A = (a;j) ¢ n CTPOKAMHU U M CTOJIOLAMH BBITOJIHS-
€TCsl HEPaBeHCTBO

m
A'A < ]
k=11

2
alzk .
1

L n
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*925. Ilyctb A = (B,(C') — MaTpulia ¢ KOMIJIEKCHBIMH 3JIe-
MeHTaMH. Jlokasats, uto |A* - A| < |B*- B|-|C* - C].

*926. Ilycts A = (ai;) — KBaapaTHas MaTpuLia MOpsIKa N
C KOMIIJIEKCHBIMH 3JIeMEHTaMH, He NPEeBOCXOASLIMMH MO MOLYJIO
uyrcaa M. JlokasaTb, 4TO MOAY/b onpeaesnutens |A| He mpeBoc-
xogut M™ - n"/z, MpHUYeM 3Ta OLIeHKA SIBJSETCS TOUHOM.

*927. IlokasaTb, 4YTO Kaxaoe 3JeMeHTapHOe MmpeobpazoBaHue
MaTpuubl A, T. e. Ipeobpa3oBaHuUe OfHOTO U3 CJEAYIOLIUX THIIOB:

a) mnepecTaHoBKa ABYX CTPoK (cTos1610B);
6) ymHOxKeHHe cTpokH (cTos161a) Ha YKCIO ¢, OTIHYHOE OT
HYJIS;
B) npubaBieHHe K ONHOH cTpoke (cToOMOLY) APYro# CTPOKH
(cTomba), YMHOXKEHHOH Ha J60e YUCIo ¢,
MOXKeT OBbITh TOJYYeHO YMHOXKeHHeM MaTpulibl A Ha HEKOTOpPYIO
ocobeHHYI0 MaTpuLy P cieBa a5 npeoO6pa3oBaHUs CTPOK M cIIpa-
Ba JJIs1 1peoOpas3oBaHusl cToNOLOB. HalT BUI 3THX MaTpHLL.

*928. KpajgpatHas MaTpuLa HasblBaeTCs mpeyeorvHol, eClu
BCE ee 3JIeMEHTBI, CTOSIIKE M0 OIHY CTOPOHY OT TJIaBHOH IHAaro-
HaJsid, paBHbl Hyq0. [lokazaTb, U4To MO0y KBaApPaTHYIO MaTPHILLY
MOKHO MPEACTaBUTb B BUJE NPOU3BEIeHNS HECKOJBKUX TPEyroJib-
HbIX MaTpHLL.

*929. I[lokasatb, 4To J1100yI0 MAaTPUIy A paHra r MOXKHO Ipef-
CTaBUTH B BUJe npousBenenns A = PRQ), rne P u () — HeocoOeH-
Hble MaTpPHIIbl, a /2 — TPSIMOYToJbHAs MAaTPHLA TEX 2Ke Pa3MepoB,
4yTo U A, Ha IJIABHOH AMAroHaju KOTOPOH MepBble 7 3JE€MEHTOB
paBHBI eIMHULE, BCe XKe OCTaJbHble 3JeMEHTbl PAaBHbI HYJIIO.

*930. Ilyctb A — maTpuua pasamepoB m X n W paHra r, P =
= (p;j) — MaTpula pasMepoB s X M, y KOTOPOU P11 = pag = - -+ =
= prr = 1, a Bce ocTasbHble 3JeMeHTHl — HYJIH, Q = (¢ij) —
MaTpUla pa3MepoB m X t, Y KOTOPOH q11 = g2 = -+ =qu =1, a
BCe OCTaJ/IbHBIE 3JleMeHThl — HYJH. JlokasaTh HepaBeHCTBa!

a) paur PA>k+r—m;
6) panr AQ >1+r—n;
B) panr PAQ > k+1+r—m —n.

*931. O6o3HauuM panr matpuubl A uepes r4. JlokazaTb, uto
1J15 paHra npousBeneHuss AB 1ByxX KBagpaTHblX matpuu A u B
MOpsiika . UMeeT MEeCTO CJlelylollee HepaBeHCTBO:

ra+rg—n<ragp <ra,rp (HepaBenctso CuabBectepa).
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932. llokasarb, 4TO 1/ paHra npousBeneHus AB TmpsMo-
YTOJIbHBIX MaTpull A U B uMeeT MecTo HepaBeHCTBO CHibBecTe-
pa mpenblAyllel 3agayd NpPHU YCJOBHH, 4TO m 0003HA4YaeT 4YHUCJIO
CTOJNIOLOB MaTpULBl A U YHUCJIO CTPOK MaTpUlbl B.

*933. [lokasatb, 4To JIOOYI0 HEBBIPOXKAEHHYIO Matpuly A
3JIEMEHTaPHBIMU TTPE0OPAa3OBAHUAMH TOJBKO CTPOK (MM TOJBKO
CTOJIGLOB) MOXKHO TIPUBECTH K efMHUYHOi MaTpuue E. Ecau co-
BeplLIeHHble HaJ A 3JeMeHTapHEle Ipe0Opa3oBaHUsl B TOM 2Ke 110-
psiiKe MPUMEHHUTb K eAMHUYHOH MaTpule F, To B pe3ysabTare mo-
Jydutcs matpuua A~!, o6parnas mns A.

[Tonb3ysicb mpueMoM NpelblAyLIel 3afaud, HAHUTH OOpaTHBIE
MaTpHULbl /1 CAeAyoumnx Matpull (ass yno6eTBa BHIUMCAEHUE
MpUIKCATh K JAaHHOHW MaTpulle A crpaBa eIHHHUHYIO MaTpPHULy H
BBITIOJIHATD 3JeMEHTapHble NMPeoOpa3oBaHUs CTPOK, MPHUBOASLLIHE
Ak E, Hall CTPOKaMH BCed HamucaHHON MATPHIIbL):

12 -1 -2 e 001 -1
38 0 —4 031 4
934. | L, o, .| 935 3??'936' 076 1
38 -1 -6 122 -1

937. Ilonb3ysicb MeTonoM 3anaud 933, HaliTH 0OpaTHbIE MaT-

puubl aJst Matpul 3agad 844, 846, 847, 848, 849, 850.
*938. loxkasaTb yTBepKIEHHUE!

Jast Toro uto6sl MaTpula A U3 m CTPOK U 1 CTONOLOB UMeJa
paHT eIUHHUIY; HEOOXOOUMO U NOCTATOUHO, UTOOBl A TMpeacTaBJsi-
Jgach B Bufie A = BC, rne B — HeHyJeBOH cTosbell NOJUHBL M,
C — HeHyJseBasi CTpPOKa JJIMHBL 1.

*939. JlokasaTb yTBepXKIeHHUE:

st Toro, 4yToOB MaTpulia A U3 m CTPOK U 1 CTOJOLOB UMesa
paHr 7, HeOOXOAMMO W JOCTATOYHO, UTOObl A TpencTaB/siiach B
Bue A = BC, rne B — MaTpula U3 m CTPOK U 7 JHHEHHO He3a-
BUCUMBIX CTOJIONOB, a C' — MaTpula U3 1 JUHEHHO He3aBUCUMBIX
CTPOK U CTOJIOLOB.

940. Ilokasatb, uto ecii A U B — KBajpaTHble MaTpPHUIbI
nopsinka n U AB = 0, T0 r4 + rp < n, npudem Aas Jw0060#
JaHHOHU MaTpullbl A MaTpuly B MOXKHO BbIOpaTb TakK, 4TOOb! ObLIO
ra+rp =k, tne k — moboe Les0e YUCIO0, YIOBJETBOPSIONIEE
yenoBuio 74 < k < n.
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*941. IlokasatTs, uto ecau A — KBajpaTHast MaTpUIla MOPsIAKa
n, LJIS KOTOPOH A2 =F, 1o TE+A +TE—A =N.

942. ]IBe 1es0uncAeHHble MATPULLBI HA3bIBAIOTCS SKBUBAJEHT-
HBIMU, €CJHU OT OJHOH M3 HUX K JIPYroil MOXHO TepelTH MmyTem
leJIOYUCJIEHHBIX 3JIEMEHTapHBIX TpeoOdpa3oBaHuil, T. e. mpeobpa-
30BaHUH CJEAYIOLIHUX THUIIOB!

a) TepecTaHoBKa NBYX CTPOK;

6) yMHOXKEeHHe CTPOKH Ha —1;

B) npubaBJeHMe K OHOH CTPOKe APYroi, yMHOXKEHHOMH Ha Lie-
JIoé UWCIO ¢, W aHaJOTMYHBIX MpeoOpa3oBaHWU IJs1
cT0s16110B. JloKa3aTh, 4TO MaTpullbl A U B TOrna H TOJbKO
TOrga SKBHBaJeHTHbI, Korna B = PAQ, rone P u Q —
KBajlpaTHble [eJIOUHC/IeHHble, YHUMOMLYJISIPHbIE MaTPHUIBL.

*943. [lpsmoyrosbHas LeJounceHHasi MaTpuia A Ha3biBaert-
CSl HOPMAAbLHOU, €CNU ee 3JEeMEHTHl 11, @22, ..., dyy TOJOXKHU-
TeJIbHBI, @;; AEJIUTCS HA ;11 (i =2,3, ..., r), a Bce ocTalb-
HBIE 3JIEMEHTHl PaBHBI HyJO. [TokasaTk, 4TO KaXkKaas LeJ0UHC/IeH-
Hasi MAaTpULA SKBHUBAJEHTHA OHOW U TOJIbKO OJHOW HOPMaJbHOH
MaTpHulle; UHBIMU CJOBAMM, KaXKIbIH KJacC SKBUBAJEHTHBIX MeX-
Iy coBoil 1eJIOYMCIEeHHbIX -MaTPHILL CONEPKUT HOPMaJbHYIO MaT-
pULLy ¥ IPUTOM TOJIBKO OIHY.

*944. JlokaszaTb, YTO KaXKIYH HEOCOOEHHYIO LIEJOYUCTEHHYIO
MaTpuly A MOXHO TpenctaBuTb B Bune A = PR, tne P — yHu-
MOAyJISpHas, LeJA0UnCAeHHast MaTpuLa, a R — TpeyroJbHas 1eJo-
YucJieHHass MaTpHlla, 3JeMeHThl KOTOPOH Ha TIJIaBHOH THaroHaJH
TOJIOXKUTEJIbHBI, HYXKe TJIaBHOW [HAaroHajy paBHbl HYJIO, a BbI-
1Ie TJIABHOKM JMaroHajd — HeOTPHUIlATeJbHbl U MeHblIle 31eMeHTOB
IJIaBHOH IMAroHaJsik TOTO »Ke CTOoN0Ia, MPHUEM TaKoe MpeacTaBJe-
HUe eIMHCTBEHHO.

*945. JlokasaTh, UTO KBaJgpaTHyl MaTpuuy A mopsinka n #
paHra r MOXKHO TNpelcTaBuTh B BUie A = PR, rne P — Heoco-
GeHHas MaTpuua U R — TpeyrosibHasi MaTpHlla, B KOTOPOH TepBble
7 3JIEMEHTOB IVIaBHOH [UAroHaJ/y PaBHBI eIMHUIE, & BCE 3JIeMeH-
Thl HUJKE TJIABHOHM NMAaroHa/ ¥ U BCE 3JIEMEHTHl MOCJEIHUX 1 — T
CTPOK PaBHBI HYIJIIO.

*946. KpanpaTnass matpuua HaswiBaetcs sepxuetl (muocreil)
TPEYTOMBbHOM, €C/IM BCe 3JeMEHThI, CTOSIIHE HHUKe (COOTBETCTBEH-
HO BBbIIE) IJIAaBHOHM JMAroHaju, paBHbl Hyqw. [lokasaTb, uTO
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cJleflyIollHe OepaLyu: CJ0XKEeHHe JBYX MaTpHL, YMHOXKeHHe Mart-
pHLBI Ha YHCJ0, YMHOXKEHHE ABYX MaTpPHLL U Mepexol K 0OpaTHOH
MaTpule 1/51 HeoCOOEHHOH MaTpHlbl, MPUMEHeHHble K BEPXHUM
(HMXKHMM) TPeyroJibHbIM MaTpPUIlaM, NPHBOASAT CHOBA K BepxHei
(HMKHEH) TPeyroNbHOH MaTpHILe.

947. KsazpaTHasi MaTpula Ha3blBAETCS HUALNOMEHMHOLL, eC-
JI1 HeKoTopasi ee CTelleHb paBHa HyJ/i0. HauMeHbllee Lesoe I0-
JoxuTebHOE uucio k, aas kotoporo AF = 0, nasbiBaetcsa noka-
samenem Hunrvnomenmrocmu Mmatpuusl A. Iloxkasate, 4yTo- Tpe-
yroJibHasi MaTpullia TOTAA U TOJBKO TOrJa HUJBIIOTEHTHA, KOraa
BCe 3JIEMeHTHl [VIABHOH NMaroHa/u paBHBl HYJIO, & [0Kas3aTelb
HUJIbIIOTEHTHOCTH TPeyroJbHOH MaTpHLbl He NIPeBOCXOIUT ee Io-
psiika.

948. [lokasarb, uto obparHas marpuua B = (b;;) Ljst BepX-
Hell (HHXKHe#) TpeyrobHO HeocoGeHHOH MaTpuibl A = (a;y) no-
pagka n GyaeT cHoBa BepxHeH (Hu»KHeir) TpeyroJibHOH MaTpULeH,
NpUUEM 3JIeMeHTHI IMIaBHOH AUaroHa/dd MaTpULbl B onpenessoTcs
paBeHCTBaMHU b;; = ai (i=1,2,..., n), aocrajbHble 3JeMeHThbI
HaXO[STCSl U3 PeKYyPPEHTHLIX COOTHOLIEHHH:

a) IS 3JIEMEHTOB i-H CTPOKH BEPXHEH TPeyroNbHOR MaTpPHUILbL

Zk ] bijajk , .
bip = —F—— (k=i+1,i+2,...,n);
akk

6) IS 37eMeHTOB k-ro cTOI0IA HUXKHEH TPEyroJbHOH MaT-

pHULBL

- ZJ k Qigbik
Qi

bir, = (i=k+1,k+2,...,n).
OtuMH popMyJIaMH YHOOGHO MOJB30BATHCS JJIST BEIUHCJEHHS
MaTtpul, oO6paTHbIX K TPEYrolbHbIM MaTpHLaAM.
*949. Ilyctb A — KBajgpaTHasi MaTpULA [IOPSIAKA N U pPaHra r,
npuyeMm

1,2 ...k B
" _A<1’ Y k) L0 (k=120 (1)

JloKasathb, 4TO MPH ITHUX YCJAOBHMSAX MATPULy A MOXKHO mpej-
CTaBUTb B BUAE MPOU3BEACHHUSA

A = BC, (2)
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rae B = (b;j) — uuxknsist 1 C' = (¢;j) — BepxHsisi TPeyTroJbHble
maTpuibl (onpeneseHne BepxHel U HHXKHEH TPEYroJbHbIX MaTPHIL
HaHo B 3anade 946).

[TepBbIM 7 OHArOHaJNbHLIM 3JeMeHTaM MaTpul B u C' MOXHO
nath Jo0ble 3HaUeHHs], YAOBIETBOPSIIOLIME YCAOBUSIM

dy,
di—1

brpcrr = (k‘z 1,2,...,r; dop= 1). (3)

SBILBHI/Ie HepBbIX T OIUArOHAaJIbHBIX 3JIEMEHTOB ManI/IH B u C
OIHO3HA4YHO Ol'IpeI[e.HHeT OCTaJibHbIE 3JIEMEHThI HepBbIX T CTOJIO-
OB MaTpuubl B M mepBbiX 7 CTPoK Martpuipl. C, mnpuuem
3THU 3JIEMEHTHI 3aJal0TCHA (pOpMyJIaMI/I

1,2, k—1,i
A<1,2,...,k—1,k>
dk ’
1,2,...,k =1,k (4)
B A(Lzuqk—lJ)
Cki = Ckk & )
(=k+1,k+2:0..,m kE=1,2,...,r).

bir = bik

B caydae r < m B HOCJAENHUX 1 — 7 CTOJOLAX MaTpuubl B
BCe 3JIeMEHTbl MOXKHO IOJIOXKUTb PaBHBIMM HYJIO, a B MOCJAEIHUX
n — r cTpokax MaTpuubl C' 3jeMeHTBHl CUMTaTb MPOHU3BOJBHBIMH
WJIM, HA000pOT, B MOCJAENHUX N — r CTOAOLAX MaTpuubl B 3Jje-
MEHTHl CUMTATh MPOU3BOJIBHBIMH, @ B TOCJHEAHUX 1 — I CTPOKAX
MaTpHibl C' Bce 3JIeMEHTH MOJM0XKHUTh PABHBIMH HYJIIO.

[IpousBoJIbHBIE 3/1eMeHThI He Hapyiiat paseHcTsa (2). Mx Mmox-
HO BbIOpaTb TakK, YTOObI COXPAHUTb TPeyroJbHbIH BUA MaTpul B
nc.

950. Ilokasatb, uto mpeacTasaenue (2) npeabiaylied 3anauu
MOXKHO HaHTH Tak: NepBble 7 3J€MEHTOB Ha [JIaBHOH NHMaroHaJu
maTpull B u C' Bbl6paTb JI0ObIMH, YIOBJAETBOPSIOUIMMH YCIOBHU-
sim (3), a ocTaJbHble 3/1EMEHTHI NePBBIX 7 CTONOLOB B ¥ MepBbiX
7 ¢TpoK C' BBIUHCIUTH C MOMOIBIO PEKYPPEHTHBIX COOTHOLIEHHH

aik— 21 bijesn .
bip = ——=——+— (il=k+1,k+2,...,n; k=1,2,....1);

i—1
aik—35_1bijcjk

cik=——"0—" (k=i+Li+2,...n; i=12,..7).
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ITH (GOpPMYIBI MO3BOJISIOT HAUTH CHauasa NepBblil crosbern B
1 nepByto ctpoky C, 3areM, 3Has k—1 cronbuoB B u k—1 cTpokK
C, Haiitu k-ii cronben B u k-10 ctpoky C.

*951. JlokasaTb, UTO JIOOYI0 CHMMETPHUECKYI0 MaTpuly A =
= (a;;) MOpPsiAKA n W paHra r, yHoBeTBOpsiiouLlyto ycsosusiM (1)
3anaun 949, MoxkHO npencTaBuTh B Buge A = BB’, rie B — HUX-
HsISl TPEYTOJIbHAS MaTpULA, 3JeMEHTHI TOCAEAHNUX 1 — 7° CTOJNOLOB
KOTOPOH paBHBI HYJIIO, @ 3JE€MEHTHI MePBBIX 7 CTOJOLOB ONpele-
JSI0TCS (hopMynaMu

(LGwk—Li
A

LGwk—Lk)
bir, = Jard (t=kk+1,....n; k=12,...r).

952. Marpuua A HaseiBaetcs kiemounot (wau 60unoLl),
ec/iM ee 3JIEMEHTHl ONHOH HJIH HECKOJbKHMH TOPU30HTANbHBIMU
¥ BEPTHKAJbHBIMH JHHHUSMU PACIPENENeHbl 10 MPSIMOYTONbHBIM
kaeTkaM (6/10kam). Dtu KJIeTKH OyeM 0603HauaTh uepes A;;, rie
i — HOMep KJETOUHOH CTPOKH M j  — HOMep KJETOUHOro CTOJG-
na. IlokasaTb, 4TO YMHOMXKEHHE ABYX KJETOUHHIX MAaTpPHI[ TOTAA
¥ TOJBKO TOT[A CBOIMTCSH, K YMHOMXKEHHIO KJETOK, pacCMaTpHBa-
eMbIX KaK OTIEeJbHBIE 3JIEMEHTHI, KOTIa BEePTHKAaJbHOE NeJeHHe
MepBOil MaTPHLbl COOTBETCTBYET FOPU3OHTANbHOMY JeJeHHIO BTO-
poil. Mimenno, ecain’ A = (A4;;) — (m,n)-MaTpuua ¢ AejeHHeM

CTPOK Ha TPYIMmBI [0 My, M2, ..., Mg W CTOJOLOB MO N, Na,
.,y U B.= (Bj;) — (n,p)-Matpuua c IejeHHeM CTPOK Ha
rPymmsl 0011, N2, ..., N¢ U CTOJAOLOB MO D1, P2, ..., Py, TO

AB = (C = (Cj;) 6yner Takxe KJIeTOYHOH MaTpuLed, mpudeM
t
Ci =) AiyBj (i=1,2,....5 k=12 u).
j=1

HpI/IMeHHH YKa3aHHO€ IpPaBUJIO0 YMHO>K€HHUA KJETOYHBbIX MarT-
puL, HaUTH KJIETKH MIpousBeAeHUs CJACAYIOIINX MaTPULl IIPHU yKa-
3aHHOM IMOApa3aeJNeHUH Ha KJETKU MJis COMHOXKHUTeJIeN:

1]-2 3

oyl

Il

—_
= DN W
N | =
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953. IlokaszaTh, uTO [Jsi BBIMOJHUMOCTH YMHOXEHHS IBYX
KJIETOYHbIX KBaJpaTHBIX MAaTPUIl NOCTaTO4HO (HO, KaK MOKa3bl-
BaeT MPUMep Npelbiaylleli 3a1auu, He HeOOXONUMO), UTOOkI 1A~
rOHaJ/IbHblE KJETKHU ObIIM KBaApaTHLIMH, NPUUYEM MOPSAKH COOT-
BETCTBYIOIMX AHATOHAJbHBIX KJETOK ObIJIH PaBHBI MeXIY COOOH.

*954. TlokasaTb, YTO IJ51 BBITIOJHUMOCTH KJIETOYHOT'O yMHO-
JKeHHU$! KJIeTOUHOH MaTpHlbl Ha ceOsi HeOOXOAMMO U IOCTaTOUHO,
4yTOObl BCE €€ JHAroHa/bHble KJIETKH OblIW KBaAPaTHBIMHU.

955. Kpanparnas kjerodHas Marpuua A = (A;;) HasbiBaercs
KAeMmouHO-mpey2oibHOL, eclld BCe ee KJeTKH Ha IVIaBHOH Juaro-
HaJsu, T. e. Ay1, Aaz, ... KBaJpaTHbIE, a BCE KJETKH, CTOSIIIHE 110
OIHY CTOPOHY OT TJIABHOH NUaroHasu, paBHbl Hysw. [lokasats,
4yTo ecii A U B — JIBe KJETOUYHO-TPEYTroJbHble MaTPULBl C OIU-
HAKOBBIMH MOPSIAKAMHU COOTBETCTBYIOLIMX NUATOHANBHBIX KJETOK
¥ HYJSIMH 110 OOHY CTOPOHY OT AMAaroHaJ/H, TO HX IPOMU3BeleHHe
AB Takxe GyIeT KJeTOUHO-TPEYTONbHOH MaTPULIEH C TAKHMH XKe
MOPSIAKAMM JHATOHAJBbHBIX KJETOK W HYJNSMH 110 Ty K€ CTOPOHY
OT JMaTOHAJIH.

956. I[loxkaszaTb, 4TO KJIETOYHO-TPeyroJbHas MAaTPHUIlA TOTAA U
TOJIBKO TOTZIa HUJIBIIOTEHTHA, KOIZla HUJIBIIOTEHTHbI BCE €€ KJIETKH
Ha rJaBHOK IuaroHanu (ompenesieHue HUJBIOTEHTHOCTH IaHO B
sanaue 947).

957. Ilycts A =/(A;;) — KneTouHasi MaTpULA, IpuueM A;; —
KJIeTKa pasmepoB m; xn; (i = 1,2, ..., s, j=1,2, ..., ).
[lokaszate, uTo mpubaB/ieHHe K i-H KJETOYHOU CTpoKe j-H CTpO-
KH, YMHOXKeHHOH C/1eBa Ha NMPSMOYTOJIbHYI0 MaTpully X pasMepoB
m; X My, MOXKeT ObITb NOJy4eHO MyTeM YMHOXKeHHs A cieBa Ha
HeoCOOEHHYI0 KBafpaTHYI KJeTouHyw Matpuuy P. TouHo Tak
’Ke MpuOaBJeHHEM K ¢-My KJETOYHOMY CTOJOLYy j-FO CTOJ0LA,
YMHOXKEHHOTO CIIpaBa Ha NPSMOYTOJbHYI0 MaTpully Y pasmepos
N X 1, MOXKET ObITb MOJYUeHO MyTeM yMHOXKeHHs A crpaBa Ha
HeoCOOEHHYI0 KBaapaTHYIO KJeToyHyio marpuuy (). Ha#itn Bun
matpun P u Q. 1 B

* J—
958. Ilycte R = <C D

HeocoOeHHAasl KBaapaTHas MaTpuua nopsaka n. [lokasaTb, 4To
paHr R paBeH m Toria  ToJbKo Toraa, korna D = CA™!B.

— KJIeTOYHad MaTtpuua, rae A —

*959. Ilyctb A — HeocobGeHHasi MaTpuua nopsiaka n, B —
mMarpuua pasmepa n x ¢, C — MaTpula pasMepoB p X n.
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A B
Jlokasatb, 4TO ecJM KJeTOYHyI MaTpuuy R = _c o) men-

B
BeCTH K BULY IRy = 01 Xl NyTeM psia 3JE€MEeHTApHBIX Ipe-

o6pa3oBaHUil CTPOK, MpPUYEM B KaxJOM Mpeo6pasoBaHUU JHOO
y4YacTBYIOT TOJIBKO NEpPBBIE 7 CTPOK, JHOO K KaKOH-HHOYAb CTPO-
K€ C HOMEepOM, OOJBIUIHM n, NpUOABJISeTCs] OJHA W3 MEPBBIX 7
CTPOK, YMHOXKEHHAs Ha 4YUCJO0, TO X = CA-'B.

960. Ilycte A — HeocobeHHast MaTpulla Nopsiika n U-E —
eJMHUYHAs MaTpHla TOro ke nopsiika. [lokasatb, UTo eClH KJje-

TOYHYIO0 MaTpuLy 3JleMeHTapHbIMH NIPe0OPa30BAHUSAMH,

-E0

0 X
10 X = A~!. Haiitu 3TuM MeTomoM 06paTHy MaTpHIy /st
235
A= (127
344
961. Ilycth naHa cucTeMa ypaBHeHUH

, A B
YKa3aHHbIMU B NpeablAylien 3anadye, NpuBeCTH K BULY ( 121 s

11271 + a12%2 + - - - + a1y, = by,
G211 + A22%2 + - - - + a2,y = ba,

Ap1®1 + Ap2®2 + -+ QppTn = bn

¢ HeocoOeHHOH MaTpulel KoapduuueHToB A, B — cTonbel cBo-
OGOMHBIX YJE€HOB U F/ — eNMHHWYHAs MaTpULa TOPSIKA Nn.

[lokaszaTsk, uTo, €cyu KJETOYHYIO MaTpUlly EO

30BaHUSAMH, YKa3aHHBIMM B 3agade 959, mnpuBecTH K BHIY
Ay By
0 X
Penutp 3THM MeTOIOM CHCTEMY

B
npeobpa-
>, crosibery X faeT pelleHHe JAHHOH CHCTEMbl yPaBHEHUH.

3x—y+2z=17,
4o — 3y + 2z = 4,
20 +y+ 3z = 13.

962. Ilyctb A — HeocoGeHHasi Matpuua nopsinka n, B —
MaTpula pasMepoB n X p, E — enuHu4Has MaTpula MOpsiika

npeo6pa3oBaHUsIMH,

n. IlokasaTe, 4To ecnu MaTpuly (—E 0
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A1 Bl
yKa3aHHbIMH B 3amaue 959, mpuBecTH K BUIY 0 x | TOMar-

puua X paer perieHue MaTpuuHOro ypaBHeHuss AX = B.
Pemntb 3TUM MeTOROM yKa3aHHOe ypaBHEHHE, €C/H

a=(1 2D m=(0 2

*963. Ilycts Bee mapel (i,7) (i =1,2,...,m; j=1,2,...,°n)
3aHyMepoBaHbl B HEKOTOPOM ONpeNeJeHHOM TMOPSAKE (vp, (g, . . . ,
Cmn. Kpomexeposckum (anm npsmoim) TPOU3BENEHUEM 1BYX
KBanpaTHBIX Matpull A mopsimka m u B mopsiika n HasblBaeTcs
marpuna C' = A X B mopsaka mmn, coCTaBJeHHask U3 BCEBO3MOXK-
HBIX NPOM3BeJeHHil 3JeMeHTOB MaTpul A ¥ B B Hal/iexailem
nopsake. MiMeHHo, 3/1eMeHT MaTpuLbl C, CTOSIIMEA B i-H CTPOKE H
j-M cTonbLe, OnpenenserTcs TakK:

Cij = Qiyjy binjy, THE  (i1,02) =i,  (J1,72) = .

JlokasaTb, 4TO:

a) (A+B)xC=(AxC)+ (BxO);
6) Ax(B+C)=(AxB)+ (AxC),
B) (AB) x (CD) =(A x C)(B x D).

*964. [Ipasovim npsamoim npousdsedertem KBaJpaTHbIX MaTpPHUIL
A nopsnka m 1B nopsiika n HasblBaeTcs KJETOYHAas MaTpulia
Ax -B=0(C= (Cij), rae Cij = aijB (i, j = ]., 2, ey m)
AHasiornuHo,  nesoim npameim npoussederuem TeX Ke MaTpHll
Ha3pIBaeTCst K/eTouHas Matpuua A- xB = D = (D;;), rae D;; =
:Abij (’L,jzl, 2, ,n)

JlokasaTb, 4TO:

a) 00a BBeNEeHHbIX MPOU3BENEHHS SIBJSIOTCSH YaCTHBIMH CJIy-
YJasiMH KPOHEKEepPOBCKOTO MPOU3BENeHHs, ONPeaeeHHOTO B
npenblayiied 3anade. HalTu mopsimoxk Hymepauuu mnap
(4,7), mawoui npaBoe u jeBoe MPsiMble TPOU3BEIEHHUS;

6) Ax-B=B-xA;

B) Ax-(Bx-C)=(Ax-B)x-C,

r) ecau E; — enuHUuHAs maTpuua mnopspka k, to E, X
X En = En X 'Em = Emn;

n) ecmu Au B — HeocoGennbie Matpuipl, To (A x -B)~1 =
=A"'x.B7L
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JLy1s JIeBOrO MPOU3Be/IeHHs CIIPaBeIIMBbl CBOMCTBA, aHAIOTUY-
Hble CBOHCTBAaM B), T), 1).

*965. [losb3ysick nBYMs MpeAbIAYLUIMMH 3aadyaMH, J10Ka3aTb,
yto ecau A — wmaTpula nopsinka m W B — mnopsaka n, TO
|A x B] = |A|™ x |B|™ (cm. sanady 540).

*966. Ilycts A = (a;;) — KBajgpaTHas MaTpuLa HOPSAKA n.
Marpuueit, szaumnoii ¢ A (unu npucoedunenroti Kk A), HasbiBa-
eTcsi MaTphua A = (@), tne a;; = Aj; (i, j =1, 2, ..., n).
WHbiMK cjioBaMU, MaTpHIla, B3auMHas ¢ A, nojydaetcst TpaHCIo-
HUPOBAHHEM MAaTPHILBI, COCTABJIEHHON U3 anredpanyeckKux AOIoJ-
HeHHUH 3/71eMeHTOB MaTpULbl A.

JlokasaTb, 4TO:
a) AAA = AA = |A|E, rne E — eAMHHYHAsH MaTPHLa;
6) (A)=|A|"2Anmpun>2, (A)=Agpun=2.

*967. Ilokasats, uto (AB) = B- A, rie A — marpuua, B3a-
UMHasi ¢ A, onpeneseHHas B NpeAbloyliel 3anaye.

*968. Marpuuei, accoyuuposarHoil ¢ KBaApaTHOH MaTpHLEH
A nopsiika n, HasbiBaetcs mMatpuila A = (d;;), Tie @;; — MHHOD
3J1eMeHTa a;; Matpulbl A. Jlokasarhb, uTo:

a) (AB)= AB; -
6) (A)=|A|"2Anpun>2 (A)=Anpun=2.

*969. Ilycts A= (a;; — KBaapaTHasi MaTpuLa Nopsiaka n, U
NyCTh BCE COUeTaHUs M3 n uucesa 1, 2, ..., n 0o p yucea ky <
< ko < .-+ <k, 3aHyMepoBaHbl B KaKOM-IH0O TOpsALKe 1, g,

., an, rme’ N = C?. Marpuua A, = (A; j;p), COCTaBIeHHAS U3
HaJJIeXaluM 06pa3oM pPacrooKeHHBIX MHHOPOB p-TO TOpsiiKa
MaTpulbl A, Ha3blBaeTcs p-U accoyuuposanHoil ¢ A Matpuuei;
Lo t2y e Tp , THe ay; eCThb codeTaHHe i <
. . ]1;327"'7.71)' . .
<idg < - - <y oy — codeTaHue ji < jo < - < Jp.

Hoxasats, yTo:

a) (AB), = ApBy;

6) (En)p = En, e E, u Ey — eIHHUUYHbIE MaTpPULBI CO-
OTBETCTBEHHO MOPSAKOB 1 U N;

B) ecan A — HeocobenHas Matpuua, To (A71), = (4,)

VMEHHO, @ j;p = A

—1

970. Haiity Takyto HyMepaunio co4eTaHni u3 n uucen 1,2,....n
no p, 4ToObl AJsI TPeyroJbHOH MaTpuilkl A accouuupoBaHHas
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MaTtpua A,, omnpeneseHHas B MpeAbAyllel 3anade, Takke Obl-
Jla TPEYTOJbHOH C HYJNSIMH 110 Ty K€ CTOPOHY OT JHaroHaJIH.

*971. Ilosb3ysick CBOWCTBAMH acCOLMHPOBAHHBIX MATpPHIL, H0-
KasaTb, UTo ecsu A — KBajparHas MaTpula nopsiaka n, 1o |A,| =
= |A|%" (em. samauy 551).

*972. Ilyctb A — HeocobeHHast MaTpuIa Mopsiika n U B =
= A~! — wmarpuua, obparnas mas A. JlokasaTb, UTO MHHOPBHI
J1060T0 NOpsiiKa 06paTHON MaTPHUIbl BbIPAXKAIOTCS Yepe3 MHHOPHI
MCXOHOM MaTpHLbl CAeylNUM 06pa3oM:

/ / /
(_1) §=1(is+ks)A< 17k27 ,kn p)
. . . -/ -/ -/
B(Zl, ’LQ,...,ZP>: 11, 12""’177,717

K, ko, .. Ky 1A )

(1)
rneil<i2<--~<z'pBMeCTeci1<i2< ~-<i;l7p1/1k1</<:2<
< --- < kp BuMecte ¢ kj < kj < --- < kj,_, COCTaBJISIOT MOJHYIO
CHCTEMY MHIEKCOB 1, 2, ..., m.

*973. JlokasaTb, 4TO p-fl “aCCOLMMpOBaHHAas Martpuua A,
(ompenenienre navo B 3amade 969) 1/ OPTOrOHANLHONH MATpPHILBI
A cama opToroHaJsbHa.

*974. JlokasaTb, YTO p- aCCOLMMPOBAHHAs Matpuua A, AJs
YHHTapHOH MaTpulibl’A cama yHHUTapHa.

§ 13. NOJIMHOMMAIJIbHBIE MATPULLDI

Crenytolie \-MaTpULbl PUBECTH K HOPMaJbHON NHArOHAJb-
HOH (popMe MyTeM 3JeMeHTapHbIX Npeodpa3oBaHUM:

A1 2-1 A-1
975. (o A)' 976. <A+1 )\2+2)\+1>'

)\ 0 A2 -1 0
o (3 ,0) o (%50, 0)

A+1 A2+41 A2
979. 3,\—1 32 -1 A +2)
-1 )\2—1 A
/\2 -\ 3\2
980. - 3)\2 A A3 4402 —3)
)\2+/\ PRIEEDY 322 + 3\
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981. 0 A-2 -1
0 0 A-2
AA+1) 0 0
982. 0 A 0
0 0 (A+1)?
L—X A2 A
983. A A=A

14+A2 A2 X2

*984. HusapuanmHoimu mHONCUMeEAIMU A-MATpULbl A To-
psiika n HaseiBaoTCst MHOrousieHbl F1(\), Fa(M), .., E,()\), cro-
sIlHe Ha J1aBHOH AHAaroHa/H B HOPMaJbHOH JHaroHasbHOH Gopme
matpuubl A. JlendTe/ssMA MUHOPOB MaTPHLbL A Ha3bIBalOTCST MHO-
rounensl Dq(A), Da(N), ..., Dy(X), roe Di(\) — Hanboabuuit
061IMi feuTesb (B3ATIH CO CTapIIuM Ko3(DPHUIUEHTOM, PABHBIM
eIMHHULIE) MUHOPOB k-ro mopsiika MaTpuubl A, eciu He Bce 3TH
MHHOpBI paBHbl Hy/MO, U Di(A).= 0 B nmporrnBHOM cayuae. [o-

Ka3athb, 4T0 Fx(A) # 0t Di(N) # 0 nass k=1, 2, ..., r, rae
r — paHr marpuusl A, torna kak Ei(\) = Di(\) =0 mia k =
=r+1, ..., n [anee mokasarb, uto Ei(\) = D?fg?i) k=1,

2,...,7’;D0=1).

Crenyomiye A\-MaTpPULbl IPUBECTH K HOPMaJbHON NHATOHAJb-
HOH (hopMe OPH TIOMOLIM AeJUTeJed MHHODPOB, ONpEeAeseHHbIX B
3agaue 984.

AN —1) 0 0
985. 0 A\ = 2) 0
0 0 A—1)(A—2)
AA—1) 0 0
986. 0 AA —2) 0
0 0 A\ —3)
a;p; 0O 0 0
0 as9 0 0
987. 0 0 ass 0 |
0 0 0 aq4

e an = (= 1)(A— 2)(A — 8), am = (A — 1)(A — 2)(A — 4),
azz3=A=1)A=3)(A—4), asa =(A=2)(A =3)(A—4).
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a’cd 0 0 0
0 b%ed 0 0
988. 0 0 abe? 0 , Tie a, b, ¢, d — nonapHo

0 0 0 abd?
B3aHMHO NPOCThIE MHOTOUJIEHBI OT .

989. <f()\) g(()/\)) rie f(A) u g(\) — MHOroUJseHBl OT .

0
0 0 fg
990. 0 fh O |, rme f, g, h — MHOTOUJIEHBI OT A, TIO-
gh 0 O

[IapHO B3aMMHO IPOCTbIe M HMeEIoLIHe CTapline K03q3q3I/IL[I/IEHTbI,
paBHbIE €IMHHUILLE.

fg 0 0
991. 0 fh O], roe f, g, h — MHOTOYJIEHBI OT A CO
0 0 gh

CTaplIMMH Ko3(p(pHULHEHTaMH, paBHBIMU- €AMHHUIE, B3aHMHO TIpO-
CTBIE B COBOKYIMHOCTH, HO He 00513aTeJ/IbHO ONapHO B3aUMHO I1po-
CThIE.

fg 0 O
992, 0 fh O |, rme f, g, h — moOble MHOTOYJIEHBI OT
0 0 gh
A €O cTapliMMU KO3(h(ULUEeHTAMH, PABHBIMU €IUHHUILIE.
A1 070 A1 0 0
0 A1 0 0 X 0 O
993. 0.0 A 1 994. 00 A 1
0-0 0 A 0 0 0 A
A -1 0
0o x - 0
995. |0 O )\ 0
0 0 0
1 2 3 5+ )\
Ao 8 1 0
-6 A« 0 1
6.1 o 0 ata B
0 0 -8 A«
202 — 12X+ 16 2— X\ 2X2 — 12\ + 17
997. 0 3—A 0

M —6A+T7 2—-X A —-61+38
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3N2 -5\ +2 0 32 —6A+3

998. | 2)\2 —3X+1 A—1 2X%2—4X+2
2)\2 — 2\ 0 2\ —4X+2
A1 1
0 X 1 1
999. [0 0 A 1
00 0 ... A
BbIHCI—II/ITb, 9KBUBAJIEHTHBI JIK ME2XK Y coboi MaTpHULbL:
1000.
3A+1 A 4N —1
A= 1—-X2  A—1 X=X {;
MNEA+2 A AZ42)
A+1 A—2 A2 -2\
B=| 2\ 2Xx-3 X2 -2)
—2 1 1
1001.
A +A+1 3x—=A7 2X7 40 N
Ao | A BN 2 N2
TlOAZ A 20— A% 20240 A7
A2 —\2 202 A2
3N +1 322 )2
- |2 M +1 307 N2
I ) A2 3N N2
A2 A2 2)2 )2
1002.
SAP—6AZ A3 203 4N H3A -1 A3 —2)07 4
A= 3N2—8A+5 2A% —4A+1 N—22+1 |;

BANT=3M2—BA+6 2203 —2X7—A4+1 A —A2-)+1
BN —OAZHTAFT 203 —6A24+TA—2 A3 —3A243)\—1
B=|3X=9X24+9A=5 2X3—6X2+61—1 A —3)\2+3)\—1|;
3N—9NZ4BA+5 223 —6XA74+8A—2 A3 —3AZ43)\—1
3N2—32+1 A2 0

C=1] 222=X—1 7A=3X2—4 X2 —2)\+1

SAZ—7TA+3 5A—2X22—3 A —2)\+1
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1003. Bynem HaspiBaTh A-MaTpULly yHUMOOYAAPHOL, €CTIN ee
omnpesieIuTe b SBJASETCS MHOTOYJEHOM HYJEBOH CTeNeHH OTHOCH-
TEJBHO A, T. €. KOHCTaHTOH, OTIMYHOH OT HyJas. HaliTu Hopmasib-
HYIO IMaroHasbHY0 (POPMY YHHMOLYJNSPHOH A-MaTpPHLBbI.

1004. ToxaszaTb, 4TO MaTpula, obpaTHas K A-MaTpule, TOraa
U TOJIBKO Torza OymeT A-MaTpHllel, Korma naHHas matpuua A
YHUMOAYJISIpHA.

*1005. JoxkazaTb yTBepKIeHHE: AJIsT TOTO 4TOObl ABE IMPSIMO-
yroJbHble A-MaTpulbl A 1 B, KaKaas U3 m CTPOK U 1 CTOJOLOB,
OblIM 9KBHUBAJIEHTHbI, HEOOXOAMMO U JI0CTATOYHO BBHIMOJHEHHE pa-
BeHctBa B = PAQ, rne P v () — yHUMONYJSIPHBIE A-MaTpHLIbl
TMOPSIAKOB ™ U 1 COOTBeTCTBeHHO. [TokasaTb, 4yTo TpebyeMble MaT-
puubl P 1 () MOXKHO HalTH Tak: Halas psl JeMeHTapHbIX Npeod-
pasoBaHuil, mepesopsmuil A B B, npuMeHHTb BCce mpeotpas3osa-
HHUSI CTPOK B TOM XK€ MOpsiKe K eMTMHUYHOH MaTpule F,, nopsnka
m, a Bce NpeoOpa3oBaHUs CTOJNOLOB B TOM Ke MOPSAKe K elu-
HUYHOH MaTpule F, nopsaka n.

[lns paHHOM A-matpuubl A METOIOM, YKa3aHHBIM B 3ajaue
10095, HaiiTH yHUMONY/IsIpHbIE MATPULBl P, () TakWe, UTO MaTpULa
B = PAQ uMeer HOpMaJIbHYIO AHaroHanbHyio dGopmy (MaTpuiis
P v Q onpenesifiioTCs He OIHO3HAYHO):

2 2
1006. A — A=A +4 A 43
ME—2X+3 A2 —A+42
1007. A MAAN AN+ A4+2 X402 4
T AWM BN +8A2 +5A+2 A+ 5A2 +8A+4

ME3XT—BAT AL 20 H3X3—5AT A1 20T 4200 —4)?
1008. A—( A-A34 201 A3 )2 22% 23 )

MH2X3—ANZ AL 201203 —4AZ A1 2043302

Jns panHbix A-matpuill A W B HaWTH YHHUMOAYJsIpHble
A-matpuubl P u (), ynoBjeTBopsiiolive paBeHCTBY B = PAQ
(matpuubl P u @ onpenesisitoTcs He OoaHO3HauHOo (cMm. 3amauy
1005)):

1009.

b

2A2 - A +1 3A2—2)\+1
:<2)\2+)\—1 3>\2+)\—2>

SN HTA+2 3N 4+4r -1
:(2)\3+5)\+1 2)\3+3/\—1>'
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1010.
g (P oAT 203+ A% = BA
- A2 — )\ A3 — ) '
o (XA HA-T 28 = A2 A2
- A3 — )2 203 — A2 — )\
1011
A 4+A—1 A+1 A2 -2
A= A3 202 A +22+1 M+ AZ-—22<1|;
AN+ +1 A2+ A A —2X+1
AN+ 3 20+ 2 2)2 —2)—3
B= 10\ + 2 5A+5 5A2 -5\ —2
ANZ—TA—8 20231 —5 223 —7A2 42X +8
1012
— A1 0222420 A3 4 \2
A= 2,\3—3,\2 3>\+2 5AZ £ 5X 223 +2)2
A2 4+ A )\34—/\2
)\2+2>\+1 A2+
2AZ 430+ 1 A3 +3X2+2)\ /\3+>\2 )
3AZ L5042 203+ 502 +30 223 4+ 222
1013.
e M43N—4 A24+2X -3 A4 A2
TA2XZ430—5 222420 —4 2224+ )1 -3
B 2A2 4220 —4 3NP+20-5 A +2)2-3
TAU222 403 3N+ A—4 A4 N-2
1014.
A= M4+3X24+30+2 N +2X2 122041

(2/\3+3/\2+3/\+1 2X% 4+ 2X% 4 2
( A+ A% 4\ 2/\3+)\2+/\—1>

A3+ 6X% +6A+5 )\3+4)\2+4)\+3)

3)\34—2/\24—2/\—1 6A3 +202 +2) -4
-2 223 — X2 —\-3
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Haiitu nHBapraHTHBIE MHOXHTEIH CJAEIYIOMNX A-MaTpPHIL:
3AZ4+20 -3 20—1 A2 4+20-3

1015. [4X2+3X -5 3X—2 A2 +4+3\—4
A 4+A—4  A-2 A—1
3A—2X+1 2224+ A -1 3X3 202 -2) -1
1016. 203 — 2 A1 223+ 22 —2) — 1
AP — 4N +1 3X24+ A —2 5N 437 -4\ -2
233 -2242x-1 2x3-3xa242x-3 a3_2x24x-2 s5a3_2x245n-2
1017. A3 42441 AB-saZia—z —a3-aZoa-1 0 TA3-aZimasd |
A3 —2x24 a2 PEEDY 23322423 —1  —2x3-x2-2h—1
3A3 —2x243x—2 3A3—4x243x—4 2x3-3x2-2x-3 6A3-322461-3
A3 4AZ_x43 A3 24 233422244 ASHAZ_x42
1018. A343x2-3x+46  A3—3x243x—2  2X34322-3x47 A34322 3244 v
AS42aa2ax44  A3—2a242x-1  2x342x2-2x45 a342x2-2x43
2X3 422 - A+5 2x3 —A24A+1 A3 A2 A7 2X3 422243
A1l 2 3 n
0O A 1 2 ... n—1
1019. o 0 X 1 ... n—2
0 0 0 O A
A—a f BB B
0 r—a B 8 . 8
1020. | 0 0 A-—a B . B
0 0 0 0 ... A—«

(mopsiIoK MaTpHIbl paBeH 7).

Inemenmapuslmy Oesumersmu A-MaTpuLl A Ha3blBaIOTCS
MHorousieHsl ep(A), ea(N), ..., es(A) co crapmuMe KosapdHLH-
eHTaMH, PaBHLIMH e[MHHUIE, COBMAJAIOIfe C HAWBLICIIUMH CTe-
TIeHSIMH HETTPUBOAUMBIX MHOXKUTE/IEH, BXOASIIMMU B Pa3JIOKEHHUS
MHBapHaHTHBIX MHOXHUTeneHd E1(A), Ea(A), ..., Ey(\) matpuLbl
A Ha HempUBOAMMbIE MHOXKHTEJH. [IpH 3TOM COBOKYIMHOCTDb 3Je-
MEHTapHBIX fesHTe/ell MaTPHLbl A COLePKUT KaxKIblif MHOTOUJIeH
E;(\) cTombKo pas, CKOJbKO WHBAPHAHTHBIX MHOXKHTesNeH Ej(N)
COLEPXKHT €ro B CBOEM pa3fokeHHH. PassiokeHHe Ha HENPHBOAH-
Mble MHOXXHTEJH GepeTcst Hajl TeM [0JIeM, Hal KOTOPbIM paccMmar-
pHBAIOTCS] MHOTOUJIEHBI, SIBJSIOLIHECS] 9/7eMeHTaMH MaTpuLbl A.
B nanbHeiileM, ecsy He OroBOPEHO MPOTHBHOE, PacCMaTPHUBAIOT-
Cst 9/1eMeHTapHble IeJUTeNH Hafl [0J1eM KOMIIEKCHBIX YHCed, T. €.
HaWBBICLLIHE CTENEHH MHOTOUJIEHOB BHIa A — v, BXOASILIHE B pas-
JIOXKEHHUsI HHBAPHAHTHBIX MHOXKHUTE/eH MaTpuibl A Ha JHHEeHHbIe
MHOXKHTEJH.
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HaiitTu s/jemeHTapHble JeUTeNH ClelyOLUX A\-MaTpHULL:
A+ 2 M+l
1021. <2)\3—)\2 S4B 28— a2 —>\+2)'
()\3—2>\2+2>\—1 A2 —2X+1
223 —2X2 4 X -1 2A7 —2) )
N +2 22 +1 A+l
1023. | A2 +4X+4 20+3 A2 440+3
AN —4X+3 221 A2 -4\ +2

1022.

A2_2x-8 A24ax44a A2-4 A2-3x-10
1024 AMia3_x—10  2x24sa+2  A343a2-x-¢ ApA3Zan—12
Tl atea32x23x-6 A24axntda a%pa3-2a2-a-2 atadloa2an-sg|
AEA3 242 A24a-2 AS42x2-2—2 AL 4 X3 N2 4 a2
A2-2 A2+ A+3 A242 A3
1025 AZ430—1  A243043 NP2+ 1 A243X-2
' 2\2—4 N HA+4 ] 2)%2-5

2A2430—3  AZ43X+4  N2420+2 2X243)\—4
Haiitu s/iemeHTapHble fe/IUTe/H CleAYIOIUX A\-MaTPULL B M0J1e
pallMOHAJIbHBIX, B IOJIE ﬂeﬁCTBHTe.HbeIX U B I10JIe KOMIIJIEKCHbIX
qyuceJI:
A242 A24 10202 -2
1026. [ M2 +1 A2 41 2X2-2
A2 4+2 A+1 3X2-5
222 +37 AN +1 A0+ 6AT + 22 2
1027. [ 4X2 411 20245 2X6 +12)0* 4+ 202 — 26
2X2+3 AN 4+1 0 2254120+ X2 —-30
A4 A=A —1 M —4\3 440 —5
1028. | 2213 2XT—2X14+4X3 -2 3)\4—10)\3+)\2+10)\—14) )
AME2 ATt 232 A1 —6A3 A2 4+60—9
HailiTu HopMa/bHYI0 JAMaroHajgbHyl (opMy KBaapaTHOH
)\-ManI/IU,bI, €CJIU U3BECTHEI ee 9JIeMeHTaprIe JeJIUTeJIH, paHr T
U TMOPALOK M.

1029. A+ 1, A+ 1, A+ D3 A =1, A =1)% r=4,n=5.
1030. A +2, (A +2)%, A +2)3, A=2, (A=2)% r=n=4.
1031 A= 1, A =1, A=13, A+2, (A +2)% r=4;n=5.
*1032. JoxasaTb, UTO COBOKYIIHOCTb 3J€MeHTapHbIX NeJuTe-
JleHl IMaroHaNbHOM \-MaTpHIbl Moaydaercs oobearHenreM (¢ Han-

JieXKallluMHu HOBTOpeHI/IHMI/I) COBOKyHHOCTeI'/JI 9JIEMEHTAPHbBIX NEJIN-
TeJiel BCeX NUaroHajbHbIX 3JEMEHTOB 3TOH MaTpPHUILBL.
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*1033. loxkazaTb, UTO COBOKYIHOCTb 3JeMEHTApHBIX NeJNHTe-
Jlell KJeTOYHO [MaroHa/JbHOH A-MaTpulbl paBHAa OObEAHHEHHIO
(c HagsIeXKaIKMMHU OBTOPEHUSIMK) COBOKYITHOCTEH 3/1eMeHTapHbIX
JesuTeNiell BceX ee NHAroHajbHbIX KJETOK.

[Tosb3ysick 3apauamu 1032 u 1033, HallTH HOpMaJIbHYIO OHa-
roHaJbHYI0 (DOPMY CJAEAYIOMUX A-MaTpPHLL:

AA—1)2 0 0 0
0 AN(A+1) 0 0
1034. 0 0 )\ 1 0
0 0 AN +1)3
A -4 0 0
0 A2 42 0
1035. | 0 N- 2/\2 0
0 0 0 — 4\
0 0 A2 629N
0 0 /\3+>\2 6 0
1036. 0 A2 —4N+4 0 0
A HA3—6A2 0 0 0
0 0 0 A 22 —oa—1
0 0 A =222 4201 0
1037. 0 AZH22+1 0 0
AZ—2)+1 0 0 0
M H+22—-3 N4+ -2 0 0
2XZ4 20 —4 2)024+)1—3 0 0
1038. 0 0 A+1 A+2
0 0 A1 AN4+A-2
A2oA—2 0 A3NZo a1 0 0
A2—4  N342X2-)-2 0 0
1039. 0 0 A2) A246M—2
0 0 AZ4A—2 A245M\—7
0 0 AN —2 A3—2x—4
0 0 AHAZ-6)N  AZHA—6
1040. A2—22+1 A—2 0 0
A3 —2X0246A—1 AZ—2)\+5 0 0
0 0 0 A2-2x-3 A34AZ-_9xr-9
0 0 0 AZ-x—2 A342x2-5a-6
1041. 0 0 A2 _2at1 0 0
A242x-3 AZ4a—2 0 0 0

A342a24a—4  A342x2-3 0 0 0
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OnpenenuB 3KBUBAJIEHTHOCTb W HOPMAJbHYIO AHATOHAJIbHYIO
(bopMy [eJOUHCAEHHBIX MAaTPHUIL TakK, KaK 3TO CAEJaHO B 3ajadyax
942, 943, naiitu HaubGosblIKe obline aenuteau Dy MUHOPOB k-TO
nopsiika CJeAYIOIINX MaTPHIL MyTeM MPUBEIEHHS UX K HOpPMaJb-
HOH JMaroHasbHOH (hopMe ¢ TOMOIIbIO 3/€eMeHTapHBIX Tpeodpaso-
BaHUH:

0 2 4 -1
6 12 14 5
042. [ o 5 7
10 6 -4 11
0 6 -9 -3
12 24 9 9
1043- 150 42 45 o7

66 78 81 63

1044. loxaszatb, uto J0OYI0 \-MaTPUILy paHra r 3JeMeHTap-
HBIMHM TIPe0OPa30OBaHUAMU OHMX TOJIBKO. CTPOK (a TakkKe OIHMX
TOJILKO CTOJIOLIOB) MOXKHO IIPUBECTH K TPeyroJbHOMY /M Tpare-
HeuJalbHOMy BHIY, MPUUEM HYJHU, TI0 KeJaHUI0, MOXKHO MOJYy-
YUTb BbIlE WJM HUXKe TJIaBHOW AMArOHA/IH, U OTJUUHBIE OT HYJIS
3/1eMeHThl OyIyT HAaXOAMTHCA JIMLIb B MEPBBIX © cTPoKax (cooT-
BETCTBEHHO B MEPBHIX I' CTONOLAX).

*1045. JlokasaTh, UTO KaXK 1yl HEBBIPOKIEHHYIO A\-MaTpuly A
MOXKHO MpencTaBuTh B BUAe A = PR, rie P — yHUMO#ynsipHas
A-Marpuua, a R — TpeyrosbHas A-MaTpula, 3JeMeHTbl KOTOPOH
Ha TJIaBHOW [MaroHa/ d HMeEIOT CTaplinid Ko3((HUIHEHT, paBHbIH
e[IMHUIIE, HUKE TJIaBHOH JIMaroHaJ/u PaBHBI HYJIIO, a BbILIE TJIaBHOH
MUATOHAJIH UMEIOT CTeMeHb, MEHBIIYIO CTEMEeHH 3JIeMeHTa TJIaBHON
JMaroHasM TOro e cToa6ua (MaM paBHBI HYJIO), IPUYEM TaKoe
npejcTaB/leHne eIUHCTBEHHO.

§ 14. NOAOBHBLIE MATPULLbl. XAPAKTEPUCTUYECKMH U
MMHUMATbHbIX MHOTOUJEHBI. YKOPLAHOBA U
ANATOHAJIbHAS (oOPMbl MATPULLBI.

BDYHKUMA OT MATPHUL,

Bce 3amaum sToro maparpacga craBsTCS B MaTPUUHOH Qop-
Me. B uyacTHOCTH, CBOHCTBa XapaKTepPUCTHYECKHX UHCes] MaTpH-
Ubl U NpPUBEJEeHHe MaTpPULbl K 2KOPAAHOBOH (hopMe paccMaTtpu-
BAIOTCSl BHE CBSI3M CO CBOHCTBAMH COOCTBEHHBIX BEKTOPOB M HH-
BapHAHTHBIX MOANPOCTPAHCTB COOTBETCTBYIOILErO JIMHEHHOIO
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npeoGpasoBanus. JT1a cBsA3b (B YaCTHOCTH, OThICKaHHe 0asuca,
B KOTOPOM MaTpHlla AAHHOTO JIMHEHHOro npeo6pasoBaHMs HMeeT
XKOpHAHOBY (hopMy) paccMatpuBaetcst B otaese 4. ITo He Melaer
MCM0JIb30BaTh 3alaul JaHHOTO naparpaca Npyu H3yyeHUH CBOHCTB
JIMHEHHBbIX NpeoOpa3oBaHUil B TOH Mepe, B KaKOH yCBOeHa CBf3b
JIMHEHHBbIX Npeo0pa3oBaHUH ¢ UX MaTpuUUaMH B KakoM-nubo Oa-
3uce.

1046. Marpuua A HasbiBaetcs nodobrot matpuue B (uro
o6osHadaercss Tak: A ~ B), eciu CyIecTBYeT HeBbIPOXKIEHHAast
matpuua 1’ takas, uto B = T—1AT. IlokazaTh, YTO COOTHOIIIEHHE
nofo6usi o6nafaeT caedyOUMHA CBOHCTBAMHU:

a) A~ A;

6) ecaiu A=~ B, 10 B~ A;

B) ecitu A BuB~C, 10 A~ C.

1047. JloxaszaTb, 4TO ecsid XOTs1 Obl OfiHA M3 ABYX MaTpul A,
B HeBbIpOXKIeHHA, TO MaTpullbl AB 1 ‘B A nogoGHbL.
[TpuBecTu mpumep ABYX BBIPOXKAEHHBIX MaTpuu A, B, 141
KOTOpeIX MaTpulsl AB u BA He OyayT MogoGHBI.
*1048. Haiitu Bce Marpulbl, Kaxkaas M3 KOTOPbIX M0J00HA
TOJIbKO caMoil cebe.
1049. Ilycts marpuua B nosyueHa u3 A TepecTaHOBKOH i-H
U j-# CTPOK, a TaKKe i-ro U j-ro cronabuos. Jlokasate, 4to A u
B nopo6Hbl M HaWTH HeBHIPOXKJAEHHYI0 MaTpuly 7', 0js KOTOpOH
B =T7'AT.
*1050. [Tokazatb, yto mMarpuua A nogobHa marpuue B, nony-
YeHHOH M3 A 3epKa/ibHbIM OTPaKeHHEM B ee LeHTpe.

1051. Tlycrs 44, ig, ..., i, — Jw00as NepecTaHoOBKa unced 1,
2, .. n. JlokazaTb, 4TO MaTpHLlbl
ai1r ai2 ... Qain Qiyiy Qiyig oo v Qipi,
a a ...a Wivii  Wioin - -v Qioi
A — 21 22 2n U B — 121 1212 12%n
apl Aanp2 Ann Ajiy Qo Qg i,
MTOJOOHBI.

1052. Ilycte nanbl maTpuubl A u B, nonoOHble MeXIy co-
6oit. [lokasaTb, 4TO COBOKYIHOCTb BCEX HEBBIPOXKIEHHBIX MATPHLL
T, nas KOTOpHIX B = T-LAT, MOJTYYUTCH U3 COBOKYITHOCTH BCeX
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HeBBbIPOXKIEHHBIX MATPHL, IePECTAHOBOYHBIX ¢ A, yTeM YMHOXKe-
HUSI 3THX MaTpHUll ClpaBa Ha OfHY JioOyo matpuuy 71y co CBOU-
ctBoM B = T, ' ATy,

1053. [loxaszatb, uto ecau matpuua A nompo6Ha AUaroHasb-
HOH MaTpHle, TO U p-i ACCOLMMpPOBaHHas ¢ Hell Matpuua A, (3a-
nada 969) Taxxke Momo6HA AMArOHAJbLHOH MaTpHLE.

1054. JloxaszaTb, 4To ecau MaTpulibl A U B nogoGHbl AUaro-
HaJIbHBIM MaTpPHUIAM, TO UX KPOHEKepPOBCKOe rpousBeneHue A x B
(sapaua 963) Taxxe siBAfeTCs MaTpuleH, NOJOOHOH NHArOHa/b-
HOH MaTpulLe.

1055. Jloxazatb, uto ecau MaTpuil A U B nopo6HbI, TO U
p-e acCOUMMPOBAHHbBIE ¢ HUMH Matpuubl A, u B, (B3aTble npu
JIIOOBIX IBYX PACIOJIOKEHHUSIX COUETAHUH 1O p M3 12 HOMEPOB CTPOK
M CTOJIOLOB) TAaKKe MOJ0GHHI.

1056. loxazaTb, uTo ecau Matpuusl Ay, B; MomoOHbBI COOT-
BETCTBEHHO MaTpuuam Ag, By, TO KPOHEKEPOBCKHE MPOHU3BEIEHUS
A; x By u Ay x By (B3siTHIE NPHU JIIOOBIX JBYX PACHOJIOKEHHUSX
nap MHAEKCOB) TaKXKe MOAOGHBI MeXLy COBOH.

1057. JloxaszaTh, uTO ecau KBajpaTHass A-marpuua B mpen-
craBisiercsl B Buie B = Bo\° + Bi1N*"! + ... + By, rne By,
B, ..., By — MaTpulibl, He 3aBHCALIHE OT A, U MaTpuua By
HeBBIPOXKJIEHHa, TO /00y KBaJApaTHYI0 A-MaTpuiy A Toro xe
nopsifika, 4YTo W3, MOXHO pasfenuTb Ha B cjeBa U/ CIIpaBa,
T. €. CYLIECTBYIOT MpaBble UacTHOe ()1 U OCTaTOK [} Takue, 4TO
A = BQ@Q1+ Ry, u seBble yacTHOe (D2 ¥ 0CTaTOK Ro Takue, 4To
A = Q2B+ Ry, mpuyeM CTeNeHHU 3JeMeHTOB MaTpull Ry u Ry oT-
HOCUTEJIbHO A HHKe s U 00e napel Q1, Ry 1 (2, Ry onpenesneHbl
OJIHO3HAYHO.

1058. Martpuny

“2AZ24+5A+3  —A243)0+2  —A+6
A= -=3)24+7A+11 —-3X24+9\A+1 —2\+38
A2 42048 202 45X +3  —A+4

2 1 -1
pasneauThb cieBa Ha B—AE, tne B=[2 1 2
1
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1059. Matpunuy

M4+ A24+30+6 A2 +2) A2 42046
A= =203 4222490 +8 A24+61+1 2X2+7A+8
“AN A2 43045 A2420—9 A2 45A-—2

pasnenuThb cnpaBa Ha B — \E, rne B =

— W =
DN DN DN

1
3
3

*1060. [{oxkaszaTtb, 4To ecau naBe marpuubl A U B¢ uucio-
BLIMH 3JieMeHTaMu (MJIM C 3JleMeHTaMH M3 HeKOTOporo noas P)
noJo06Hbl, TO UX XapaKTepucTuueckrue Matpulbl A=A AE u B—AE
9KBUBAJIEHTHBHI.

*1061. Jlokasatk, UTO €C/JIH XapaKTepUCTHUECKHe MAaTPULIbl A—
— AE u B — A\E nByx matpuul A u B 3KBHBaJeHTHbl, TO CaMH
3TU MaTpuubl Nogo6Hbl. [Ipu 3TOM nOKasarte, 4To ecin B — A\E =
= P(A—\E)Q, rne P u () — yHUMOLYJIsIpHble A-MaTpULbl U Py,
Qo — ocTaTku npu nesneHuun P creBa, a () cnpaBa Ha B — \F,
T0 B = PyAQo u PyQo = E, T. e. maTpuua )y OCYyILECTBJsET
nono6Hoe npeobpa3oBaHue MaTpullel A B MaTpuuy B.

1062. Jloxasatb, 4To Ja100asi KBafpaTHas MaTpuna A nopobHa
CBOel TpaHCMOHHUPOBAHHOK MaTpuue A’

BrIsicCHUTD, IBASIOTCS JM MOAOOHBIMH MeXIy co00# cienyio-
[LlM€e MaTpULIbL:

3 2 =5 6 20 —34
1063.A=|2 6 —-10|;B=1]16 32 =51
1 2 -3 4 20 -32
6 6 —15 37 —20 —4
1064. A=|1 5 -5 |;B=|3 -17 -4
1 2 =2 119 —-70 -11
4 6 -—15 1 -3 3
1065. A=|1 3 -5 |;B=|-2 -6 13]|;
1 2 —4 -1 —4 8
—13 =70 119
C=| -4 -19 34

-4 =20 35
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14 -2 -7 -1 4 10 —-19 4
20 -2 —-11 -2 1 6 -8 3
1066. A = : B = ;
19 -3 -9 -1 1 4 -6 2
-6 1 3 1 0 —1 1 0

41 -4 =26 -7
14 —-13 —-91 —18
40 -4 =25 -8
0 0 0 1
[o/b3ysich MeTONOM, yKa3aHHbIM B 3anade 1061, nisi iaHHbIx
MaTpull A U B HaiiTh HeBbIPOXKIeHHYI0 MaTpuly T’ Takyio, uTo
B =T~ YAT (uckomas matpuna T’ onpeneseHa He OIHO3HAYHO):

5 —1 38 —81
*1067. A = ; B = .

9 -1 16 —34

17 -6 14 ~—60
*1068. A = ; B = .

45 -16 3 —13

3 =2 1 24 —11 =22
1069. A=|2 -2 2|;B=1]20 -8 —-20
3 —6 .5 12 -6 -10

*1070. Tokasatb, uT0 KO3((HULHEHTH XapaKTepHUCTHUeCKOro
MHorouseHa |A — \E| MaTpuibl A clienyromuM 06pa3oM BblpaxKa-
I0TCS Yepe3 3JIeMEHThl 3TOH MaTpPHIBI:

A= ABl = (=\)" +c1(=N)"" o= N)""2 - ey,

rae cp €CTb CyMMa BCE€X TJIaBHbIX MHWHOPOB MOPsAAKa k MaTpPHUILLbI
A (MI/IHOp Ha3blBa€TCs IJIaBHBIM, €CJIK HOMepa 3aHHMMaeMbIX HM
CTPOK COBIIaAalOT ¢ HOMepaMHu CTOJ'I6LI,OB).

*1071. Haiitu xapaxkrepuctuueckue urcsaa (KOpHU XapaKkTepH-
CTHUYeCKOro MHorousiena) Matpuusl A'A, rne A = (ay,as,...,a,)
u A’ — marpuua, mosydeHHasi TpaHCIOHHPOBaHUeM A.

1072. JloxasaTb, UTO CyMMa XapaKTepUCTHUECKHUX YUCeJ MaT-
puubl A paBHa ee caeny (T. e. CyMMe 3/1eMEHTOB TVIABHOH NHaro-
Ha/M), a IPOU3BEJICHHE STHX YHCEN PABHO OTpelesuTesio |A.

1073. IloxaszaTb, 4TO BCE XapaKTepPHUCTHUECKHE YHUCIa MaTpH-
bl A OTJIMUHBI OT HYJISE TOTAA U TOJBKO TOTAA, Korna matpuua A
HeBBIPOXKIEHHA.
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*1074. [lycte p > 0 — KpaTHOCTb KOPHS Ao XapaKTepuUCTHUe-
ckoro MHorouseHa |[A — AE| matpuusl A nopsinka n, r — paHr H
d = n—r — pedekt matpuubl A—\gE. JlokazaTb cripaBeauBOCTb
HepaBeHCTB

a<d=n—r<p.

1075. IlpuBecTy mpUMepsl MATpHUI, n-TO MOPSIAKA, AJIST KOTO-
PBIX MepBO€ MJIK BTOPOE HEpaBeHCTBA MPeAbIAyIleld 3afaun obpa-
11al0TCSl B PaBeHCTBO, T. e. d = 1 uan d = p.

*1076. loxaszaTb, 4TO XapaKTepUCTHYECKHE UYHCaa 0OpaTHOU
MaTpuibl A~ paBHbl (C y4eTOM MX KpaTHOCTH) OOPaTHBIM BeJiH-
YUHAM AJI XapaKTepUCTHUECKUX YUCce] MaTpULbl A.

*1077. HoxaszaTb, UTO XapaKTepUCTHUeCKHe YHcaa MaTpHULbI
A? paBubl (c yyeTom MX KPaTHOCTHM) KBaipaTaM XapaKTepUCTH-
YeCKHX Yuces MaTpuusl A.

*1078. [oxaszaTb, UTO XapaKTepUCTHUECKHEe YHC/Aa MaTpPHULbI
AP paHbl (C y4eTOM MX KPaTHOCTH) p-M CTEMeHSIM XapaKTepH-
CTHYECKHUX YHCeJ MaTpUlbl A.

*1079. Ilyctb @(\) = |A—AE| — xapakTepuCTHYECKHH MHOT0-
4JieH, A1, A2, ..., A\, — XapaKTepHUCTHUECKHEe UHCJIa MAaTPUIBl A 1
f(\) — nmpousBoJibHBIE MHOrOUJIEH. Jl0OKa3aTh, YTO OMPENEIUTEND
matpuubsl  f(A)  ymoBnetBopsieT  paBeHCTBY | f(A)] =
=f(M)f(N2) ... f(X) = R(f,»), tne R(f, ) — pe3ysabraT MHO-
rousieHoB f U . Ecnu e onpenensiTb XapakTepUCTHYECKUH MHO-
rousieH Kak @(A) = |AE — A[, To

[F(A)] = R(g, f)-

HaHOMI/IHaeM, 4TO pe3yibmaHmom ABYX MHOIOYJEHOB

n

f@=a[J-a) w gl)=bo ][~ 5)

i=1
Ha3bIBaeTCAd YHUCJIO
n
9) = aghy HH —B;)=ag] [o() = (-1)™ ”Hf (8))-
i=1j=1 i=1

*1080. JoxasaTb, UTO €CaU A1, Az, ..., A\, — XapaKTEPHUCTH-
yeckue yucsaa matpuubl A u f(x) — muorouser, To f(A1), f(A2),
., f(\y) BymyT xapakTepucTUYeCKUMHU YncaaMu MaTpuibl f(A).
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*1081. [loxaszaTb, UTO €CIH A1, A2, ..., A\, — XapaKTEPHUCTH-
yecKHe yucsa Matpuubl A u f(x) = Z%Z% — pauuoHasbHas HYHK-
LU, Onpeje/eHHas aas sHadeHus x = A (1. e. ynosaersopsioouas
yeaosuwo |h(A)| # 0), 1o |f(A)| = f(A)f(N2) ... f(\n) 1 uncaa
F(A), f(A2),. .., f(A,) OymyT XapakTepuCTHUECKHMH YHCIaMU
maTpuubl f(A).

*1082. lokasatb, uto eci A u B — KBaJapaTHble MaTpHULbI
OIMHAKOBOTO MOPSIIKA, TO XapaKTEPUCTUUECKUE MHOTOUJIEHBI MaT-
puu, AB u BA cosnapaior.

*1083. HaiitTu xapakTepucThyecKue yucsaa LUKIAYECKON MaT-

PHULLBI
a1 ag as . (07%
Qp, ap a2 ... Qap—1
A=an—1 a, a1 ... «y_o
as as ag . a1

*1084. Haiitu xapakTepucTUueckue yucjaa MaTpulbl n-ro Mo-

psiIKa
0 -1 00 0 0

1 0 =1 0 0 0

A=10 1 0 -1 0 0

00 0 0 10

*1085. XKopdanosoii ~mampuyeli HasbIBaeTC  KJIETOYHO-
JIMaroHasbHasi MaTpULa ¢ IHaroHaJbHBIMH KJeTKaMH BHA

a 1 0 ... 0
0 o 1 0
0 0 O «

HasbiBaeMbIMU KJaeTkamu Kopnana. XKopdawosotl ¢opmoii mart-
pulbsl A HaspiBaeTcs KopraHoBa Matpuua A;, nomoOHas Mat-
puue A.

[Tonb3ysick TeopeMoOit O TOM, UTO COBOKYMHOCTb 3JieMeHTap-
HBIX JeJUTeJed KJeTOUHO-IHaroHaJbHOH MaTpHlbl paBHa 00b-
eIMHEHUI0 COBOKYIHOCTEH 3JIeMEHTAapHBIX NeJUTeNeld ee nUaro-
HalbHBIX KjaeTok (cMm. samauy 1033), nokasaTh, 4To Haj MoJeM
KOMIIJIEKCHBIX yuces (M Haj JI0GBIM M0JIeM, COfepKalluM BCe
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XapakTepucTHuecKre MaTpulibl A) mo6asi Matpuia A uMeeT XKop-
IaHOBY (hOPMY, ¥ IPUTOM €IUHCTBEHHYIO, C TOUHOCTbIO 10 TOPSA-
Ka KJIETOK.

Hanwucare »kopraHoBy dopMmy A; MaTpuLbl A, ecjaH AaHbl HH-
BapuaHTHble MHOXHUTeH E;(\) (i = 1,2,...,n) ee xapakrtepu-
cTuyeckoi Matpuubl A — AE:

1086. E1(\) = Ex(\) = 1, E35(\) = E4(N) = A — 1,
Bs = Bs(\) = (A~ (A + 2).

1087. E1(\) = Es(\) = E3 A) =1, BE4(N) = A+ 1,
Es(A) = (A + 1), Eg(A) = (A +1)2(A=5).

1088. E1(\) = Ea(\) =1, E3(\) = A — 2, Eg(\) = A2 — 4.

1089. [loxasatb, uto naJs J000H KBaJpaTHOHW A-MaTpHILLbI
A(\) nopsinka n, onpeneuTeNb KOTOPOH €CTh MHOTOYJIEH OT A
CTelleHH n, CylLlecTByeT YUcJOBas MaTpuua B nopsaka n Takas,

yro Martpuua A(A\) 3KBUBajJeHTHA XapaKTePUCTHUECKOH MaTpHLe
B - \L.

Haiitu xxopnaHoBy (opMy ClI€AYIOLIMX MAaTpHILL:

0 1 0
1090. | -4 4 0
-2 —-1.2
2 6 =15
1091. |1 1 =5
12 -6
9 -6 =2
1092. |18 —12 -3
18 -9 -6
4 6 —15
1093. {1 3 =5
1 2 -4
0 -4 0
1094. {1 -4 O
1 -2 =2
12 -6 -2
1095. |18 -9 -3

18 -9 -3
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4 -5 2
1096. [5 -7 3

6 -9 4

5 =3 2
1097. [6 —4 4

4 —4 5

1 -3 3
1098. [ -2 -6 13

-1 -4 8

7 —12 6
1099. [ 10 —-19 10

12 —24 13

1 -3 4
1100. |4 -7 8

6 -7 7

a 0 0
1101. 0 a O, rme a0

a 0 «

3 -1 0
1102. {6 -3 2

8 —6.5

4 6 -—15
1103. |3 4 —12

2 3 -8

4 -5 7
1104. 1 -4 9.

-4 0 5

1 -3 0 3

-2 —6 0 13
1105. 0 -3 1 3

-1 -4 0 8

3 -1 0 O

1 1 0 0
1106. 3 0 5 _3

4 -1 3 -1
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1107.

1108.

1109.

opsAa0K

1110.

TIOPSIIOK

1111.

1112,

1113.

3 —4 0 2

4 -5 -2 4

0 O 3 =2

0 O 2 -1

3 -1 1 -7

9 -3 -7 -1

0 O 4 -8

0 0 2 —4

1 -1 0 0 0
0 1 -1 0 0
0 1 -1 0
0 O 0 0 1
0 O 0 0 0
MaTpHULbl paBeH n.

1 1 1 1 1

01 1 1 1

0 0 1 1 11,
00 0 O 1
MaTpHLBl paBeH n.

1 2.3 4 n
01 2 3 n—1
00 1 2 n—21.
00 0 O 1

n n—1 n—2 o1
0 n n—1 .2
0 0 n .3
0 0 0 n
1 0 0 0 0

1 2 0 O 0

1 2 3 0 0

1 2 3 4 n
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00 a 00 ... 0
00 a 0 ... 0
ma, |0 0 0 @ 0
0000 ...«
o« 00 0 ... 0

1115. Haiitu xopnaHoBy (hopMy MaTpulbl BUAA

@ a2 aiz ... Qain
0 « a23 ... Q9n
0 0 a ... a3zp
0 O 0 «

TPH YCJOBUH, YTO G12023 - . . Gp—1,n 7 0.

1116. [loxasaTb, U4TO eC/JM XapaKTepPUCTHYECKUH MHOrouseH
|A — AE| matpuubl A He UMeeT KpaTHBIX KOpHe#, To A nonoGHa
NMaroHanbHoi MaTpule (31eMenTel MaTpulbl T, peoGpasyolei
A K nuaroHaJbHOH (hopMme, NPHUHALIEKAT TOMY MOJI0, KOTOpOe
CONEPXKHUT BCE XapaKTePUCTHUECKKE YUCIa MATPULILL A).

1117. Jloxaszatb, uto mMatpuua A Han naHHbBIM nojeM P To-
ra ¥ TOJBKO TOrZA MOAOOHA NUaroHaJbHOH MaTpHlle, KOTAa IMo-
CJleHUH WHBAapUAHTHBIH MHOXHUTENb F,(\) XapakTepucTHUeCKOH
Matpubsl A — AE He HUMeeT KpaTHBIX KOpHeH W BCe €ro KOpHH
NpUHaaJexaT momao P.

BbIICHUTD, fBJASIOTCS JM CJAEAYIOLlMe MaTpPHULbl NOLOOHBIMH
IMaroHajbHbIM MaTpULAM B IOJSX PalHOHAJNbHBIX, BELIECTBEH-
HBIX ¥ KOMILJIEKCHBIX YHCEI:

5 2 =3 8§ 15 —36
1118. (4 5 —4). 1119. |8 21 —46
6 4 —4 5 12 =27
4 7 =5 4 2 =5
1120. (-4 5 0 ]. 1121. |6 4 -9
19 —4 5 3 =7

1122. JloxazaTb, 4TO €C/JM TOCJAeAHHWH WHBApUAHTHBIH MHO-
X)uteab F,(\) xapakTepucTHueckoi mMatpuubl A — AE mis Mat-
pulbl A mopsiaka n UMeeT CTeleHb 7, TO BCe NUaroHasbHbIe 3Je-
MEHTBI PA3JIMUHBIX KJETOK »KOPAAHOBOH (pOpMbI MaTpHLbl A pas-
JINYHBI MEXy COOOH.
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1123. JloxasaTb, 4TO MaTpula A Torna v TOJNBKO TOTAA HUAb-
nomenmna (1. e. A¥ =0 npu HeKOTOPOM HaTypasbHOM k), KOTa
BCE ee XapaKTepUCTUUYECKHe YMUCJa PaBHBI HYJIO.

1124. JloxasaTb, UTO HUJbIOTEHTHAas MaTpULA, OTIWYHAS OT
HYJIEBOW, He MNPUBOAMUTCS TMpeoOpa3oBaHUeM MOAOOUS K JAHAro-
HaJILHOW (hopMe.

1125. Haiitu xopnaHoBy (opMmy udemnomermuorl MaTPULLbL
A (1. e. Matpuusl, obaanamwoei ceoiictBoM A% = A).

1126. JloxasaTb, uTo uHBOAtOMUBHAS MaTpUla A (T.-€. mar-
puua, obnanawoumas csoiicteoM A% = E) nopo6Ha nuaroHabHOM
MaTpHule, U HAaUTH BUA 3TOH JUArOHAJbHOH MaTPHULEL.

1127. JlokasaTh, uTo nepuoduueckas matpuua A (1. e. mar-
puua, obnanamouas ceoiicteom AF = E mnpu HekoTopoM HaTy-
panbHOM k) Mojo6Ha AMaroHalbHOH MaTPHMLE, W HAUTH B[ 3TOH
JIMaroHaJbHOH MaTpHILbI.

1128. HaiiTu MuUHMMaJbHBIE MHOTOUJIeH (ompenesieHue AaHO
B 3anaue 830):

a) eIMHHYHOI MaTpULBI,

6) HyJIeBOH MaTpPHIIbI.

1129. [ns KxakuX MaTpull MHHMMAaJ/bHBIH MHOTLOYJ/EH HMeeT
BUIL \ — «, T & — YUCJO?

1130. Haiitn MuHMManbHBEIH MHOTOUJEH KeTKH 2KopaaHa mo-
psiiKa m C YUKCJIOM (v Ha JAWAaroHaJjH.

1131. [oxaszaTh, uTO MHHHMAaJbHBIH MHOIOUJIEH KJIETOUYHO-
JIMaroHaJlbHOH MaTpPHUIbl PABEH HaUMeHbIIeMy 0O0IeMY KPaTHOMY
MHHHMaJbHBIX MHOT'OUJIEHOB €€ JIHaroHaJbHbIX KJETOK.

1132. Jloxas3aTb, YTO MHHUMaJbHBIH MHOTOUJEH MaTpulbl A
paBeH rocselHeMy MHBapHaHTHOMY MHOXKHUTeN0 E,,(\) ee xapak-
TepUCTHUeCKOH MaTpulsl A — \E.

1133. Jloxasatb, 4TO HEKOTOpAs CTeleHb MUHUMaJbHOT'0 MHO-
rousieHa MaTpULbl A JeMUTCS HA XapaKTepPUCTHUECKHH MHOTOUJIeH
TOW K€ MaTpHILbI.

Haiith MuHMMa/bHbIE MHOTOYJIEHBI CAeNyIHUX MaTpHLL:

3 1 -1 4 -2 2
1134. (0 2 0 ). 1185. (-5 7 —5
1 1 1 -6 6 —4
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1136. [loxasatb, 4To /151 MOAOOHS IBYX MaTpHLL HEOOXOAHMO
(Ho He 10CTaTOYHO), UTOOLI OHH HMMEJH OJMHAKOBbIE XapaKTepH-
CTUYECKHH U MUHUMaJIbHbIH MHOTOUJIeHBI. [IpHBeCTH MpuMep ABYX
HenmomOGHBIX MAaTPHILL, Y KOTOPBIX XapaKTePUCTHUECKHH MHOTOUJIEH
©(A) ¥ MUHUMaJbHBIA MHOTOYJIEH () OIHH U Te XKe.

1137. Haiitu k-1o crenenb AF xopnanoBoit kieTku

a 1 0 0 0 0
0 aa 1 0 0 0
0 0 a1 ... 0
A= nopsiKa 1
0 0 0 0 a 1
0 0 0 0 0 «

1138. Jlokasatb, 4TO 3HaueHHe MHOrouJeHa f(x) OT KJaeTKH
Kopnana A nopsiika n ¢ 4YUCJOM (v Ha PJIABHOW JHAroHasu

a 1 0 0

A— 0 a1 0

00 0 o

omnpenessietcss PopMysioi
’ o 1" o " o (n—1) o
f(a) f1(! ) f 2(! ) f 3§ ) f((n;}g! )
I
0 0 0 0 fla)

1139. Pewuts 3agauy 1080, nosb3ysich KopaaHOBOH (OPMOH
MaTpulbl A.

1140. Haiitu xxoppaHoBy GpopMy KBajaparta >KOpIaHOBOH KJeT-
KH, Ha JAHaroHaju KOTOPOH CTOUT yucao « # 0.

*1141. Ha#itu xKopaaHoBy (opMy KBafpaTta »KOpAaHOBOH KJeT-
KM C HyJIeM Ha IVIaBHOH auaroHanu (Hu/bmoTeHTHas kaeTka Kop-
naua).

1142. Tlycte X; — XopaaHoa popma MaTpuibl X . JlokasaTb
paBeHcTBO (A + aE); = Aj + oF, rie A — q106as KBajpaTHas
MaTpula U o — YHUCJIO.



182 Inasa 3

*1143. Haiitu xopnaHoBy (hopMy MaTpHLbl

nopsiika n = 3.

*1144. JoxaszaTb, 4TO J100YI0 KBaApPaTHYI MaTpPHUIy MOXKHO
NPeaCTaBUTh B BUJE TPOMU3BENEHUS IBYX CHMMETPHUYECKHX MaT-
pHII, OfHA M3 KOTOPBIX HEBBIPOXKJIEHHA.

*1145. 3Hasi XxapaKTepHCTHYeCKHe UHCJIa MaTpulbl-A, HaiTH
XapaKTepUCTHUYECKHe YUCIa P-H aCCOLMUPOBAHHON C HEH MaTPHULBI
A, (ompenesnenne naHo B sanaue 969).

*1146. 3Has XapaKTepHUCTHUECKHe UYHCJA - ABYX KBaAPaTHBHIX
maTpul — A mopsiika p U B mopsioka ¢, — HaHTH XapakTe-
pUCTHUEeCKHe 4HCIa UX KPOHEKepOBCKOro mpousBefeHusi A X B
(onpenenenne nano B sanade 963).

*1147. Ilyetb ¥(A) = (A = AN — A2)2 o0 (A = Ag)™s —
MHUHHUMAaJbHBIH MHOTOWIEH MaTPHUUbel A cTeneHH 7 = ri + 1y +
+ -+ 1. 30€Ch T — KpPaTHOCTb A Kak KOPHSI MUHHUMAaJIbHOT'O
MHOrousieHa ().

Ecau past dyHkuuu f(\) CyIiecTBYIOT dncaa

f()‘k)af/()‘k)’fu()‘k)a'"7f(m_1)()‘k) (1)
(k=1,2,...,5),

TO roBOpsAT, uTo (yHKUHUs f(\) onpedesena na cnekmpe mam-
puusl A, u cuctemy uuces (1) HasbiBawOT cucmemoil 3Hauenull
Qyunxyuti f(N) Ha cnekmpe mampuupvt A. JlokasaTb, 4TO 3Haue-
HKS MHOrouseHoB ¢g(A) U h(A) oT maTpuubl A cOBMAawT, T. €.
g(A) = h(A), Torma u TONIBKO TOTIA, KOTAA COBMALAIOT 3HAUEHHUS
3THX MHOTOYJIEHOB Ha CIEKTpe MaTpHLbl A.

1148. Tlyctb yHkuus f(\) onpenesneHa Ha CrieKTpe MaTPHULLbI
A (B cMblcsie npenpinyiieil 3anadn). Jlokasatb, 4TO €C/d Cylie-
CTBYeT XOTs1 Obl OIMH MHOTrOYJIEH, 3HaUeHHe KOTOPOro Ha CIeKTpe
MaTpHuLbl A coBnanaer co 3HayeHUMH f(A), TO TAKMX MHOTO4YJIe-
HOB OymeT OECKOHEUHO MHOTO U CPely HHUX CYILIEeCTBYeT OAWH H
TOJIbKO OfIWH, UMEIOLIHH CTeleHb, MEHbIIYIO CTENeHH MHHHUMaJb-
HOr0 MHOTrouJIeHa MaTpuibl A. DToT MHOTOUJeH 7 () Ha3biBaeTCsi
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UMMePNnOAAYUOHHbIM  MHO20UAeHOM Jlaepanaca—Curveecmepa
¢GyHkuuu f(A\) Ha crnekrpe marpuubsl A. Ero sHauenue oT maT-
puLbl A MO OmpejesieHU0 MPUHUMAETCSl 32 3HAaUYeHHe (QYHKLUHU
f(XA) ot aroit marpuusl: f(A) =r(A).

1149. okasate, uto ecau QyHkuus f(\) ompenesneHa Ha
CMEKTpe MaTpHlbl A U XapakTepUCTHUeCKUH MHOroueH |A — \E|
He HMeeT KPaTHbIX KOPHEH, TO HHTEPMOJSLHUOHHBIH MHOrOUJEH
Jlarpamka—CusbBectepa 7(\) CyllecTByeT, W, 3HAUUT, MaTpPHLA
f(A) umeer cmbica. Haditu Bun r(A\) u f(A).

1150. [okasartb, uto ecau QyHxuus f(\) ompeaesnena Ha
CreKTpe MaTpullbl A ¥ MHHHMaJbHBIH MHOTOUYJIEH HTOH MaTpH-
ubl P(A) = (A= A1)... (A — \s) He UMeeT KpaTHBIX KOPHEH, TO
UHTEPOJISILHOHHBIE MHOTOuseH Jlarpamxka — CusbBecrepa r(\)
cyuecrByeT U marpuua f(A) umeer cmbicsa HaiiTu BbipakeHue
nJisi Berumcenus f(A).

*11561. [okasatb, uyTo ecau (yHkius f()\) ompeneseHa Ha
cnektpe Martpuubl A, To onpenenenvie matpuubl f(A) (nammnoe
B 3anade 1148) WMeeT CMBIC/I, T: €. CyLIECTBYeT HHTEPMOJSIH-
oHHBIE MHorouJsieH Jlarpan:ka~CunbBectepa r(A). [lyetb ¢(A) =
= (A=) ... (A= Ag)"" — MHHHMAJIbHBIE MHOTOUJIEH MaTPHI[bI

A, rie KOpHH A1, ..., As PA3JHUHBI MEXKAY COOOM,
P(N)
N=—"+*— (k=1,2,....9).
1)[}k( ) ()\ )\k;)rk ( b) bl 78)

[Tokasarb, 4uTo

S

() :Z[ak,l+ak,2()\_>\k)+"'+ak,rk ()\—)\k)r’“_l] (), (1)
k=1

rae 4ucia v ; ONPEeNessIioTCsl U3 PaBEHCTB

1 £V :| (4-1) .
Q.= 7= j:1727"'7rk; k:1727"'7s ’ (2)
T 0, :
T. e. BHIpa’keHHe B KBaJApPaTHBIX CKOOKax B paBeHcTse (1) paBHO
CyMMe TIepBBIX 7, YJEHOB pas3JioxKeHHs B psig Tedsopa 1o crere-
HSIM Pa3HOCTH A — Aj IJI (PYHKIUU TAEVE

1152. HYCTI) w(A) = (/\ — )\1)2(/\ — )\2)3 (Al 7& )\2) — MHUHHU-
MaJibHBIE MHOrouseH wmartpuubl A u  f(\) — dyHkuus,
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ompefiesieHHasT Ha CIIEKTPe STOH MaTpHilbl. HamucaTb BeipaxkeHue
n7st Matpuuel f(A), mosb3ysich MpeablAylled 3afaueil.
1153. [oxasaTb, YTO eCJi MaTpulbl A U B MofoOHbl, TpUYeM

B =T~ YAT u nna dynkuuu f(A\) matpuna f(A) cyuiectsyer, To
u Matpuua f(B) cyuectByer u nogo6Ha f(A), npuuem f(B) =
=T~ f(A)T c roit xe matpuuei 1.

*1154. JlokazaTb, uTO ecad MaTpuua A KJeTOYHO-AHaro-
HasbHast

Ay 0
A

0 A
1 ¢pyHkuus f(A) onpenesneHa Ha creKTpe MaTpuubl A, TO

f(A1) 0
A
F4) = f(42)

0 ' f(As)

1155. HaiiTu uHTeprnoJsuMOHHbIH MHOrouseH JlarpaHxa —
Cunbecrepa 7(\) u 3Hauenue f(A) dynkuuu f(\) ajas MaTpuLbl

01 0 0
0 0 1 0
A= ..ol
0 0 0 1
0 0 0 0

Inst kakux ¢yHkuuit f(A\) sHauenue f(A) umeer cMbIC?

1156. Pewuth 3ajgauy, aHajOTHUHYI0 TpeAbIAYLIEH, MJs
MaTpHILbI

a 1 0 0
0 o 1 0 0
A= . oo
0 0 0 1
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1157. TloxkasaTb, 4To ecau Matpuua A mnomoGHa pMaro-

HaJlbHOH
A1 0

_ 1 A2
A=T . T

0 An
u ons ¢pyskuun f(A) matpuua f(A) cyuectsyer, To u f(A) mo-
no6Ha IHaroHaJbHOH MaTpHLe, MPHUeM

f(A1) 0

P o) -

0 O

c To# ke mMarpuued 7.

1158. [okasatb, uto ecau f(A)i= g(A\) + h(\) u marpuibl
g(A) n h(A) cywectByior, To 1 MaTpuua f(A) cyliecTByer, MpH-
ueM f(A) = g(A) + h(A).

1159. [okasatsb, uto ecid f(A) = g(A)h(N) u matpuusl g(A)
u h(A) cyuecTByioT, To M Matpuua F(A) cyllecTByeT, NpHyeM
f(A) = g(A)h(A).

*1160. IlokasaTs, uyTto QyHKuus f(A) = % onpenesieHa AJs
BCEX HEBBIPOXKAEHHBIX MaTpul, A U TOJNbKO [Jisi HHX, MPHUYEM
fA) = A~

1161. JloxaszaTb, UTO €CJIH A1, A2, ..., A, — XapaKTepPUCTH-
yeckue grcaa mMatpuubsl A U QyHKuus f(A) MMeeT CMbICa NpH
A=A, 10 f(A1), f(A2), ..., f(A,) OyoyT XapakTepHCTHUECKUMU
yucsnamMu mMatpuubl f(A).

BoiuncauTh cienyoliye 3HaueHus GyHKLIUHA OT MAaTPULL, MOJb-
3ysiCb HHTEPIOJSILHOHHBIM MHOroUsIeHOM Jlarpanxa—CuibBecTepa
v 3agayamu 1148-1152 unu Haxonss MaTpuly, AAIOLLYI0 Tpeobpa-
30BaHMe N0J00UsI JaHHOM MaTpULBl K ee KOPAAHOBOH QopMme U
npuMeHsisi 3agauud 1154, 1156, 1153:

0 2
100 _
1162. A% rme A = (_3 5).

1 1
50 _
1163. A°Y rne A = (_1 3>.
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1164. VA, rie A= ( 3 1).

-1 5

1165. VA, rie A = (6 2).

4 =2
A _
1166. ¢, roe A = <6 _3>.
3 -1
A _
1167. e ,raeA-(l 1).
4 2 -5
1168. ¢4, e A=[6 4 -9
5 3 -7
4 —-15 6
1169. mA, rne A={1 -4 2
1 -5 3
. T—1 1
1170. sin A, rae A = 1 x41)

*1171. JloxkasaTb, uTo paBeHCTBO sin2A = 2sin A cos A cnpa-
BeJJIMBO /151 JIOOOH KBafpaTHOH MaTpuLbl A.

“1172. JlokasaTb, 4TO MaTpulia e’ CylIecTBYeT U HeBBIPOXK-
JleHHa 1,14 JII000H KBaApaTHOH MaTpulbl A.

1173. Haiitu onpenennTesnb MaTpULBI €
Has MaTpuULa MOpsiiKa .

*1174. Tlycts pyukuus f(\) nmeer cMeica mpu A = A. Jloka-
3aTh, YTO OMpeeauTe b MaTpullsl f(A) yIoBIETBOPSIET PABEHCTBY
[f(A)] = f(X1)f(A2) ... f(A\n), tme A1, A2, ..., A\, — Xapakrepu-
cTHYecKHe uncaa MaTpuibl A (¢ yueToM WX KPaTHOCTH).

4 rne A — xBanpat-

§15. KBAAPATUYHBIE (DOPMbI!

B sTom naparpacge, KpoMme 3agad Ha KBaApaTHUHble (OPMEL,
MoMellleHbl 3alaud Ha CBOHMCTBA CHMMETPHYECKHUX W OpPTOrOHAaJb-
HbIX MaTpHl, CB3aHHblEe C TeOpHel KBaipaTHUYHBIX (GOpPM. 31ech
NPUMeHSIeTCS CJeAYIOIast TEPMHHOJIOTHS: TIOM AUHelHbIM npeob-
pasosaruem MOHUMaETCs peo6pa3oBaHHe Heu3BeCcmHbLY BUIA

T1 = quY1 + q12y2 + - + QnYn,

Tn = qn1Y1 + dn2Y2 +---+ AnnYn-

13anauy Ha GunuHeliHbIe M KBaApaTHUHBE DYHKIMM 1aHb B § 24.
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Marpuua
q11 q12 qin
q21  Qq22 q2
Q= nE
dni gn2 gnn

COCTaBJIeHHAsl U3 KO3(P(ULUEHTOB NpeoOpa3oBaHUs B COOTBET-
CTBEHHOM TOpSJiKe, HA3bIBAETCS MaTpHleld 3Toro mnpeoodpasoBa-
Hus. JInHellHoe nmpeoOpa3oBaHHe HA3bIBACTCS HEBbLPOHNCOCHHOIM,
€C/Id ero MaTpula HeBbIpOoXKIeHHa. [[Be KBaapaTHuHblE (OPMBI
Ha3bIBAIOTCS IKBUBAAEHMMbIMU, €CAW OOHA W3 HHUX [1E€PEBOLMT-
csl B APYTyI0 MOCPEACTBOM HEBLIPOXKAEHHOTO JIMHEHHOro Mpeod-
pasoBanus. Kanonuueckum 6u0oM JaHHOH KBaJPATHUHOH (hOPMbI
Ha3blBAETCA 9KBHUBAJEHTHAs ¢ Hed (popma, He coiepxKallas Mpo-
U3BeleHHH HEeU3BECTHBIX, a HOPMAAbHbIM BUAOM — TaKOH KaHO-
HUYEeCKUH BHA, B KOTOPOM KO3(PQULHUEHTH! NIPH KBagpaTax HeUs-
BeCTHBIX (He cuMTasi HyJMeBbiX) paBHbI A1 1Jisi BellleCTBEHHOH M
+1 [J1s KOMILJIEKCHOH 00J1acTH.

HaiiTu HopmMasibHbIH BUI B 00/IaCTH BelleCTBEHHBIX YHUCEJ CJle-
OYIOLUIUX KBaAPATHYHBIX (DOPM:

1175, 22 + 23 + 323 + 42172 + 23123 + 27273,

1176. 22 — 223 + 23+ 22129 + 41123 + 27073,

1177. x% — 3x§ —2x129 + 22123 — 6T273.

1178. z120 + @123 + T124 + 2223 + Toxa + T3T4.

1179. x%+21r§+x?1+4x1x2—|—4x1x3+2x1x4+2x2x3+2x2x4+
+ 2x374.

Ha#iTi HopMaJ/IbHBIH BUA U HEBBIPOXKAEHHOE JIMHEHHOE Tpeod-
pa3oBaHue, NPUBOASILEE K ITOMY BHAY, AJs CJEIYIOLIMX KBaj-
patuuHbIX GopM (BBHIY HEONHO3HAYHOCTH UCKOMOTO JIMHEHHOTO
npeo6pa3oBaHUs OTBET MO2KeT MOJYUYHUTbCS OTJIMYHBIM OT IIpHBe-
JIEHHOTO HUXKE):

1180. a:% + 5323 — 43:% + 2x119 — 4123,

1181, 4x? + 23 + 23 — 4129 + 47173 — 37273,

1182. z1x9 + x123 + T223.

1183. 222 + 1823 + 823 — 127122 + 83173 — 2T7073.

1184. —12x% — 3x§ — 12x§ + 122129 — 242123 + 8T223.

1185. x129 + wox3 + w3xa + T4x1.

1186. 33:% + 23:% — x% — 2@21 + 2x109 — dxox3 + 2w014.
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Crenyrouiye KBagpaTHuHble (OPMbl MPUBECTH K KAHOHHYECKO-
My BHAY C LeJbIMH KO3((HULHEHTAMH OCPEACTBOM HEBBIPOXKIEH-
HOTr0 JIMHEHHOro Npeofpa3oBaHUs C palHOHAJbHBIMH KO3 (HLHU-
eHTaMH M HalTH BbIpaK€HHE HOBBIX HEH3BECTHBIX 4epe3 CTapble:

1187. 2x% + 33:% + 433% — 2x120 + 4x173 — 3T2X3.
1188. 33:% + 23:% + 233% + dx1w9 — 3123 — TX3.
1189. %x% + 2:5% + 3:5?1 — T1To + ToX3z — T3X4.

JLJ1st cllenyIOMUX KBaApaTUIHEIX ()OPM HAHTH HEBEIPOXKAEHHOE
JuHelHOe npeobpasoBaHue, nepeBonsilee (Gopmy f B dopmy g
(nckomoe mpeo6pasoBaHue ONpPeeeHO He OJHO3HAYHO):

1190.

f =227 + 923 + 323 4 8x129 — 4wy 23 — 102273;
9= 2y7 + 3y3 + 63 — 4y1y2 ~4y1y3 + By2ys.
1191.
f= 3%% + 10x§ + 25:5% ~ 122129 — 182123 + 402973;
9= 5y; +6y5 + 12y1ys.
1192.

f= 5x% + 533% + 2x§ + 8x1x0 + 6173 + 62273
g ="497 + 5 + 93 — 121s.

Caenyrolive KBagpaTHuHble (hOPMbl TPUBECTH K KAHOHHUYECKO-
MYy, BHLY W HalTH BbIpa)KeHHe HOBbIX HEM3BECTHLIX Uepe3 CTapble
(oTBeT He ofHO3HAUEH):

1193. ZZ;‘:1 a;a;T;T;, TIe He BCe YUCJ/IA a1, A2, ..., Gy PAB-
HbI HYJIIO.

1194. ZiZI Ty + Z’L<] TiZj.

*1195. Z?<j Tilj.

196. S0 wiwigg.

*1197. E?:l(xi - 8)2, rne s = TitTetodr,

n
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*1199. Ilyctb naHa kBagpaTUuHas Gopma

32092 212 g2 g2
f=0+05+ —Hp lerl ler2 lp+q,

rae Uy, lo, ..., lp, L1, lpto, ..., lprq — BellleCTBEHHbIE JIHHeH-

Hble (OPMBI OT X1, X3, ..., Tp. JlOKa3aTh, YTO MOJOKUTEJNbHBIH

MHIEKC MHePLHH (T. €. YHC/IO TIOMOKUTENbHBIX KOS(DPHIMEHTOB B
KaHOHMUYECKOM BHZie) (hOpPMBI f He MPEBOCXOAMT P, a OTPULLATE/b-
HbI UHIEKC UHEPLUUH He MPEBOCXOAHUT g.

*1200. JoxazaTb, UTO €CM OT KaxKJIOH M3 IBYX (opm f, g K
JPYTOH MOXKHO TMepedTH KakuM-HuOyab (He 006s13aTesibHO HEBbI-
POXKJIEHHBIM) JIHHEHHBIM MPe0GpPa3oBaHueM, TO 3TH (OPMbl IKBH-
BaJIEHTHBI.

BbISICHUTD, KaKHe U3 CaefyIoNX (OPM IKBHBAJEHTHbBI MKy
c000i B 06/1aCTH BellleCTBEHHBIX YHUCEJI:
2 . 2. 2
1201. f1 =T] — T2T3; f2 = Y2 = Y3; f3 = 2122 + 23.
1202.
— 22 1 A2 2 4 9 )
fi = a1 +4a5 + 25 +dri12e — 201235
2 2 _ .2 )
f2 =i +2y5 — Y5+ 41y2 — 2y1ys — 4y2ys;
f3

1203. [loxasars; 4To BCe KBaJpaTUuHble (POPMBI OT n HEU3-
BECTHBIX MOXKHO Pa3OUTb Ha KJacChl Tak, YTO ABe (hOpPMBI OYAYT
9KBHBAJIEHTHBI TOTA U TOJBKO TOTZA, KOTLA OHHM MPUHALJEXaT K
OZHOMY U TOMY »Ke Knaaccy. Ha#Tu unc/io 3THX K/1accoB B KOM-
IJIeKCHON U BellleCTBeHHOH 06JacTsX.

—42% — zg — z§ — 42129 + 42123 + 182923.

1204. KakumMu 3Ha4eHUSIMH paHTa W CUTHATYpbl XapaKTepu-
3yIOTCS Te KJacChl BELIEeCTBEHHO 3KBHBAJE€HTHBIX KBaZpPaTHUHBIX
¢dopM, nsist KoTopeiX Gopma f 3KBHBaJeHTHa popme — f.

1205. Haiitu ymc/o KJaccoB 9KBUBAaJEHTHOCTH B 00/1aCTH Be-
IIECTBEHHBIX YHces (GOPM OT 7 HEU3BECTHBIX, UMEIOLIUX 3aaH-
HYIO CUTHaTypy s.

1206. [loxaszatb, 4TO AJIs1 pacrnafeHusi KBaJApaTHUHOH (OPMBI
B IPOM3BeleHHe IBYX JHHEHHBIX (POPM HEOOXOAUMO H JOCTATOYHO
BBITIOJIHEHHE YCJIOBHH: a) B 0O/IACTH BelleCTBEHHbIX UMCEJ: PaHT
He MPEeBOCXOAMT [BYX, a [IPH paHre [IBa CUTHATYPa paBHA HYJIIO;
6) B 00/IaCTH KOMIJIEKCHBIX YMCEJ: PAHT He TPEBOCXONUT IBYX.
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1207. JloxasaTb, 4TO KBafpaTHuHas Gopma f TOraa U TOJNBKO
TOTZA SIBJSIETCS TOJIOXKHUTENbHO ONpeaeseHHOH, KOria ee MaTpulia
npeacrasasiercsi B Buge A = C'C, rne C — HeBBIPOXKIEHHAS
BellleCTBeHHasi mMaTpuia W C' — MaTpula, TPAHCIOHHPOBAHHAS
kK C.

1208. Tlosnbsysich 3agauamu 913, 951 u 1207, nokasartb, 4TO
KBaJpaTHuHasi (opMma TOTAA W TOJBKO TOTJA SIBJASETCS IMOJIOXKU-
TeJIbHO ONpeNieJIeHHOH, KOTla BCe ee YIJIOBble MUHOPBI TTOJIOXKH-
TesbHBL. [Iof yIJI0BBIM MUHOPOM KBaApaTUYHON (pOPMbI IOHUMAET-
Csl MHHOpP k-TO MOPSIAKA, CTOSILIUN B MePBbIX k CTPOKAaX M MEepPBBIX
k cronbuax ee Mmarpunpl (K =1,2,...,7n; n — Nopsa0K MaTpMIbI).

1209. JloxaszaTb, UTO B TOJIOKHUTEJIbHO ONpelieieHHOH (opme
BCe KO3((PULUUEHTH NPU KBaapaTaX HEU3BECTHBIX MOJIOKHUTENbHbI
U UTO 3TO YCJIOBHE He SIBJISETCS AOCTATOUHBIM MJIs1 MOJIOXKHTEJb-
HOU OTpefieJIeHHOCTH (POPMBI.

*1210. loxasaTb yTBEpKIEHHUS:

a) [ns Toro uToObl KBaapaTH4Hash opma f Oblia MOJOXKH-
TeJIbHO ONpefeseHHOH, HEOOXOAUMO U J0CTaTOYHO, YTOObI
BCe IVIaBHBIE, a He ToJIbKO yrioBble (cM. 3agauy 1208) mu-
HODBI €€ MaTPHIbL OBLIH MONOXKHUTENbHBL.

6) Ias Toro 4toObl KBagpaTHuHasi (opMa f OblIa HEOTPH-
natenpHa (T.-e. f = 0 npu moOBIX BelleCTBEHHBIX 3HA-
YEHHSIX HEH3BECTHBIX), HEOOXOMMMO U 0CTATOYHO, YTOOBI
BCe IJIaBHble MUHOPbl €€ MaTpHLbl ObLIM HEOTPULIATE/b-
Hbl. [IokasaTh Ha mpumepax, 4To (B OT/IMYHE OT MOJIOKH-
TeJIbHO OMpee/ieHHbIX (hOpM) JJIi HEOTPULATENBHOCTH f
HEOCTaTOYHO, YTOOBI BCE YIJIOBBIE MUHOPBI OBLIM HEOTPHU-
LaTeJbHHI.

B) JIJis TOro 4TOOKI BellleCTBEHHAs CUMMeTPHYECKas MaTpHILa
A npexcrasJsiiach B Buge A = C'C, rne C' — BelecTBeH-
Hasi HeBBIPOXKIEHHAasi MaTpHLa, HEOOXOAUMO H JOCTATOUYHO,
4yTOOBl BCE YTJIOBblE MMHOPHl MaTpPHIbl A OBIIH MOJIOXKHU-
TeJIbHBI.

r) Jlasi Toro 4ToGbl BellecTBeHHash CHMMeTpPUUeCKasi MaTpH-
na A npencrasgsisace B Buge A = C'C, rne C — Bele-
CTBeHHasi KBaJpaTHasi MaTpHLa, HeOOXOAUMO U JOCTATOU-
HO, UTOObI BCE TJIaBHble MHHOpPHl MaTpullbl A GbLIH HEOT-
punatensHbl. Kpome Toro, ecsiu panr A paBeH 7, TO U paHT
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C paBeH 7, © MOXKHO CUHUTATL MNeEePBbIE " CTPOK C nvHeliHO
He3aBHCHUMbBIMH, a OCTaJibHble — HYJIEBbIMH.

1211. JloxaszaTb, 4YTO KBaapaTuuHas ¢gopma f TOrAa W TOJb-
KO TOT[a SIBJSIETCSl OTPUIIATeNbHO onpeneseHHod (1. e. f < 0
npH JI0OBIX BeLIECTBEHHbIX 3HAUEHHSIX HEHU3BECTHBIX, HE BCE U3
KOTOPBIX PaBHblI HYJI0), KOTNA 3HAKH YIJIOBBIX MHUHOPOB Di, Da,
..., Dy uepenytwotcs, npuuem D; < 0. 3mecb Dj — YyIJIoBO#
MuHop mopaaka k (k=1,2,...,n).

Halitu Bce 3HaueHus mapamMeTpa A, NPU KOTOPBIX MOJOKUTEb-
HO OIlpefeJieHHbl CJAeAYyollne KBaApaTHUUHbIE q)OprII

1212. 5x% + x% + Ax% +4x1x0 — 22123 — 22223.
1213. 23:% + a:% + 33:% + 2 \z129 + 20123

1214. x% + x% + 5x§ + 2 129 — 22123 + daoT3.
1215. x% + 43:% + a:% + 2 \x 129 + 102123 + 62003,
1216. 2x% + 2x§ + x% + 2 z125 + 62123 + 22923.

“1217. Jluckpumunarnmom Dy keadpamuunoti popmer f Ha-
3bIBa€TCS OTPeNeNUTeNb €€ MaTPUIbl. JloKa3aTh, 4YTO €C/IM K MOJO-
JKUTEJIbHO ONpefeeHHOM KBaapaTHuHoi dopme f(z1,2a,...,Ty)
npubaBUTh KBaApaT HEHY/I€BOH JTHHEHHOH (POPMBI OT TeX Ke Heus-
BECTHBIX, TO AUCKPUMHHAHT (POPMBI YBEJHUUTCS.

*® o n
1218. Tlycts f(z1,22,...,%n) = 32; ;; QijTiT; — MONOKH-
TeJIbHO OTpesieNieHHast KBafpaTHuHas GopMa U (o, T3, ..., Ty) =
= f(0,z9{...,xy,). JlokasaTb, 4TO [Jis AUCKPUMHHAHTOB 3THX

(opm BbITIONIHAETCS HepaBeHCTBO Dy < a1 Dy,.

*1219. JloxkaszaTb, UTO €CJH HEOTpHIlaTesbHAas KBaipaTHUHAs
¢opma obpaliaeTcst B HyJb X0Ts1 Obl IPHU OAHOM HeHYJeBOM Habo-
pe BellleCTBEHHBIX 3HAUeHHWH HEU3BECTHBIX, TO 3Ta (hOpMa BBIPOXK-
nenHa (7. e. ee IUCKPMMHHAHT paBeH HYJIO).

*1220. HasoBem komnoauyueti dsyx xsadpamuuroiX ¢opm

n n
f: E Qi Ti L5 H g= E bijxixj

i,j=1 i,j=1

KBazpatuunywo opmy (f,g) = ZZJ':1 a;jbijxiz;.
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JlokasaTb, 4TO:

a) ecau GopMbl f ¥ g HeoTpUuaTeJbHbl, TO U dhopma (f,g)
HEOTpHULATENbHA,;

6) ecad (GOpMbl f M g TONOXKHUTENbHO OINpe/eJeHHble, TO U
dopma (f, g) MONOKHUTEJBHO OMpeIeeHHas.

*1221. TpeyrosnbHbIM IpeoOpa3oBaHUeM Ha3blBaeTCs JIMHEHHOe
npeo6pa3oBaHue BUIA

Y1 = 21 + 1222 + -+ + C1pnTn,
Y2 = To + C23%3 + - + ConTn,

JlokasaTb, 4TO:

a) TpeyroJbHOe NpeoOpasoBaHHe HEBLIPOKIEHHO H Npeobpa-
30BaHMe, 00paTHOE JJisl TPeyroJbHOr0, CHOBA TPeyroJb-
HoE;

6) yrioBble MuHOphl Dy, (k= 1,2,...,n) (cm. sapauy 1208)
KBaZpaTHuHO# (hopMbl f =" | a;jx;x; IPU TPEYTOsb-
HOM NpeoBpa3soBaHKK He U3MEHSIOTCS.

*1222. JlokasaTb, 4TO:
a) 1J1s TOro uTOOBLKBagpaTHuHyio Gopmy f = >0 . a1 T
i,j=1 AijLilj
paHra 7 TpPEYTOJNBHBIM TpeoOpa3oBaHUEM MOXKHO OBLIO
NPUBECTH K BHLY

=Myl + -+ My, (1)

re Ay #0 (k=1,2,...,7), HLOOXOLUMO U JOCTATOUYHO,
YTOOHI

DL #0 (k<) D=0 (k>r), 2)

e Dy (k = 1,2,...,n) — yrJoBsle MUHOPBI (GOPMBI f
(cm. 3amauy 1208);

6) ykasauubii kaHoundeckuil Bua (1) onpenenen onHosHau-
HO, IIPUYEM ero Ko3(hQULHEHThl HAXOAATCA Mo GopMyaaMm

Dy

Ak (k=1,2,....r;, Dy=1)  (3)

(reopema CunbBectepa).



Mampuysl u keadpamuunsie Gopmol 193

1223. TlycTb yryioBele MUHOPBI KBaApaTHUHON (hopMbl f paHra
T YIOBJETBOPAIOT ycaoBusaM (2) npenpiayiiei sanauu. Jlokasarb,
4TO TMOJIOKHUTEJbHBIH HHAEKC HHEPLHUH 3TOH (hOPMBI paBeH UHCIY
COXpaHEHHUH 3HaKa, a OTPULLATENbHBIH HHAEKC — YHUCJY MepeMeH
3HaKa B PsY UHCeJ

1= Dgy,D1,Ds,...,D,.

BeISicHUTB, 4TO B C/I€YIOIMX Mapax KBajApaTHUHBIX (hOPM OI-
Ha (popMa gBJsIeTCS MOJIOKUTENBbHO ONpe/e/leHHOH; HaUTU HeBBHI-
pOXKJIeHHOe JIMHelHOoe npeobpa3oBaHUe, MpUBOIsLIee ATy (HOpMy
K HOPMaJIbHOMY, a APYTYio (popMy TOH »Ke napel K KAHOHHYEeCKOMY
BHJy, ¥ HalHcaTh 3TOT KaHOHWuYecKHH Bui (nMHelHOe mpeobpa-
30BaHHE OMPE/IENIEHO He OIHO3HAUYHO):

1224.
[ = —4dx1z9,
g= x% — 2x1%9 + 4323.
1225.
f= x% + 26x§ + 10z 22,
g = a:% + 563:% + 16x129.
1226.

f= 81‘% — 283:% + 14x§ + 16z129 + 1421203 + 322073,
g.= 2 + 4x2 + 222 4 22123,

1227.
f= QxZ + 2129 + 123 — 22023 + 2T04,
g= ix% + a2+ x% + 222 4 2x013y.

1228.

3
f= x% + 5:53 - 2x§ + xi + 2129 + 4x1 23,

5
g=a1+ ng—i—xg + 22 + 2xo13.
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1229.

f= x% — 1533% + 4x1x9 — 21173 + 62273,

g = :ﬂ% + 17;10% + 3x§ +4dx1x0 — 201203 — 14023,

*1230. [lycts nana napa ¢opm™ f, g OT ONHHUX U TeX XKe Heus-
BECTHbIX, NpuueM ¢ > 0. [lokasaTbh, 4TO KAHOHHUECKHH BU]

nojy4aeMblil 1151 popmbl f mipu so6oM JMHEHHOM mpeobpa3oBa-
HUH, TIPUBOAALLEM (HOPMY g K HOpMasbHOMY BUAY (T. €. K cymMe
KBaJlpaToB), ONpeleNsieTcsi OAHO3HAYHO C TOYHOCTHIO 0 MOPsiIKa
cJaraeMblX, pu4yeM ero Ko3MULHUEHTHl Aj, Ag,.. .., A, SBJSIOT-
Csl KOPHSIMH TaK Ha3bIBAEMOTO A-ypaBHeHHs Tapel dopm f, g, a
UMeHHO ypaBHeHust |A — AB| =0, rne A 1 B — COOTBETCTBEHHO
Matpuusl GopM f U g.

MoxxHO /11 cyielyiolike Mapbl KBaAPaTUUYHBIX (OPM MPUBECTH
K KaHOHMYEeCKOMY BHIY OIHUM BeLleCTBEHHHIM HeBbIPOXKAEHHBIM
JIMHEHHBIM IIpe0Opa3oBaHUeM:

1231.

f=22 4 4x120 — 23,
qg= x% + 6x1719 + 5x§.
1232.
f = .’E% +x120 — 1’%,
g= x% — 2x120.

1233. [lycTb naHbl ABe MOJNOXKUTENbHO ONpeeeHHble (hOPMbI
f ¥ g, u mycTb ONHO HEBBIPOXKAEHHOE JIMHEHHOe Mpeobpa3oBaHue
HEM3BECTHBIX IPUBOAUT GOpMy f K BULY Y . ; A;y7, a hopmy g K
HOpPMa/JbHOMY BHIY, a BTOpoe npeobpa3oBaHue, Ha060poT, hopmMy
[ K HOpMasbHOMY BHLY, a GOpMYy g K BHLY » ., p;z2. Haiitu
CBSAI3b MeXAY KOIPPUUUEHTAMU Aq,. .., Ay U [i1, ..., [n.

He pasbickuBasi nuHeiiHOro npeobpa3oBaHusi, HaUTH KaHOHHU-
YyeCKUH BUJ AaHHOH (popMBl f, K KOTOPOMY OHA IpPHUBeLEeTCS Ipe-
00pa3oBaHUEM, NPUBOASLIMM JPYryl0 AaHHyo (opmy g > 0 K
HOPMaJIbHOMY BHIY:
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1234.

[ =212% — 1823 + 623 + 4a 20 + 287123 + 6x023,
g= 113:% + 63:% + 6x§ — 122129 + 122123 — 62223.

1235.

f =147 — 4a3 + 1723 + 8129 — 402123 — 262973,

g= 9:5% + 6x§ + 6x§ + 122129 — 10x123 — 22923

1236. [loxaszatb, yto naBe mapbl ¢op™M f1, g1 U fa2, go, e
g1 ¥ go TIOJNIOXKHUTEJBHO OMpENeseHbl, TOTAa U TOJBKO TOTAA 3K-
BUBAJIEHTHBI (T. €. CYIeCTBYeT HeBbIPOXKAEHHOE JIMHEHHOe Mpe-
o6pasoBaHue, MepeBosilee fi B fo U g1 B ga), KOTJa KOPHHU HMX
A-ypaBHeHu#l |[A; — AB1| =0 u |42 — AB3} = 0 coBnaznaior.

BbISICHUTH, SKBHBAJEHTHBI JIH CYLIECTBYOIIHE Napbl (GOpM, He

Haxonsl JMHEHHOro npeoOpa3oBaHUs OMHON Mapel B IPYTyIo:
1237.

fi= 2x% + 3x§ — x% + 22129 + 22123,
g1 = 3:5% + 2x§ + x% — 2z123,
fo =222 + 523 ¥ 2x§ +4x120 + 421203 — 22073,

g2 = x% + 63:% + 3x§ + 2x179 + 27123,
1238.

fi'= 43:% + 63:% + 213:3 +dxix9 — 4123 — 220973,
g1 = 4x% + 3x§ + 6x§ +4x120 — 4x123 — 6203,
fo= 9:5% + 6:53 + 6x§ — 6r129 — 62123 + 122973,

fo= 93:% + 33:% + 33:3 — 62129 — 6x123 + 22073.

Haiiti HeBBIpOKIEHHOE NHHEHHOe NMpeobpa3oBaHue, MepeBo-

Isillee Mapy KBaapaTHUHBIX GopMm fi, g1 B Apyrywo napy fa, ga
(nckomoe mpeobpasoBaHue ONpee/IeHO He OJHO3HAYHO):
1239.

fi= 2x% — 7x§ + 2x129, fo= —7y% — 3y§ — 12y199,
g1 = 222 4 1322 + 102, 22, g2 = 13y? 4 252 + 36y1 9.
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1240.
fi =322 + 222 — 10229, fo = —9y7 — 20y3 — 44y1y2,
g1 = 233% + 533% — 6x123, g = 29yf + 4y§ + 20y19y2.

1241. Ilyete f(x1,29,...,2,) U g(x1,22,...,2,) — IBe
KBaJipaTH4YHble (hOPMbI, XOTs Obl OfIHA M3 KOTOPBIX MOJOXKHUTETbHO
onpenesneHHa. Jlokasatb, uTo «moBepxHocTH» f =11 g = 1 B
Nn-MepPHOM IPOCTPAHCTBE TOTJA M TOJbKO TOrJa He TepeceKarnT-
cs (1. e. He MUMelOT OOIIMX TOYeK), Korma (opma f — g sABJseTCs
ornpeneseHHOH.

*1242. Jloka3aTb, UTO KAHOHHYECKHUH BUJ Z?Zl )\ny K KOTO-
pomy KBajapaTuuHasi popMa f NPUBOAUTCS OPTOTOHAJNBHBIM MPe0d-
pasoBaHUeM, OIpejeseH OHO3HAYHO, NPHUUEM €ro KO3 (hHUIIUEeHTh
A1, A2, ..., A SBJSIOTCS KOPHSIMHM XapaKTEPHCTHUECKOTO ypaB-
HeHusi |A — AE| = 0 matpuupsl A dopmsl. f.

Haiitn kaHoHWYeCKHH BUI, K KOTOPOMY MPUBOASTCS CJeIYIO-
IMe KBaJApaTHUHble OPMBI TOCPEACTBOM OPTOTOHAJNBHOTO MPeos-
pa3oBaHMs, He HaXO/sl CaMOTr0 3TOTO Mpeobpa3oBaHUS:

1243. 31‘% + 3.%:23 4+ dxixo + 4123 — 22203,

1244. 73:% + 73:% + 79:% 4+ 2x129 + 22123 + 2T073.

« X7 — LX1 Xy — 2X1X3 — 4L2X3.

1245. 22 — 2 2 2

1246. Sxf + ng — x% — 6x123 + 4woxs.

n—1

*1247. Zk:l TLl+1-

Haiitu  oproronanbHoe npeobpasoBaHue, MPUBOASILIEe CAENY-
omre. (POPMbl K KaHOHMYeCKOMy BuAy (NpvBeleHHe K TJIaBHBIM
ocsM), ¥ HamMcaTh 3TOT KaHOHMYecKMil Bua (nmpeo6pasoBaHue
Ompe/Ie/IeHO He OIHO3HAUHO):

1248. 622 + 523 + T22 — w179 + 4271 73.

1249. 1127 + 523 + 223 + 167122 + 42105 — 202273,

1250. 22 + 23 + 5x§ — 62129 — 22123 4 22023,

1251. 2% + 23 + 23 + 4wy 22 + 47123 + 42273,

1252. 1727 + 1423 + 14223 — 4ry29 — 42103 — ST273.

1253. 2?2 — 523 + x?,, + 4x1x9 + 22123 + dT023.

1254. 8x% — 723 + 82% + 8w122 — 22173 + 8T2w3.
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1255. 2x129 — 61123 — 62074 + 2T374.

1256. 527 + 523 + 522 + 527 — 10x122 + 22103 + 61124 +
+ 6xox3 + 2w004 — 102324

1257. 322 + 8119 — 323 + 422 — daswy + 275

1258. x% + 2x129 + a:% — 2x§ — dx3ry — 2x?1.

1259. 927 + 522 + 522 + 823 + Swoxs — 4woxy + 42374,
1260. 43:% —4x129 + a:% + 5a:§ — 4322 + 122425 + x%
1261. 4x7 — 422 — 8wows + 223 — 522 + 6x4x5 + 322

1262. 3x%+8x1x2—3x§+4x§—6x3x4—4xi+4x§+4x5x6+x§.

Halitu kaHOHHMYeCKHH BUJ, K KOTOPOMY cJejyrolire (HopMbl
TIPUBOISITCS OPTOTOHAJIBHBIM MPeoGpa3oBaHKeM, H BbIPA3UTb HO-
Bble HEM3BeCTHbIe yepes cTapble (HCKoMoe MpeobpasoBaHue He Ofl-
HO3HAYHO):

1263. >0, xf + X0 wixy.
1264. 3

*1265. HazoBem nBe KBajgpaTHUHble (POPMbI OPMOCOHAALHO K-
8UBANEHMHbIMU, €CJH OT OLHOM U3 HUX MOXHO MEpelTH K IpyroH
NOCPEeICTBOM OPTOrOHa/NBHOrO mNpeo6pasoBanusi. [lokasaTb, 4TO
IJ151 OPTOTOHA/JbHON SKBUBAJEHTHOCTH IBYX (DOPM HEOOXOAHWMO H
JOCTAaTOUHO, YTOOBL XapaKTepUCTUUECKHe MHOTOUJIEHbl UX MaTpHLL
COBIAJAJH.

BbISICHUTD, KaKHe U3 CielyIoIUX KBaJpaTHUHbIX (OPM OpTO-
rOHaJ/IbHO KBHUBAJNEHTHBI:
1266.

n . .
i<j TiTj.

f= 93:3 + 9x§ + 12x129 + 122123 — 62273,

g = =3y} + 6y5 + 65 — 12012 + 12413 + 6yays,

h = 112% — 42% + 1lz§ + 82129 — 22123 + 82223.
1267.

f= 7x% + x% + x% — 8r1x9 — 811713 — 162273,

2, 1, 1, 4 4 8
=391~ 3¥% — 3¥s— ghy2 + PLAE + 3Y2Y3,
h = z% — z§ + 2\@2123.
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1268. JloxazaTb, uTO J100yI0 BEIIECTBEHHYIO CHMMeETpHYe-
CKyl0 MaTpuly A MOXHO NpeicTaBuTh B Buie: A = Q7 'BQ,
rie () — opToroHajbHas U B — BelleCTBeHHas QHaroHaJjbHast
MaTpHLBL.

JLast cenyrolinxX MaTpull HalTH OPTOrOHAJbHYI0 MaTpuly ()
¥ BeILeCTBEHHYIO [HAroHaJbHYIO MaTpULy B Takue, 4To HaHHast
MaTpula npeicTabaserca B Buae Q1 BQ:

3 2 0 2 2 -2
1269. (2 4 —-2]. 1270. 2 5 —4
0 -2 5 -2 -4 5

*1271. JloxaszaTb, 4TO BCe XapaKTepUCTHUeCKHe YHCcJa Bellle-
CTBEHHOH CHMMEeTPHYECKOH MaTpullbl A TOTA U TOJNBKO TOraa Je-
JKaT Ha oTpeske [a,b], Korna KBagpaTHuHas (opma ¢ MaTpuLeh
A — M FE noJioXuTeNbHO omnpesiesieHHa NMpH Jt060M Ag < a U OT-
pULIaTeJIbHO ONpefieleHHa MpH J1000M Mg < b.

*1272. [lycte A u B — BellleCTBeHHble CUMMeTpPHUECKHE MaT-
puubl. Jlokasatb, 4TO ec/M XapaKTEPUCTHYECKHE YHCJ/a MaTPULLbI
A nexar Ha oTpeske [a, b], a XapaKTepuCTHUECKHE YHCJId MATPHULLbI
B — Ha otpeske [c,d], TO XapaKTepUCTHUECKHe YHCJA MaTPHULbI
A + B nexar Ha oTpeske [a + ¢, b+ d].

1273. JloxaszaTb, UTO HEBBIPOXKAEHHYIO BEILECTBEHHYIO KBal-
paTHuHY (OPMY TOTAA M TOJNBKO TOTA MOXKHO TNPHUBECTH K HOP-
MaJIbHOMY BHJY OPTOTOHAJIbHBIM ITPe00pa3oBaHHeM, KOTa ee MaT-
puLa OpTOroHa/bHA.

1274. [doxasaTb, 4TO MaTpHLA MOJOXKHUTENbHO ONpeeIeHHON
KBaJpaTHYHON (hOPMBI TOTA U TOJIBKO TOTIA OPTOTOHAJIbHA, KOTa
sta (hopma ecTb cymMMma kBanpartoB. Kak 3To mosoxenue (opmy-
JIUPYETCs Ha sI3bIKE MATPHLL?

*1275. Jlokasatb, uTO /100yl BelleCTBEHHYI HEeBBbIPOXKJEH-
HYI0 MaTpully A MOXHO TpencTaBuTb B Buie A = @B, tne Q) —
OpTOroHasbHasi MaTpulla ¥ B — TpeyroJibHasi MaTpHLla BUAA

bll b12 b13 S bln
0 b22 b23 e b2n
0 0 b3z ... b3y
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C TIOJIOXKUTENbHBIMH 3J€EMEHTAMU Ha TJIaBHOH JUaroHaJsiv, U Takoe
npeacrtaBjeHre €eAUHCTBEHHO.

*1276. Jlokasatb, 4ToO:

a)

6)

B)

JIIOOY10 BELECTBEHHYIO HEBBIPOXKAEHHYI0 MaTpully A Mox-
HO MpeacTaBUThb Kak B Buae A = (Q1B7, Tak ¥ B BUJe
A = By(Q, tne MaTpulbl Q1 U (J2 — BelleCTBEHHbIE U
OpTOTOHAJIbHbIE, & MaTpULbl B1 U By — BellleCTBEHHbIE,
CUMMEeTPHUYECKHE U C TONOXKHUTENbHBIMH YIJIOBBIMH MUHO-
pamu. Kaxknoe 13 3TUX npeacTaBieHUH eUMHCTBEHHO;
JIIOOYI0 KOMIIJIEKCHYIO HEBBIPOXKJIEHHYIO MaTpUIy A MOX-
HO MpeiCTaBUTh KaK B Bune A = (Q1B1, Tak v B Buje A =
= B2(Q2, rne MaTpuubl (J1 U (J2 YHUTAPHBI; @ MAaTPULBl B
U By 3PMHTOBBI U C TOJIOXKUTEJTbHBIMH. (YIJIOBBIMH MHHO-
pamu (MaTpuua B HasbiBaeTcs 3pMUTOBOH, ecin B = B).
Kaxxoe U3 3THUX npenctaBjaeHui efHHCTBEHHO;
nyctb A — cuMMeTpuueckas (MM 3pMHTOBa) MaTpuua
C TIOJIOKMTEJIbHBIMH yTJIOBBIMH MHHOpPaMH U B — opTo-
ronasbHas (COOTBETCTBEHHO yHMTapHasi) mMaTpuua. Jloka-
3aTh, 4TO:
1) npoussenenusi- AB u BA toraa u ToJbKo Toraa 6y-

JyT CHMMETPHYECKHMH (3PMHUTOBBIMM) MaTpHLLAMHK

C MOJIOXKUTEJbHBIMU YIJIOBBIMU MUHOPAaMH, KOTAa

B —'enMHUYHas MaTpuULa;

2) npoussenenus AB u BA Torna u ToabKo Toraa 6y-
IyT opToroHaabHbl (yHHTapHbI), Korna A — enu-
HUYHAash MaTpUILa.
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BEKTOPHbBIE MPOCTPAHCTBA U UX
JIMHEUHbBIE NMPEOBPA3OBAHMUA

§ 16. AMDUHHDLIE BEKTOPHBIE MPOCTPAHCTBA

Huxe npuMeHsioTCst c/IeAyoLie 0003HaY€HHUs: BEKTOPbI 000-
3HAYalOTCsl MaJbIMH JAaTHHCKUMH OyKBaMU KHPHOro wWpHdTa, a
BEKTOPHbIE POCTPAHCTBA, HX MOAMPOCTPAHCTBA U JHHEHHBIE MHO-
roo6pasnsi — GOJBIIMMHU JAaTHHCKUMU OyKBaMH XKUPHOTO WpHTA.
KoopauHaTel BeKTOpa MpH OOBIUHOM 3aMHMCH MHIIYTCS B CTPOKY,
3aKJIIOUEHHYIO B KPyTJible CKOOKH, HAMIPUMED & = (X1, T2, ..., Tn).
B marpnuHO# 3amucH BeKTOpHl 6asKca 3alKCHIBAIOTCS CTPOKOH B
KPYTJIBIX CKOOKAX, 8 KOOPIHHATBI BEKTOPA — CTOJNOLOM B KPYTJIBIX
CKOOKax.

Mampuyeii nepexoda ot craporo 6asuca ej, ez, ..., €, K
HOBOMY €}, €5, (..., e}, HaspBaeTcst Marpuua 1T = (¢;;)}, mo
CTON0LAM KOTOPOH CTOSIT KOOPAMHATHI HOBBIX Ga3HCHBIX BEKTO-
poB B cTapoM 0asuce. Takum o0pa3oM, CTapblili U HOBBIH Ga3uChl
CBsI3aHbl MaTPUYHLIM PABEHCTBOM

! !/ /
(e, e5,...el) = (e, ea,...e,) T. (1)
[Tpu TakKx 0603HAYEHHSIX KOOPAHHATHI L1, X2, . . ., Ly BEKTO-
pa @ B crapom 0asuce CBsI3aHbl C KOOPAMHATAMU T}, T, ..., X,

— n )
TOTO 2Ke BeKTOanB HOBOM 0asuce paBeHCTBAMH T; = Zj:l t,,jmj,
UM B MAaTPUYHOHU 3aNUCH

x )
/
2l "], (2)

/
Ln Ty,
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Jlunetinoim noonpocmparcmeom BEKTOPHOTO IpocTpaHcTBa R
HasbiBaeTcst HemycToe (T. e. comeprkaiiee XoTsi Obl ONMH BEKTOP)
MHOKecTBO L BekTopoB U3 R, obsanamlilee cieqyoLUMU CBOH-
CTBaMH:

1) cymma x + y AByX J06bIX BeKTOpoB M3 L cHOBa mpuHai-
nexur L;

2) mpoussenenue « - x M060ro BekTopa * u3 L Ha n060e
YHUCJIO ¢ CHOBA NMPUHALJIeXKHUT L.

Jluneiinoim mHo2006pasuem BEKTOPHOTO NpocTpaHcTBa R Ha-
3bIBaeTCS COBOKYMHOCTh P BekTOopoB U3 R, mosyueHHas npubas-
JIeHUeM KO BCeM BEeKTOpaM KaKOro-HWOyAb MOANpocTpaHcTBa L
u3 R onHoro u Toro e BeKTopa xg. Jta cBsidb L u P Oyner
ob6osHauatbesl Tak: P = L+ xg unu L = P —ay. Mul 6ynem ro-
BOPUTb, UTO JIMHeHHOe MHOroob6pasue P moJjiyueHo U3 JUHEeHHOTro
noanpoctTpaHcTa L mapansesbHbIM CABUIOM Ha BEKTOP Xg.

Pasmeprocmoero nrHeHHOTO MHOT000pasusi HasblBaeTCs pas-
MEPHOCTb TOTO JIMHEHHOrO MOANPOCTPAHCTBA, MapaJsjebHbIM
CIABUTOM KOTOPOTO JAaHHOe MHOrooOpasue mnosydeHo. Koppexr-
HOCTb 3TOTO OIpe/iesIeHHs] BHITEKAeT U3 yTBepKAeHus1 3aaaun 1331.
OnHoMmepHble JTHHeHHbIE MHOT000pa3us OYyT Ha3blBATbCsT MPSIMBbI-
MH, a IBYMepHble — ILIOCKOCTSIMH.

Cymmotl IByX. JMHEHHBIX MOANMPOCTPaHCTB L; u Lo BeKTOp-
HOT'0 NpocTpaHeTBa R HasbiBaeTcs COBOKYMHOCTb S = Lj + Lo
BCEX BEKTOPOB M3 R, KaxKAblH M3 KOTOPBIX NpeCcTaBJsieTcsl B BU-
Je € = x{+ xo, THe 1 € L1 v x> € Lo. 3nech 3anuch a € A
0003HAUAET: «3JIeMEHT a MPUHAMLJIEKUT MHOXKeCTBY A». [lepece-
yeruem NBYX JUHEHHBIX NMOANPOCTPaHCTB Ly M Ly BEKTOPHOIO
npoctpaHcTBa R HasbiBaeTcs: coBokynHocTs D = L; N Py Bcex
BEKTOPOB M3 R, Ka)KIblll U3 KOTOPBIX NMPHHAANEXHUT Kak Lj, Tak
U LQ.

[Ipsaimoil cymmoti nByX JUHEHHBIX MOANpocTpaHcTB Ly u Lo
BEKTOPHOTO MpocTpaHcTBa R HasblBaeTcsl cyMMa 3THX MOATNPO-
CTPaHCTB MPH YCJOBUM, YTO WX MepeceuyeHue COCTOUT JIUIIb H3
HyJ/1eBOro BekTopa, T. €. Ly N Ly = 0. B cayvae npsimMoit cyMMBbl
6ynem nucatb S = Ly + Lo.

U, HakoHel, n-MepHOe BEKTOpPHOE MpPOCTpaHCTBO OyneT 060-
3Hauartbcs uepe3 R,,. IIpu 3TOM, eciy He OroBOpPeHO NMPOTHUBHOE,
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noJpasyMeBaeTcs, YTO 3a OCHOBHOE I0JIe B3SITO M0Je BellleCTBeH-
HbIX 4Mces, T. e. ]2, COCTOMT M3 BCEX n-MEpHBIX BEKTOPOB C
JIIOOBIMH BellleCTBEHHBIMH KOOpPIHUHATaMH.

Bekroptl ey, e, ..., €, 1 T 3alaHbl CBOUMH KOOPAHHATaMH B
HekoTopoM Oasuce. [Toxasarb, 4To BeKTOpH e, €z, ..., €, CaMH
06pasyioT 6a3nc U HaWTH KOOPAMHATH BEKTOpPAa & B 3TOM Oaszuce:

1277. e; = (1,1,1), e2 = (1,1,2), es = (1,2,3); = (6,9,14):

1278. e; = (2,1,-3), e2 = (3,2,-5), e3 = (1,—-1,1); & =
=(6,2,—7).

1279. e; = (1,2,—-1,-2), e2 = (2,3,0,—1), e3 = (1,2,1,4),
ey =(1,3,-1,0); ¢ = (7,14, -1, 2).

JlokasaTb, 4TO KaxKJas M3 ABYX CHCTeM BEKTOPOB SBJseTCS
0a3yucoM M HaWTH CBA3b KOOPAMHAT ONHOTO M TOTO XKe BEKTOpa B
3TUX JBYX Oasucax:

1280. ¢; = (1,2,1), e; = (2,3,3).es = (3,7,1); €, =
= (3,1,4), e, = (5,2,1), €4 = (1,1, —6)
1281. e, = (1,1

ey = (1,3,2,3); €} ,
= (27 2a 574)v eﬁl = (_2? _3a N _4)
1282. HaiiTu KoopAMHATBl MHOTOYJeHa

f(x) = ag+ a17 + azz® + -+ + apaz”

a) B Gasuce l, &, 22, ..., z™;

6) B Gasucel, r —a, (x —a)?, ..., (x — )", BBIACHUB, 4TO
nocJegHe MHOTOYJIEHBl TEHCTBUTENBHO 06pasyoT 6asuc.

1283. Haiitu maTpuiy nepexona ot 6asuca 1, =, 22, ..., 2" K

6asucy I, r—a, (x—a)?, ..., (z—a)™ npocTpaHCTBa MHOTOY/IEHOB
CTeleHM, MeHblled UKW PaBHOH 7.

1284. Kak usmeHUTCS MaTpulla rnepexona oT ogHoro 6asuca K
Ipyromy, ecJu:

a) TIOMEeHATb MeCTaMM JBa BEKTOpa MepBoro Gasuca?

6) TNOMeHATb MeCTaMM 1Ba BEKTOpa BTOPOro Gasuca’?

B) 3amucaTh BEKTOPbl 060MX 6a3HCOB B 0GPaTHOM MOPsIAKE?

fBasieTcs i AMHEHHBIM NOANPOCTPAHCTBOM COOTBETCTBYIOLLLE-
ro BEKTOPHOT'O MPOCTPAHCTBA KaxKJasi U3 C/eNyIOIUX COBOKYITHO-
CTeH BEKTOPOB:

1285. Bce BeKTOpBI 1-MEPHOT0 BEKTOPHOTO MPOCTPAHCTBA, KO-
OpAHHATBl KOTOPBIX — IIeJIble YHca?
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1286. Bce BeKTOpbI MJIOCKOCTH, KaXKIbIH M3 KOTOPLIX JEXKHUT
Ha OfHOH u3 ocelt KoopauHat Ox u Oy?

1287. Bce BekTOpbl IJIOCKOCTH, KOHLbI KOTOPBIX JexKaT Ha
NaHHO# mnpsiMol (Hayaso JIGOr0 BEKTOpa, ecjli He OroBOPEHO
NPOTUBHOE, MPEAINOJaraeTcss COBMNAJAIOLIMM C HayaJoM KOOpPAH-
Har)?

1288. Bce BekTOpbl MJIOCKOCTH, Hayaja U KOHIbl KOTOPBIX
JIeXKaT Ha NaHHOH MPsiMOi?

1289. Bce BekTOpbl TpexXMepHOTO MpPOCTPAHCTBA, ~KOHILBI
KOTOPBIX He JIeKaT Ha JAHHOH MpsIMOH?

1290. Bce BexkTOpbl IJIOCKOCTH, KOHLbBI KOTOPBIX JexaT B
TMIepBOH UETBEPTHU CUCTEMbl KOOPAUHAT?

1291. Bce BexTopbl U3 R,,, KOOPIUHATHl KOTOPBIX yIOBJETBO-
pSIOT YPaBHEHHIO X1 + Xg + - - + &, = 07

1292. Bce BexTOpbl U3 R,,, KOOPAHHATHL KOTOPLIX YIO0BJETBO-
pSIIOT YPaBHEHHUIO T + o + -+ - + Ty = 17

1293. Bce BekTOpbI, ABJAOLIHECS JUHEHHBIMM KOMOWHALHUS-
MM JaHHBIX BEKTOPOB: L1, X2, ..., Tk, U3 R,?

1294. Tlepeuncantb Bce. JHMHEHHBIE MOANPOCTPAHCTBA TpexX-
MEepHOro BEKTOPHOTO MPOCTPAHCTBA.

1295. Ilycts auHelHOoe moanpocTpaHcTBo Ly comep:xutcs B
JUHeHHOM noanpoctpaHcTBe Lo. [lokasaTb, 4To pasmepHocTb Ly
He Bblllle pasMepHocTH Lo, npuueM pasMepHOCTH paBHbl TOTAa U
TOJIbKO TOTrAa, Korna Ly = Lo. BepHo s mocJ/ienHee yTBep:KIeHHE
IJ1s1 TIIOOBIX ABYX JIMHEHHBIX MOANPOCTPAHCTB JAHHOTO MPOCTPaH-
cTBa’?

1296. JloxaszaTb, 4TO ecy CyMMa pa3MepHOCTEH NBYX JIMHEH-
HBIX TIOANPOCTPAHCTB N-MEPHOT'0 MPOCTPAHCTBA GOJbLIE 7, TO ITH
TIOANPOCTPAHCTBA UMEIOT OOLLME HEHYJeBOH BEKTOP.

JlokasaTb, UTO C/eAyIOLIHe CHCTEMBl BEKTOPOB 06pasyloT Ju-
HelHble MOANPOCTPAHCTBA, U HAWTH UX 6a3UC U Pa3MepPHOCTb!

1297. Bce n-mepHble BeKTOpHl, Y KOTOPLIX IepBas U MOCJ/eM-
Hsisl KOOPAMHATBI PaBHBI MEXKY COOOH.

1298. Bce n-MepHble BEKTOPEI, Y KOTOPBIX KOOPAHUHATHI C HeT-
HBIMM HOMEpPaMH paBHbI HYJIIO.

1299. Bce n-MepHble BEKTOPEI, Y KOTOPBIX KOOPAHUHATHI C UeT-
HBIMM HOMepPaMH paBHbl MeX1y COOOH.
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1300. Bce n-mephbie BekTopsl Buaa («, 5, «, 5, «, 3, ...), rae
a U 3 — mobble yucaa.

1301. [loxasaTb, 4TO BCe KBaJpaTHble MaTPHUIbl MOPSIAKA N
C BElLIeCTBEHHBIMH 3jieMeHTaMK (MJIH 3JieMeHTaMu U3 JII06Oro Io-
ns1 P) 06pasyroT BEKTOPHOE MPOCTPAHCTBO HAJl 0JIEM BELeCTBEH-
HBIX uHMces] (COOTBETCTBEHHO Hamn moseM P), ecy 3a onepaluu
B3ATb CJIOKEHHE MaTPULL H YMHOXKEHHe MaTpHLbl Ha yucso. Haii-
TH 6a3UC U Pa3MepPHOCTb 3TOTO NPOCTPAHCTBA.

1302. [/loxasaTb, UTO BCe MHOTrOUYJEHbl CTENeHH < n OT Of-
HOTO HEH3BECTHOTO C BELIeCTBEHHBIMH Ko3(hduuuentamu (uau c
Ko3((huLHeHTaMK U3 J1060ro 1nosisi P) o6pasyloT BeKTOpHOe Ipo-
CTPAHCTBO, €CJIM 3a OIepalud B3siTb OOBIUHBIE CJIOKEHHE MHO-
rouJieHoB ¥ yMHOXKeHHe MHOrouJieHa Ha uucjao. Ha#tu 6asuc u
PasMepHOCTb 3TOT0 MPOCTPAHCTBA.

1303. loxasaTb, 4TO BCe CUMMETPHUECKHe MaTpULbl 00pasy-
I0T JIMHEHHOE MOAMPOCTPAHCTBO MPOCTPAHCTBA BCEX KBALPATHBIX
MaTpul nopsinka n. Halitu 6asuc U pa3MepHOCTb 3TOTO MOANPO-
CTpaHCTBA.

1304. loxaszaTb, 4TO KOCOCUMMETPHYECKHE MATPHUIBI 00pasy-
10T JMHEHHOe TMOANPOCTPAHCTBO MPOCTPAHCTBA BCEX KBAAPATHBIX
MaTpul nopsaka n. Halitu 6asuc U pasMepHOCTb 3TOTO MOANPO-
CTPaHCTBA.

1305. JloxaszaTb, HTO ecyu JUHEHHOE MOANpOoCcTpaHcTBo L mpo-
CTPaHCTBAa MHOTOUJIEHOB CTENeHH < 7 CONEPKUT XOTsS OBl OfMH
MHOTOUJIeH creneHu k nas k = 0,1,2,...,p, HO He CONEPKHUT
MHOTOUJIEHOB  CTeNleHH k > p, TO OHO COBIAJAeT C MOANPOCTPaH-
cTBOM L, BceX MHOTOUJIEHOB CTENeHH < p.

1306. Ilycts f — HeoTpuuaTenbHast KBafpaTHUHas opMa OT
n HEH3BeCTHbIX paHra r. JlokasaTb, YTO BCe peELUEHHS ypaBHe-
aus f = 0 o6pasyioT (n — r)-MepHOe JHHeHHOe OAMNPOCTPAHCTBO
npoctpaHctsea R,,.

1307. loxasaTb, 4TO pelIeHHs JIOOOH CHUCTEMBI OLHOPOAHBIX
JIMHEWHBIX YpaBHEHUH C m HEM3BECTHBIMM paHra r o0pasyioT JH-
HelHOe MOINPOCTPAHCTBO M-MEPHOro MpocTpaHcTBa R, pasmep-
HOCTH d = m—r U, 00paTHO, AJIs 10600 JMHEHHOr0 MOANPOCTPaH-
crBa L pasmepHocTdH d mnpoctpaHcTBa R, CyIIeCTBYeT CHCTe-
Ma OfIHOPOIHBIX JIMHEHHBIX ypaBHEHHWH C 7 HEW3BECTHBIMH paHra
r = mn — d, pelleHHs KOTOPOH 3aroJIHAIOT B TOUHOCTH JaHHOE
noanpocTpancTso L.
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1308. Haiitu kakol-HuOYyab 6a3UC U Pa3MepHOCTb JIMHEHHOr0
noanpoctpaHcTBa L mpoctpaHctBa R, ecan L 3anaHo ypasHe-
HUEeM T1 + T2 + -+ 2, = 0.

1309. [loxasaTb, 4TO pa3MepHOCTb JUHEHHOr0 MOANPOCTPaH-
ctBa L, HaTsHyTOrO Ha BEKTOPbl T1, X2, ..., Tk (T. e. mMox-
MPOCTPAHCTBO BCEX JIMHEHHBIX KOMOWHALME JaHHBIX BEKTOPOB),
paBHa paHTy MaTPHIBl, COCTABJIEHHON N3 KOOPAWHAT NaHHBIX BeK-
TOPOB B KaKoM-HUOyab 6asuce, a 3a Oasuc nognpocrtpaHctaa L
MOKHO B3$ITb JII0OYI0 MaKCHMaJ/IbHYIO JTHHEHHO He3aBUCHMY10 TOJI-
CUCTEMY CHCTeMBbl JaHHBIX BEKTOPOB.

Haiitu pasmepHOCTb U 6a3uc JIMHEHHBIX MOANPOCTPAHCTB, Ha-
TSHYTBIX Ha CJEAYIOLIHe CUCTEMBl BEKTOPOB!

1310. a; = (1,0,0,-1), a2 = (2,1,1,0), a3 = (1,1,1,1),
as = (1,2,3,4), a5 = (0,1,2,3).

1311. a; = (1,1,1,1,0), as = (1,1,-1,—-1,-1), a3 =
=(2,2,0,0,—-1), ay = (1,1,5,5,2), ag= (1,—1,—1,0,0).

Haiitu cucrembl nuHeHHBIX YpaBHEeHHUH, 3a1atoline JHHeHHbIE
MOJAMPOCTPAHCTBA, HATSHYThIE Ha C/EAYIOLINe CHCTEMBI BEKTOPOB:

1312. a; = (17 —1, 1, O), as = (1, 1, 0, 1), asz = (2, 07 1, 1)

1313. a; = (1,-1,1,-1,1), a2 = (1,1,0,0,3), a3 =
=(3,1,1,-1,7), ay =(0,2,-1,1,2).

1314. [loxaszaTb, 4TO CyMMa H INepeceueHHe IBYX JHHEHHbIX
MOJANPOCTPAHCTB (pocTpaHcTBa R, caMu SIBJSIOTCS JHHEHHBIMH
MOJANPOCTPAaHCTBAMHU TOTO 2Ke MPOCTPAHCTBA.

1315. Jlokaszatb, uto cymma S = Ly + Lo IBYyX JIHHEHHBIX
MOANPOCTPAHCTB MpocTpaHcTBa R, paBHA MepeceyeHUI0 BCEX JU-
HEeHHBIX MOANPOCTPAHCTB U3 R, comepxamux Kak L, tak u L.

1316. [loxaszaTb, 4TO CyMMa pa3MepHOCTEH NBYX JIMHEHHBIX
MOAMPOCTPAHCTB MpocTpaHcTBa R, paBHA Pa3MepHOCTH CYMMBI
TMJIIOC Pa3MePHOCTDb TepeceueHust 3THX MOATPOCTPAHCTB.

HafitTn pasmepHOCTb s CYyMMbl U Pa3MepHOCTb d TepecedyeHUs
JIUHEHHBIX MOANPOCTpaHCTB: Ly, HATAHYTOTO HAa BEKTOPHl aj, @2,

., ai, U Lo, HaTAHYTOTO Ha BeKTOpHl by, bo, ..., b;:

1317. a; = (1,2,0,1), ax = (1,1,1,0); by = (1,0,1,0), by =
=(1,3,0,1).

1318. a; = (1,1,1,1), a2 = (1,-1,1,-1), a3 = (1,3,1,3);
by =(1,2,0,2), bo = (1,2,1,2), bs = (3,1,3,1).
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*1319. Ilyctb L; — JuHelHOe MOANPOCTPAHCTBO MPOCTpPaH-
ctea R, c 6asucoMm ai, a9, ..., ap U Ly — JuHeliHOe MOANPO-
CTPAHCTBO TOTO 2Ke MPOCTpaHCTBa ¢ 6asucom by, bs, ..., b;.

JlokazaTb cjenylollle MpaBUJia TMOCTPOEHHUs] 6as3uca CyMMBb
S = L, + Lo u 6a3uca nepecedenusi D = Ly N Lo:

1)

6a31uCcoM CYMMBI S Cy>KHT MaKCHUMaJsbHask THHEHHO He3a-
BUCHMasi MOICHCTEMA CHCTEMbl BEKTOPOB @i,...,G%;
by,...,b;. Ero nocrpoeHue cBOANUTCS K BBIYUCIEHHUIO PaH-
ra MaTpuUbl U3 KOOPAUHAT TOH MOCJefHel CHCTEeMBI BeK-
TOPOB;

6asnc cyMMbl S MOXHO TOJIYUHTb, [00aBJ/sisg K JUHEHHO
HEe3aBUCHMBIM BEKTOpPaM @1, ..., Q) HEKOTOPBIE M3 BEKTO-
poB by,...,b; (samaua 659). Mensas ec/iiu norpebyercs,
TIOPSIIOK MOC/JEeIHHX BEKTOPOB, MOKEM: CUMTATh, UTO BEK-
TOpHl @1,...,a, b1,...,bs_j oOpasytor 6asy S.

PaBenctBo

zia1 + -+ xpap=yibi + -+ yby (1)

9KBUBAJIEHTHO CUCTEME 72 OHOPOAHBIX JUHEHHBIX ypaBHe-
HUH ¢ k + | HEU3BECTHBIMH Z1, ..., Lk, Y1,--.,Y; PAHTA S.
Tak kak mepBble s CTOJOLOB MATPULBl CUCTEMbl JIHHEH-
HO He3aBUCUMBbI U, 3HAUUT, XOTsI Obl OJUH MHUHOD TOPsiAKa
S$ B 3TUX CTOJNOLAX OTJHUYEH OT HYJS, TO 32 CBOOOAHBIE
HeH3BeCTHble MOXKHO NPUHATH HocjaepHue k +1 —s = d
HEU3BECTHBIX Ys—_k41, - - -, Y. [|I03TOMY MOKHO HaUTH QyH-
JAMEHTaJbHYI0 CUCTEMY pelleHHH

Lily L4525+« +y Liky Yi1, Yi2y - - -5 Yil (2217277d) (2)
JJI1 CUCTEMBI ypaBHeHI/Iﬁ (1) TaKyr, 4TO

Yi,s—k+1 -+ Y11
.................. # 0; (3)

Yd,s—k+1 -+ Yd,l

Torna 6asucom nepeceueHust D sgBjseTcs cUCTeMa BEKTO-
poB

C; :Zymb‘] (i:l,Z,...,d). (4)
j=1
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Sameuanue. Tak Kak d =k + 1 — s, TO TUM JaHO BTOPOE pelIeHHe
3anaun 1316.

Hafitn 6asuc CYMMBl K TiepecedyeHud JIMHEHHBIX noamnpo-
CTPAHCTB, HATAHYTBIX HA CUCTEMbI BEKTOPOB A 1,...,Q U bl, .ae ,bli

1320. a; — (1,2,1), as = (1,1,—1), as = (1,3,3); b1 =
=(2,3,-1), by = (1,2,2), by = (1,1, -3).

1321. a; = (1,2,1,-2), as = (2,3,1 0) = (1,2,2, -3,
bl = (17 1) 17 1)a b2 = (1705 17 ) b3 - (1 3 )
1322. a, = (1,1,0,0), az = (0,1,1,0), a3 = (0,0, 1,1); by =

= (1,0,1,0), by = (0,2,1,1), bg = (1,2, 1,2).

1323. JloxasaTb, UTO eCJM Pa3MepHOCTb CYMMbl ABYX JHUHeMH-
HBIX TTOANPOCTPAHCTB MpocTpaHcTBa R, Ha enuHHULy 60Jblie pas-
MepPHOCTH MX MepeceueHusi, TO CyMMa COBNAaaeT ¢ OHUM M3 3THX
MOJMPOCTPAHCTB, a MepecevyeHrue — C JPYLHM.

1324. Ilycts L, Ly, Lo — nuHeHHBlE MOATPOCTPAHCTBA TPO-
crpaHcrBa R,,. IlokasaTb, yto L TOrma W TOJBKO Toraa Oynet
npsimoit cymmoinl Ly, Lo, Koraa BbITIOJNHSIOTCS YCJOBUS:

a) L conepxutr L; u Lo;

6) Kaxabli BekTop & € L 0HO3HAYHO TPENCTaB/ISEeTCs B BH-

e = X1+ o, THe x1 € Ly, 9 € Ly. UHBIMU clIOBaAMH,
cymma L = L+ Lo Torna u ToJbKO TOTJA SIBJISIETCS MPsi-
MO# cyMMOH, Koria 1Js Jroboro Bektopa € L npencras-
JIeHWe * = x| + @2, rie x1 € L1, 9 € Lo 0HO3HAYHO.

1325. Jloxazath, uto cymMma S JIMHEHHBIX MOANPOCTPAHCTB
Ly n Ly Torna u ToNbKOo Torga OyAeT MpsSMOH CyMMOMH, Koraa
X0Ts Obl OfMH BEKTOP & € S 0JHO3HAYHO NpeJCTaBJseTCs B BUIE
xr =ax1 + X2, THE 1 € L1, x5 € L>.

1326. [Tycts suHeliHOe moampocTpaHcTBO L sBJjseTcs Mpsi-
MO} cyMMOH JrHeHHbIX noanpocTpaHcTd Ly U Ly. JlokasaTb, 4To
pasmepHocTb L paBHa cymme pasmepHocTeidl L; u Lo, npuuem
Jawo6ble 6asucel Ly u Lo ngawoT BMecTe 6asuc L.

1327. JloxasaTb, uTo AJs J1060ro JUHEHHOro MOANPOCTPaH-
ctBa L; npocTtpaHcTBa R, MOXKHO HalTH Ipyroe MNOANPOCTPaH-
cTBO Lo, Takoe, 4TO BCe NPOCTPaHCTBO R, OyaeT NpsMoi cyMMOn
L1 )4 LQ.

1328. IloxaszaTb, uTo mpocTpaHcTBO R, ecTb mpsiMas CyM-
Ma [IBYX JIMHEHHBIX MOANPOCTPaHCTB: L1, 3a1aHHOTO ypaBHEHHUEM
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1+ 22+ -+ 2, =0, u Ly, 3aIaHHOTO CUCTEMOH ypaBHEHUH
T =T9 = -+ = x,. HaliTu NpOEKIUH eINHHUUYHBIX BEKTOPOB

er = (1,0,0,...,0), es = (0,1,0,...,0), ..., dn = (0,0,0,...,1)

Ha L, napannenvHo Ly u Ha Lo napannensHo L.

1329. JloxasaTb, 4TO MPOCTPAHCTBO BCeX KBaApaTHBIX MaT-
pYLl MopsiKa 1 eCThb NpsMasi CyMMa JIMHEHHBIX MOANPOCTPAHCTB
L, — cummerpuueckuX U Lo — KOCOCHMMETPUYECKHX MATPHIL.
Haiitu npoekunu A; u As MaTpuliibl

1 1 1
A:Ol 1
0 0 1

Ha L, napannenvHo Ly u Ha Lo napannaensHo L.

1330. loxaszaTh, 4TO pelleHHs M060H COBMECTHOH CHCTEMBI
JIMHEHHBIX YpPaBHEHHH C 1 HEU3BECTHHIMM paHra r o6pasyioT Ju-
Hel{HOe MHOroo0pasue npoctpaHcTsa R, pasmepHoCcTH d =n — 1
U, o6paTHo, s J060ro d-MepHOTO JHHeHHOro MHoroo6pasus P
npoctpaHcTBa R, CyIIeCTByeT CHCTEMa JHUHEHHBIX ypPaBHEHHUH C
7 HEU3BECTHBIMU paHra r = n — d, pelleHUs] KOTOPOH 3aMoJIHSAI0T
B TOUHOCTH JaHHO€ MHorootpasue P.

1331. TlycTh maHbl ABa JHHEHHBIX MHOrooGpasus (cM. BBeme-
uve) Py = Ly +x, u Py = Ly + a9, rne Ly, Ly — JuHeliHblE
MOANPOCTPAHCTBA U X1, T3 — BEKTOPBI mpoctpaHcTBa R,,. [o-
Kasatb, uTo P; = P5 torma u ToJbKo Torma, korma Ly = Lo u
T, —xo € Ly. Takum o6pasom, JHHEHHOe MPOCTPAHCTBO, Mapais-
JIEJTbHBIM CABUIOM KOTOPOTO MOJy4YaeTcsi JaHHOe MHOrooopasue,
omnpesie/ieHO OIHO3HAYHO.

1332. [oxasarb, uto ecaiu P = L + x(, rne L — JuHeiHoe
TIOATIPOCTPAHCTBO U &y — BEKTOP NpocTpaHcTsa R, TO BEKTOP X¢
NPUHALJIEXKUT MHOr006pasuio P U 1mocJjie 3aMeHbl 3TOr0 BEKTOpa
MoObIM BeKTOpoM & € P mosyuaercs TO Ke camMoe MHOroo6pa-
3ue P.

1333. JloxaszaTb, 4TO eCJM MpsiMasi UMeeT IBe OOlIMe TOUKH
C JHWHEHHBIM MHOT000pasveM, TO BCS OHa COAEPKHUTCS B 3TOM
MHOr006pasuu (1Ipy 3TOM TOUKa OTOXKIECTBJSETCS C BEKTOPOM,
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UMEIOILIMM Te YK€ KOOPAMHATHI, T. €. HAYLIMUM U3 Hauasa KOOpPAWHAT
B JIAHHYIO TOUKY).

*1334. loxkasaTb, 4TO JIOOBIE ABe TNpsMble MpocTpaHcTBa R,
(n > 3) conmepxkaTcsi B HEKOTOPOM TPEXMEPHOM JIMHEAHOM MHOTO-
obpasuu, Jexauem B R,,.

1335. Haiitu ycioBusi, HeoOX0AMMble U I0CTATOYHbIE JJIsT TO-
ro, 4yToObl ABe NpsMble & = ag+ait U = by+ byt mpocTpaHcTBa
R,, (n > 1) gexanu B 0fHOH MJIOCKOCTH.

1336. Haiitu HeoOXoauMble U AOCTATOUYHBIE YCJIOBUS AJS TO-
ro, 4ToObl /1Be MpsiMble & = ag + a1t 1 © = by + b1t mpoxonnu
gyepe3 OIHY TOUKY, HO He COBMaja/lM. YKa3aTh METOL OTBICKAHHUS
TOYKH MepeceueHusi ITUX MPSIMbIX.

Haiitu Touky nepecedeHus ABYX NPSMbIX ag+ a1t U by + by t:

1337. ap=(2,1,1,3,-3), a1 =(2,3,1,1.~1); bg=(1,1,2,1,2),
b, =(1,2,1,0,1).

1338. ap=(3,1,2,1,3), a1 =(1,0,1,1,2); by=(2,2,—1,—1,—1),
b1=(2,1,0,1,1).

1339. Haiitu ycsaoBusi, Heo6X0aUMble U JOCTaTOUHbIE A5 TO-
ro, 4ToObl Yepe3 TOUKY, 3alaHHY10 BEKTOPOM €, MOXKHO ObLJIO TPO-
BECTH e[JMHCTBEHHYIO MPSIMYI0, TlepeceKalollyo ABe JaHHble Tpsi-
Mble & = ag + a1t 1 & = by + bit. YkasaTb MeTOn MOCTpPOEHUS
TaKOW MPSIMOH M TOYEK IepecedyeHus ee ¢ TaHHBIMU TPSIMBIMH.

Haiitu npsimylo, mpoxoasimiyio 4epes TOUKY, 3aJaHHYIO BEKTO-
pOM c U TepecCeKawllylo Nnpsamele € = ag + ai1t, * = by + by,
W HalTH TOYKH MepeceueHusi HCKOMOH MPSIMOH C IBYMs JTaHHBIMU
NPSIMBIME:

1340. ao = (1,0,—2,1), a; = (1,2,—1,-5); by = (0,1,1,—1),
br=(2,3,—2,—4); c=(8,9,—11,—15).
1341. ao = (1,1,1,1), a1 = (1,2,1,0); bo = (2,2,3,1), by =

=(1,0,1,3); ¢ = (4,5,2,7).

1342. JloxasaTb, uTO Ji00ble ABe MJOCKOCTH IMPOCTPaHCTBA
R,, comepxarcs B JIMHEHHOM MHOTr000pa3HH pasMepHOCTH < 5.

1343. loxasaTb, uTO ABa JUHEHHBIX MHOIOOOpa3us IPOCTPaH-
ctBa R, pasmepHocTe#l k U [ COOTBETCTBEHHO COAEPKATCH B JIH-
HelHOM MHoroot6pasuu pasmepHoctd < k+ [+ 1.

1344. [loxazatb, 4TO €C/JIM [Ba JUHEHHBIX MHOr000pasus —
P pasmepHOCcTH k 1 (Q pa3MepHOCTH | — npocTpaHcTBa R, UMeloT
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006I1YI0 TOUKY, MpHUeM k+1[ > n, TO UX NepeceyeHre eCTh JHUHEH-
Hoe MHoroo6pasue pasmepHocTH > k+[—n. Kakue Teopembl BeiTe-
KaloT OTCIOA [JIs1 TPEXMEPHOTO U YeTbIPEXMEPHOTr0 MPOCTPAHCTB?
1345. OnucaTb Bce ciydyad B3aMMHOTO PACIOJIOXKEHHUS IBYX
MJOCKOCTEH & = ag + a1ty + asts u @ = by + bit; + boto B
Nn-MEPHOM MPOCTPAHCTBE U YKa3aTb HEOOXOAUMbIE U IOCTATOUYHbIE
YCJIOBHS AJ1S KaXKJIOTO U3 3THUX CJIy4aes.
1346. Ilycts
ap,ay,...,ax (1)

— mobble k 4 1 BekTOpoB npoctpaHcTsa R,,. Jlokasare, uTo Bce
BEKTOPBI BUIA

T = opag +o1ag + -+ opag, (2)
e YMCaa (g, Q, ..., Qi YAOBJETBOPSIOT YCJOBUIO
ap+aq + oy =1, (3)

00pasyloT JMHeHHoe MHoroo6pasue P, pa3MepHOCTb KOTOPOro
paBHA paHI'y CHCTEMbl BEKTOPOB

a; — ap,...,a — ap. (4)

P ectb MHOrootpasue HaWMeHbllIeH pPa3MepPHOCTH, ColepKa-
uee Bce BekTopwl (1). Pomb ag MoxeT urpaTh J060H W3 3THX
BekTOpoB. Q6partHO, 175 JIOG0r0 k-MEpHOr0 JIHHEHHOrO MHOTO-
o6pasusi P cymectsyer cucrema k + 1 Bektopos (1) Taxas, uTo
P cocrtout u3 Beex BekTopoB Buaa (2) mpu ycnosuu (3), npuuem
chcTeMa BeKTOpoB (4) JiMHEeHHO HesaBHCHMA.

*1347. Ompesxkom ¢ KoHuaMu 8 MOYKAX, 3Q0AHHbLX BEKMO-
panu ai, az npocmparcmsa R,,, Ha3blBaeTCsl COBOKYIHOCTb BCEX
TOYEK, 3aJlaHHBbIX BEKTOPAaMH BHJIA & = (a1 + QaQ2, THE 1 +
+ar =1n0<a; <1,0 < ay < 1. Muoxectso M Touek
npocTpaHcTBa R, Ha3blBaeTCS BbLNYKAbILM, €CIH /15 JIOOBIX IBYX
ToueK U3 M BecCb OTPe30K C KOHLAMHU B 9THX TOUKAX CONEPXKHT-
csi B M. [lokasatb, 4To nepecevyeHue 060N CUCTEMbI BBITYKJIBIX
MHO2KeCTB IIPOCTpaHCcTBa R, eCTb BbINyKJOe MHOXKeCTBO. Boinyx-
AbIM 3amblKaHUem O0aHroeo muoxcecmsa A u3 R, HasbiBaeTcs
nepeceyeHHe BCeX BBIMYKJbIX MHOXKeCTB U3 R,,, comepxamux A.
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JlokazaTb, UTO BBHIMTYKJIOE 3aMblKaHHE KOHEUHOH CHCTEMBI TOYEK
u3 R,, 3a1aHHBIX BEKTOpaMH ai, @2, ..., Gk, COCTOUT U3 BCeX
TOYEK, 3alaHHbIX BEKTOPAMH BUJAA = 1 @1 + e+ - - -+ i ay,
e Zleai: 1u0<o; <1 (G=1,2,...,k).

*1348. Hatitn Qopmy Tesa, MOJIy4eHHOrO B CEUEHHH YETHI-
pexMepHoOro mapaJsesenurnena (B ciydae mpsiMOyroJibHOH neKap-
TOBOH CHMCTeMbl KOOPAMHAT — YeTbipexmepHoro ky6a) |z;| < 1
(i = 1,2,3,4) TpexmMepHOl IUNEePIIOCKOCTbIO C YPAaBHEHHEM Ty
+xo +x3 + x4 = 0.

*1349. HaiiTu npoekUuio 4eTbIpeXMEpPHOTO TeTpa3ipa, orpa-
HUUYEHHOTO KOOPAHHATHBIMH TPEXMePHBIMH MOATIPOCTPAHCTBAMH U
TUIEePIUIOCKOCTBIO X1 + X + @3 + 4 = 1, Ha NOANPOCTPAHCTBO
1 + T2 + x3 + x4 = 0 napaaaesbHO NPSIMOH X = Tp = T3 = T4.

*1350. [loxasaTb, YTO AHAroHasb m-MEpHOro MapasJesenue-
Ja [eJUTCS Ha n PaBHBIX 4YacTed TOUKAMM TepecedyeHHusi ee C
(n — 1)-MepHBIMU JIMHEHHBIMH MHOr00GpasUsiMU, MPOBEIEHHBIMU
yepe3 BCe BepLIMHBI NapaJiiesenuena napanienpHo JUHeHHOMY
MHOT0006pasuio, MPOBeEHHOMY Yepe3 KOHIBI Bcex n pebep, Haya-
JIO KOTOPBIX COBMAAaeT C OAHUM M3 KOHLIOB TAaHHOH QHaroHaJH.

§ 17. EBKIIMAOBbI 1 YHUTAPHbBIE MPOCTPAHCTBA

Eskaudosoim (COOTBETCTBEHHO YHUMAPHbIM) TIPOCTPAHCTBOM
R,, HasblBaeTCsl M-MepHOEe BEKTOPHOE MPOCTPAHCTBO Haj MOJEM
BeIlleCTBEHHBIX (COOTBeTCTBeHHO KOMHJ’IGKCHI)IX) quceJs, B KOTO-
pOM KaxJI0¥f lape BEKTOPOB &, Y [OCTABJIEHO B COOTBETCTBHE Be-
mecTBeHHoe (COOTBETCTBEHHO KOMIJIEKCHOE) UMCI0 (T, y), Ha3bi-
BaeMO€e CKassipHbIM MPOHM3BeleHHeM 3THX BEKTOPOB, MPHYEM BbI-
TMOJIHEHBI YCJIOBHS:

a) B ciydae eBKJIMAOBA MPOCTPAHCTBA:

(m’y) = (y’m)’ (1)
(1 + 22, y) = (%1,9) + (%2, 9), (2)
(az,y) = a(z,y) (3)

JUIST JII0OOTO BEIeCTBEHHOr0 YHCIa (oS

ecnd x # 0, to (x,x) > 0; (4)
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6) B C/lyyae YHUTapHOTO MPOCTPAHCTBA:

(m7 y) = (y7 w)? (1/)
(1 + 22,y) = (T1,9) + (T2, 9), (2)

yTo coBnanaer ¢ (2),
(az,y) = a(z,y), (3)

1S TI06OT0 KOMIJIEKCHOTO YHMCIa «;
ecin x© # 0, 10 (T, x) > 0, 4

yTo coBnanaer ¢ (4).

Basuc (uau BooOlie cHcTeMa BEKTOPOB) €y, €3, . .., €, Hasbl-
BAETCS OPMOHOPMUPOBAHHBIM, €CITH

1, ecmni=j,
(ei,ej) = . .
0, ecnu i # j.
Ecnu HeT Apyrux ykasaHWi, TO KOOPAHHATHI BCEX BEKTOPOB
MpearnosaraloTcsi B3AThIMH B OPTOHOPMHPOBAHHOM Gasuce.
BekTopbl & U y Ha3BIBAIOTCS OPMOCOHAAbHbIMU, eCIH (X, Y) =
=0.
[Tpoueccom OpTOrOHANU3AUNUN CUCTEMbBI BEKTOPOB @1, @3, . . . ,
Qs Ha3blBAETCsL HEPEXO OT 3TOH CUCTEMBI K HOBOH cucteme by, bo,
., bs, mocTpoeHHOH caenytouM obpasom: by = ay; by = a —
— el (k=2,3,...,8), tne ¢; = ‘Zf”&_" (i=1,2,....k—1),
ecau by # 0 u ¢; — moboe yuco, ecau b; = 0.
3HaueHHe ¢; MONyyaeTcsi YMHOXKEHHEM PaBEHCTBA, BhIpaXaro-
mero by uepes ar u b; (i =1,2,...,k— 1), Ha b; npu ycJaoBHH,
uto (bg,b;) = 0.
1351. JloxaszaTb, 4TO M3 CBOHCTB CKaJSIPHOTO MPOU3BELEHHUS,
YKa3aHHBIX BO BBEIEHHHM, BBHITEKAIOT CJENYIONIHe CBOHCTBA:
a) (z,y, +y,) = (x,y;) + (¢,yy) 1I5 JOOBIX BEKTOPOB
eBKJMI0Ba (MM YHUTAPHOr0) NMPOCTPAHCTBA;
6) (x,ay) = a(x,y) 115 J0OOHIX BEKTOPOB T, Y €BKJIMUI0BA
MPOCTPAHCTBA U JIDOOTO BELIECTBEHHOTO YHCIA (;
B) (z,ay) = a(x,y) ans Mo6bIX BEKTOPOB T, Y YHUTAPHOTO
MPOCTPAHCTBA U JIIDOOT0 KOMIIJIEKCHOTO YHC/Ia (;
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F) (ml - w27y) = (why) - (::[’,25y)7

1) (z,0)=0.

1352. Kakumu cBoiicTBaMM [HOJKHA 00jagaTb OWJIHMHEHHas
thopma g = ZZJ':1 @i;T;Y; AJI TOTO, YTOObI €€ 3HaUeHHe OT KOOp-
JIWHAT ABYX JI0ObIX BEKTOPOB

$:($1,$2,...,$n), y:(y17y2a"'7yn)

BElL[eCTBEHHOT0 BEKTOPHOTO TpocTpaHcTBa R, B HeKoTopoM 0a-
3uce ey, €z, ..., €, MOXKHO ObLJIO TPUHSTH 3a CKaJsIpHOE MpOo-
U3BeJleHHe 3THUX BEKTOPOB, ONpelesollee n-MepHOe eBKJIHI0BO
npocTpaHcTBO? YeMy paBHBI CKaJsisipHble NPOU3BENEHUS] BEKTOPOB
BeIGpaHHOTrO 6asuca?

1353. Ilyctp jpana spmuToBa OuaMHeHHasi ¢dopma g =
= szzl @i TiYj-

YepTa HaJl HEH3BECTHBHIM ¥; O3HayaeT, YTO NPH 3aMeHe y; ero
YHCJIOBBIM 3HAueHHeM cvj CJIefyeT f;<3aMeHATh KOMIJIEKCHO CO-
NpSRKEHHBIM 3HaueHHeM ¢&;. [lyets Marpuuma A = (a;;)7 3ToH
(opmbl 3pMHTOBA, T. €. G;; = aji (i, j = 1,2,...,n). [Tokasars,
YTO 3HAUEHHSI COOTBETCTBYIOLIEH 3PMHUTOBOH KBaJpaTHUYHOH (op-
Mbl f = szzl @235 TIPH JI0ObIX KOMIVIEKCHBIX 3HAUEHHAX 1,
Z9, ..., Ty BELIECTBEHHbI, U ecJu (opMa f TOJ0KHUTEJNBHO OIpe-
IeJieHHa, T. e. f > 0 Tpu JHOOBIX KOMIJIEKCHBIX 3HAaYeHHSX T1,
Z2, ..., T, HE BCE U3 KOTOPBIX PaBHBI HYJIO, TO 3alaHHe CKaJsip-
HOTO MPOU3BEIEHHs PABEHCTBOM (&, y) = szzl a;jT;yj, TIe T1,
cety Ty U Y1y ., Yp — KOOPIUHATHI COOTBETCTBEHHO BEKTOPOB &
U Yy B HEKOTOpOM 0asuce ej, ..., €, KOMIIJEKCHOIO BEKTOPHOTO
npoctpaHctBa R, npeBpaliaeT 3T0 NPOCTPAHCTBO B YHUTApHOE,
npuyeM J1060e YHUTapHOE TPOCTPAHCTBO MOXKHO MOJYYUTh TAKUM
Iy TEM.

1354. JloxaszaTb, 4YTO CKaJspHOE MPOU3BENEHHE ABYX JIIOOBIX
BEKTOPOB:

T =(21,22,...,Zn), y=(y1,Y2,---,Yn)
eBKJIMJI0BA TPOCTPAHCTBA TOTAA M TOJbKO TOTAA BhIPAXKAeTCsl pa-
BEHCTBOM

(wvy) =Z1Y1 T X2Y2 + -+ TplYn,
Korja 6asuc, B KOTOPOM B3SIThl KOOPIMHATEI, SIBJISIETCSI OPTOHOP-
MHPOBAHHBIM.
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1355. Ilycts Ly u Lo — nuHeHHBIE MOANPOCTPAHCTBA €BKJIH-
noBa (MM yHHUTapHOro) mpocTpaHcTBa R, npHueM pasMepHOCTb
L, menblie pasmepHocTH Lo; nokasath, 4To B Lo HaleTCsl HEHY-
JIEBOH BEKTOpP, OPTOTOHAJIbHBIN KO BCeM BeKTopam u3 Lj.

1356. Jloxazatb, 4TO J100asi CUCTeMa IOMAPHO OPTOTOHAJb-
HBIX HEHYJeBbIX BEKTOpPoB (B 4acTHOCTH, M06as OPTOHOPMHPO-
BaHHAasl CMCTEeMa) JIMHEHHO He3aBUCHMA.

[IpoBepuTh, UTO BEKTOPBI CAEAYIOLIUX CHCTEM TIONAPHO OPTO-
TOHAJIbHBI, U JOMOJHUTb HX 10 OPTOTOHAJbHBEIX 6a3MCOB!

1357.

(17 _27 27 _3)7
(2,-3,2, 4).

1358.

(17 ]-7 17 _2)7
(1,2:3,-3).

Ha#iTu BeKkTOpBI, TOMOJHSIONUINE CJeAYIOMHe CHCTEMEl BEKTO-
POB 0 OPTOHOPMHPOBAHHBIX 6A3UCOB:

1359.
21
33

2
3 )

122
373 73)"

1360.
11
2 2
11
2 2’

1
2
1
2

)
_%)

[IpumeHnsist mporecc opToroHanusauuu (cM. BBeieHHe), TOCTPO-
HUTb OpTOFOHaJIbeIﬁ 0asuc noANpPOCTPaHCTBA, HATAHYTOTO HA JAH-

HYIO CHCTEMY BEKTOPOB:
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1361.
(1,2, 2,-1),
(1,1,-5, 3),
(3,2, 8,-17).
1362.
(1,1,-1,-2),
(5,8,—2,-3),
(3,9, 3, 8).
1363.
(2,1, 3,-1),
(7,4, 3,-3),
(1,1,-6, 0),
(5,7, 7, 8).

1364. Opmoeonarvroim donoarnernuem noonpocmparcmea L

npocmparcmsa R, HasbiBaeTcst coBOKyMHOCTb L™ BceX BeKTO-
poB U3 R,,, KaXIbl#l U3 KOTOPBIX OPTOTOHAJIEH KO BCEM BEKTOpaM
us L.

My

JlokasaTb, 4TO:

a) L* aBasercs JNMHeHHBIM MOANPOCTPAHCTBOM MPOCTPAH-
ctBa R,i;

6) cymma pasmepHocteit L u L* paBHa n;

B) mnpocTpaHcTBO R, ecTb mpsiMas cymMMa MoanpocTpancTs L
uL*.

1365. JloxasaTb, 4TO OPTOrOHA/IBHOE IOMOJHEHHE K JIMHEHHO-

MOJMPOCTPAHCTBY MpocTpaHcTBa R, obsanaer cBoicTBaMHu:

a) (L*)*=1L;

6) (Ly+ Lo)* = Ly NL3;

B) (L1 n LQ)* = LT + L;,

r) R, =0, 0" =R,. 3necb O — HyJeBoe NOANPOCTPaH-
CTBO, COfieprKalllee JIUIIb HYJeBol BeKTop 0.

1366. HaiiTu Gasuc opToroHabHOro monosHenust L™ mopnpo-

CTPaHCTBa L, HAaTAHYTOI'0 Ha BEKTOPDI:

a; = (1a072a 1)7 as = (27 1a273)a a3z = (Oa ]-7 _27 1)
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1367. JluneiiHoe moanpocTpaHcTBo L 3agaHo ypaBHEHHUSIMH:

21 + x2 + 3x3 — x4 = 0,
31 4 220 — 224 = 0,
3r1+x2 +9x3 — x4 = 0.

Ha#itu ypaBHeHusi, 3a1aioliye opToroHaabHoe nonosnHeHue L*.

1368. [loxkazatb, 4yTo 3agaHue JHHEHHOro MOANPOCTPAHCTBA
L npocrpaHctBa R, 1 ero oproroHajnbHoro gonosnHenus L B op-
TOHOPMHMPOBaHHOM 6a3uce CBSI3aHbl Tak: KOI(PPULHEHTH JTHHEHHO
HEe3aBUCHUMOH CHUCTEMBI JIMHEHHBIX YPAaBHEHHUH, 3aat0lledl 01HO U3
3TUX MOANPOCTPAHCTB, CJIyKaT KOOPAMHAaTaMM BEKTOpOB 0asuca
JPyroro MoArnpocTPaHCTBa.

1369. Ilycte L — nuHeliHOe NOAIPOCTPAHCTBO IPOCTPAHCTBA
R,,. JlokasaTb, uTo J000# BekTOop & U3 R, ONHO3HAUHO Mpej-
CTaBJIleTCsl B BUle © = Y + 2z, Ile y npuHannexut L u z opro-
roHajneH Kk L. BekTop Yy HasbiBaeTCsd OpPTOrOHaJIbHOH MpoeKlHel
BeKTOpa & Ha NoAnpocTpaHcTso L, a 2 — opTOroHaJbHOH COCTAB-
Jsiollell £ oTHocHTeNbHO L. YKasaTb NpueM AJ5 BBIUHUC/IEHUS Y
uz.

HaiiTu oproronajbuyo NpOeKLHUI0 Y W OPTOrOHAJBHYIO CO-
CTaBJAILIYI0 z BEKTOpPA & Ha JHMHEHHOe MOANPOCTPaHCTBO L:

1370. * = (4,—1,-3,4). L HaTsiHyTO Ha BEKTOpBl @1 =
= (1,1,1,1),a5 = (1,2,2,—1), a3 = (1,0,0,3).

1371. 2 = (5,2,—2,2). L HaTsHyTO Ha BEKTOPH @] =
= (271a 17_1)’ ag = (1a 173a0)’ as = (1a278a 1)

1372. x = (7,—4,—1,2). L 3agaHo cucTeMo#l ypaBHeHUH

21 + 20+ 23+ 324 =0,
31+ 29 + 223 + x4 = 0,
T1 + 229 + 223 — 924 = 0.
*1373. Paccmosarnuem om mouku, 3a0anHOLl sekmopom x, 00
AuHelinoeo mHoeoobpasus P = L + xy Ha3blBaeTCsi MUHUMYM

pPacCTOSTHUH OT JNAaHHOH TOYKH IO TOUEK MHOroo0pasus, T. €. MHU-
HUMYM IJIHH BEKTOPOB & — u, I'lle W — BEKTOp MHOroo6pasus P.
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JlokasaTb, 4TO 3TO PacCTOSIHME PABHO JAJHMHE OPTOrOHAJbHOH
COCTaBJISIIOLIEH 2z BEKTOpPA & — &o OTHOCHUTEJBHO JMHEHHOTrO MOJ-
npoctpaHcTBa L, mapassesbHbIM CABUIOM KOTOPOTO MOJyYaeTcs
MHoroo6pasue P.

1374. Haiitu paccTosiHHe OT TOUKH, 3afaHHOH BEKTOPOM x,
[0 JTUHEHHOTO MHOr006pasusi, 3aJaHHOTO CUCTEMOH ypaBHEHHUH:

a)

T = (47 2) _57 1)7
201 — 2x0 + x3 + 224 = 9,
201 — 4xo + 223 + 314 = 12.

6)

T = (2745 _45 2)7
1+ 2x9 + x3=14 =1,
T + 3z +a3 — 314 = 2.

*1375. JlokaszaTb, YTO paccTosiHue d 10 TOUKH, 3alaHHOH Bek-
TOpPOM &, 10 JIUHelHoro MHoroo6pasust P = L+ xg, rne L — au-
HelHOoe MOANPOCTPAHCTBO ¢ 0a3oé ai, @z, ..., Gk, BEIYUCATIETCS
¢ momobio onpeaeutens [pama (cm. sapauy 1415) no dopmyie

G(ai,as,...,ak, T — xp)
G(al,ag, .. .,ak)

d? =

*1376. PaccrosiHueM MexXIy NBYMs JIMHEHHBIMH MHOroobGpa-
susmMu Py = Ly + x; u Py = Ly + x> Ha3biBaeTcsi MUHUMYM
pacCTOSTHUH JI00BIX ABYX TOYEK, OHA M3 KOTOPBIX MPHUHAIJEKUT
P, a npyrass — P5. Jlokasatb, 4TO 3TO pacCTOSIHHE PAaBHO AJIHHE
OpPTOTOHAJIBHOH COCTaBJSMOIIEH BEKTOpPa 1 — L2 OTHOCHUTEJNBHO
JquHeiHoro noanpoctpaHcTBa L = Ly + Lo.

1377. Haiitn paccrosiHie MexAy OBYMS TJIOCKOCTSIMH & =
= ait; + asto + a1 U © = azty + asts + T2, THE

a; = (1,2,2,2), az = (27_27 1a2)7
as = (2,0,2,1), a; = (1,-2,0,-1);
x1 = (4,5,3,2), xo = (1,-2,1,-3).
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*1378. TIpaBU/bHBIM N-MEPHBIM CHMILJIEKCOM €BKJHIO0BA I1PO-
crparctBa R, (p > n) HasbiBaeTcs BHINYKJIOE 3aMblKaHHe
(cm. 3amauy 1347) cuctembl n + 1 TOYEK, HAXOAALUIMXCS APYT OT
Ipyra Ha OJMHAKOBOM pPAcCTOSHHWH. TOUKHM NAHHOH CHCTeMbl Ha-
3bIBAIOTCS BepIIMHAMH; OTPe3KH, UX COefHHsIOLIMe, — pebpaMmy,
a BBIMYKJIble 3aMBIKAHUS TOACHCTEM k + 1 TOuek NaHHOH cHCTe-
Mbl — k-MEpHBIMH IpaHAMHU CUMILIeKca. JIBe rpaHH HasblBAIOTCA
IPOTUBOIOJIOKHBIMH, €CJIH OHU He MMeIoT OOLIMX BepLIMH U JHO-
6ast U3 n + 1 BepLIMH CHMILJIEKCa SIBJISETCS BEPLIMHON ONHOW U3
9THUX TpaHeH.

Haiitu pacctosiHue MexKIy IBYMS IPOTHBOMOJOXHBIMHU I'PaHs-
MU pa3MepHOCTed k U n — k — 1 n-MepHOTO CUMILIEKCa C JAJHHON
pebep, paBHOH efMHULE, U 0Ka3aTb, YTO OHO PABHO PACCTOSTHHIO
MeXNy LeHTPaMH 3THX IpaHed.

*1379. TlycTb € — BeKTOp eAMHHUHOH JJMHbI eBKJAHA0BA (KK
yHHTapHOro) npoctpanctsa R,,. Jlokasatsb, 4to J1060# BEKTOp T
us R, onHO3HauHO HpeiCTaB/seTcs B BUIEe = «e + z, Ile
(z,e) = 0. Uucao o HasbiBaeTCss MPOEKIMEl BEKTOpa € Ha Ha-
npaBJ/leHUe e U 0003HauaeTCst Yepes pr .

JlokasaTb, 4TO:

a) pre(x +y) = prex + proy;

6) pro(Ax) = Apr.x;

B) pr.x = (x,€);

r) Aas J1060r0 OPTOHOPMHPOBAHHOTO 0asuca ei, ..., €,
U JI000F0 BEKTOpa & HMEET MeCTO paBeHCTBO & =

n
= Z(preia 113) " €.
=1

*1380. [lyctb ey, ..., €, — OPTOHOPMUPOBAHHASI CUCTEMA BeK-
TOPOB €BKJMAOBA npocTpaHcTsa R,,. JlokaszaTb, 4To A/ J06Or0
BekTOpa * u3 R, umeeT mecto HepaBeHcTBO (HepaBeHCTBO Bec-
cenist)

k
> (pre,@)* < Jaf?,

i=1

npyyeM 3TO HepaBeHCTBO 0oOpallaeTcss B PaBeHCTBO (paBeHCTBO
[TapceBans) nast mo6oro © u3 R, Toraa M TOJBKO TOTAd, KOTAa
k =mn, T. e. cucTema ey, ..., €j SIBJISETCS OPTOHOPMHPOBAHHBIM
6as3ucom.
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*1381. loxasatb HepaBeHcTBO Komn-Bynskosckoro

(z.y)* < (z.z)(y,y)

I JIIOOBIX BEKTOPOB « U Y €BKJHUAOBA INPOCTPAHCTBA, NPUUYEM
3HAK pPaBEHCTBAa UMeEET MEeCTO TOorga W TOJIbKO TOraa, Korga BeK-
TOpbl @ U Y JIMHEHHO 3aBHCUMBI.

*1382. Jloxkasatb HepaBeHcTBO Komn-Bynskosckoro

(x,y)(y,z) < (z,2)(y,y)

IS JIIOOBIX BEKTOPOB @ U Y YHUTAPHOI'O MPOCTPAHCTBA, NMPHUYEM
3HAK pPaBEHCTBa UMeEET MeCTO TOorga M TOJIbKO TOTrAa, KOrga BeK-
TOpBl @ U Y JIMHEHHO 3aBHCUMBI.

1383. Ilonbsyscs HepaBeHcTBoM Komn=bBynskosckoro, noxa-
3aTh CJelyOlHe HepaBeHCTBa:
2

a) (Z?_l aibi> < Y a2 ST b? s 00X Belle-

CTBEHHBIX UHCEJ a1, . . .5 0y; b1, ..., by (cM. 3anauy 503);
2

Sy aibi

IJIEKCHBIX YHCeI A1, . . ., Gn; b1, . .., by (cM. 3anauy 505).

6) < S0y lail® - 300 |bil? nas 061X KOM-

1384. B GeckoHeuHOMepHOM BEKTOPHOM IPOCTPAHCTBE BCEX
BeIEeCTBEHHbIX HEMPEPbIBHbIX HA O0Tpe3Ke [a,b] PyHKUHH ¢ 06bIu-
HBIMH CJIOKeHHEM (YyHKUHH 1 YMHO)KeHI/IeM q)yHKuHH Ha 4YHUCJIO0
3aaHo ckassipHoe npoussenerue (f,g) f f(x)g(z)dx. Tpo-
BEPUTD, BEITIOJIHEHHE BCEX CBOHCTB CKaJsPHOTO npoussenex—mﬂ €eB-
KJMIOBa MpocTpaHcTBa (cM. BBeleHHe) W HamucaTh HePaBEHCTBO
Komn—ByHsaKoBCKOro n/ist 3TOro NpocTpaHcTBa.

Ha#iTi AJMHB CTOPOH M BHYTPEHHHE YIJbl TPEYroJbHHKOB,
BEPLIMHbBI KOTOPBIX 3aaHbl CBOMMH KOOPAHMHATAMH:!

1385. A(2,4,2,4,2), B(6,4,4,4,6), C(5,7,5,7,2).

1386. A(12321)~ (34043)- C(1 + V782 +
+ V83 + 12VT82+ VT8I + HVT8).

1387. I[oxasaTb caenytoliee o6o6me1—me TeopeMbl 3JeMeH-
TAapHOH MaTeMaTHKHW O [BYX [MepIeHANKY/Ispax: ecau BeKTOp &
eBKIM0Ba (MM YHUTAPHOTO) MPOCTPAHCTBA OPTOTOHAJIEH K KaX-
JOMY U3 BEKTOPOB @i, @2, ..., Gk, TO OH OPTOrOHAJEH K JI000MY
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BEKTOpY JIMHEHHOro noanpoctpaHcTsa L, HATIHYTOrO Ha BEKTOPBI
a, as, ..., ag.
1388. [lokasath, uto eciu ¢ = ay, T0 |x| = |af - |y|. Smecn

|z|, |y| — mauHa BeKTOpPOB , Y.

*1389. [okaszaTb, 4TO KBajApaT AHMAroHajd MPSIMOYTOJbHOTO
n-MepHOro napaJJesenuiena paBeH CyMMe KBaapaToB ero pebep,
BBIXOMNSIIMX M3 OHOH BepuIHHBI (n-MepHOEe 06006IIeHHe TeopeMbl
[Mudaropa).

*1390. loxkazaTb TeopeMy O TOM, 4TO CyMMa KBajipaTOB dHa-
roHaJsiedl mapaJsJesorpaMma paBHa CyMMe KBaipaTOB ero CTOPOH.

1391. [loxasaTb TeopeMy O TOM, UYTO KBajapaT CTOPOHBI Tpe-
yroJbHHKa paBeH CyMMe KBajApaToB [BYX ADPYLHX CTOPOH 6e3
YIABOEHHOTO MPOMU3BEIEHUS] 3THX CTOPOH Ha KOCHHYC yIja Mex-
Iy HUMH, TMOJIb3YSICh CKaJIIPHBIM YMHOXKEHHEM BEKTOPOB.

1392. Tlonb3ysich HepaBeHcTBoM Kown-byHskosckoro, noka-
3aTb HEpPaBEHCTBO TpeyroJbHUKa: ecian p(X,Y) — paccrosiHue
Mexnay ToukaMd X W Y, To nas jo6bix Tpex Touek A, B u C
umeeM p(A, B) + p(B,C) > p(A,C), npuueM paBeHCTBO HMeeT
MeCTO TOTJa W TOJIbKO TOrAa, KOrjga BEKTOp &, NPOBENEHHBIH U3
A B B, u y, npoBelieHHbld u3 B B ', KOJIJIMHEAPHbl U OIHHAKOBO
HarnpaBJieHbl.

1393. Haiitn uucrno puaroHased n-mepHoro Ky6a, oprToro-
HaJIbHBIX K JTaHHOH IHMaroHaJu.

1394. Ha#ity nauHy AnaroHasu n-MepHoro kyba ¢ pe6pom a
U Npefiesl 3TOH IJIMHBL IPH N — 00,

1395. JloxazaTb, UTO BCe NUAroHasu n-mepHoro Kyba obpa-
3YIOT ‘OIMH M TOT Xe YroJ ¢, CO BCeMM ero pebpamu. Haiitu
3TOT yroJl W €ero mpenesa npu n — oo. [Ipy KakoM n MoNyduuMm
Wn = 60°?

1396. Haiitn BeIpaxkenue paanyca R mapa, omMCcaHHOTO OKO-
JI0 n-MepHOTO Ky0a, 4epe3 pebpo a; Kakas U3 3THX BEJHUHUH R 1
@ 60JbllIe MPH PA3JUUHBIX NP

1397. [loxasatTb, 4TO OPTOrOHAJbHAS MPOEKIIUS M1060ro pedpa
n-MepHOro Ky6a Ha J1100yi0 1uaroHaJ/b 3Toro Ky6a no abcooTHOH
BeJIMUKHE paBHA 1/n IJHHBI THarOHAJIH.

*1398. JlokazaTb, UTO OPTOrOHaJbHbIE TPOEKUHWH BEPLIMH
n-MepHOro Ky6a Ha J/100yl0 ero AuaroHa/b HeJsIT ee Ha 7 pa.-
HBIX 4acTeH.
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*1399. Ilycte @, y — HeHyJeBble BEKTOPbl €BKJHIOBA IIpO-
ctpaHcTtBa R,,. Jlokasatb, 4ToO:
a) T = ay, rme o > 0, Toraa W TOJbKO TOTAa, KOTAa yrod
MeXAy & U Y paBeH HYIIO;
6) T = ay, rae a < 0, TOraa U TOJbKO TOTAA, KOTAA yroJ
MeXIy € U Yy PaBeH T.

*1400. JoxazaTb, YTO M3 BCEX BEKTOPOB JIMHEHHOTO MOATPO-
cTpaHcTBa L HaWMeHbIIHE Yros ¢ JaHHBIM BEKTOPOM & 00pasyer
OpTOroHaJsbHasl MpoeKUus y BekTopa x Ha L. [lpu atom paBeH-
ctBo cos(x,y) = cos(x,y’), rae ¥y € L, BeMONHSETCA TOrAA H
TOJIBKO Torja, Korma y' = ay, rae a > 0.

1401. Haiitu yros Mexay QuaroHasblo n-MepHoOro kyb6a u ero
k-MepHOH rpaHblo.

Ha#iTu yron Mekay BEKTOPOM & U JIHHEHHBIM MOANPOCTPAH-
CTBOM, HATSIHYTbIM Ha BEKTOPHl @1, @2, ..., Qk:

1402.

z =(2,2,1,1);
a; = (3745 _45_1)5
as=(0,1,-1,2).

1403.
T = (1507350)7
a; = (573a47 _3)7
az = (17 15475)5

az = (27 -1, 1) 2)

1404. Yeaom Mexny ABYMS JUHEHHBIMU MOAMNPOCTPAHCTBAMHU
L, n Lo eBxkaumosa mpocTtpaHcTBa R, He MMEIOUMMHA OOIMIHNX
HEeHYJIEBBIX BEKTOPOB, HA3bIBAETCS MMUHHUMYM YTJIOB MEXIY HeHy-
JIEBBIMU BEKTOPaMH 1, X2, The &1 € Ly, xo € Lo. Ecnn nepece-
yenue Ly N Ly = D # 0, npuuem D # Ly, D # Ly, To yriom
mexny L; u Lo HaspiBaeTCsl Yros MeXAy HX MepeceueHUusiMU C
OPTOTOHaJbHBIM HonoJHeHueM D™ K mepecedenuio D. Eciu ogHo
W3 JIaHHBIX TOANPOCTPAHCTB COAEPKHUTCS B APYyroM (B 4aCTHOCTH,
eC/I¥ OHM COBMANaloT), TO YroJ MeXKAy HHUMH CUMTAETCH PAaBHBIM
HYJ10. YTJOM MeX1y JHHEHHbBIMH MHOT000pasHsiMH Ha3blBaeTcs
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yToJl MeX1y COOTBETCTBYIOIIMMHU UM MOANpOCTpaHcTBaMH. [Toka-
3aTh, UTO YroJ MexAy JIOObIMH MOANPOCTPAHCTBAMH HJIH MHO-
roo6pasusiMH BCeria ONpefeseH W paBeH HYJI0 TOrAa H TOJbKO
TOrJla, KOTJa OJHO M3 MOANPOCTPAHCTB UM MHOr006pasuil comep-
JKUTCSI B IPYTOM HJIH MHOTOOODAsHs MapasiiesIbHBL.

*1405. Haiitn yron Mexny AByMepHBIMH rpaHsmu AgA; Ag
v AgA3 A, MpaBUIBHOTO YeTBIPEXMEPHOTro cummIekca (cm. 3anas
uy 1378) AOA1A2A3A4.

*1406. Ha#itTi yros Mexay IJIOCKOCTSIMH ag + a1t +@asts 1
by + b1ty + bata, e

ag = (371a071)a a; = (17Oa070)a az = (Oa 17Oa0)7
bo = (2,1,1,3), bi=(1,1,1,1), by=(1,-1,1,-1).

*1407. IlycTb naHbl JHMHEHHO He3aBUCHMAsl CHCTeMa BEKTOPOB
e, ea, ..., e5 U [IBe OPTOrOHAJbHbIE CHCTEMBl HEHYJIEBBIX BEKTO-
poB fi, fo, -y fs U Gy, 9oy ..., g, TAKHE, UTO BEKTOPHl f; U
g) TMHEHHO BBIPAXKAKTCS Uepes €1, ez, ..., e (k= 1,2,...,5).
Ilokasatb, uto f, = arg, (k =1,2,...,s), rne ax # 0.

*1408. Tlyctb R, 11 — €BKJHUIO0BO IPOCTPAHCTBO, 32 BEKTOPbI
KOTOPOT0 B3siThl BCE MHOTOUJIEHB! CTEMEHH < 7 C BELIECTBEHHbIMU
KO3(pULHeHTaMU OT OIHOI0 HEU3BECTHOrO &, a CKaJssipHOe IMpo-
u3BeneHue MHorouseHoB f(x) u g(x) ompemeneno tak: (f,g) =

+1
= [, f(@)g(x)dx.

Jlokasath, WTO Cjefyloll{e MHOTOYJIeHbl, U3BECTHbIE TOJ Ha-
3BaHUeM noauHomos Jlexaropa:

1odb o,
PO(m):]-v Pk(x)ZQk—k'@[(x _1)] (k:1727'~'7n)7

00pa3yloT OpTOrOHaNbHBIH 0a3uc mpoctpaHcTBa R, 1.

1409. Vcxons us onpepeseHus: noanHoMmoB JlexaHnapa, naH-
HOrO B Mpenblaylliedl 3agade, HAHTH MHorouseHol Pi(z) ot k =
=1,2,3,4. Yoenurscs, uto Py () umeer creneHb k, 1 HAMKCaTh
pa3BepHYTOE BbIpaKeHHeE 10 CTeneHsIM & 15t Py (x) npu aobom k.

*1410. Boiuncautb «aauHy» nondHoma Jlexanapa Py (x) Kak
BEKTOpa eBKJHA0BA mpocTpaHcTBa R, 41 3amaun 1408.

*1411. Boiuncautb 3HaueHHe nosrHoMa Jlexanapa Py (x) npu
z =1
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*1412. Jlokasath, uTo ecau K Gasucy 1, x, =2, ..., 2" eB-

KJMI0Ba npoctpaHcTBa R, 1 3anaun 1408 npumeHHTH Mpolecc
OPTOrOHAJMHU3alKH, TO MoJaydatcss MHorodsensl fo(x), fi(x), ...,
fn(x), OTIHUAOLIKMECS JHIIb MOCTOSTHHBIMH MHOXHTEJISIMU OT CO-
OTBETCTBYMOIIKX MOJUHOMOB Jlexkannpa. Haéitu a1u MHOXKHTENH.

1413. IlycTs mpoliecc OpTOroHaJU3alUU MEPeBOAUT BEKTODHI
ai, az, ..., a, B BeKTOpHl b1, ba, ..., b, coorBercTBeHHO. [l0-
Kas3aTb, U4TO bj eCThb OPTOTOHAJbHAS COCTABJSIOLAS BEKTOPA @
OTHOCHUTEJIbHO JIMHEHHOTO MoAnpocTpanHcTsa Ly, HATSHYTOTO Ha
ai, ..., a,_1 (k>1). lanee fokasarb, 4To

0< |bel < la] (k=1,2,...,n),

npudeM |bg| = 0 Torma u TosMbKO TOrAa, KOTAA @y JHHEHHO BbI-
paxkaeTrcsl uepes ai, ..., ar_1 (k > 1) wmm a; = 0 (k = 1);
|br| = lax| Torma u TosmbKO Toraa, -Koraa (ap,a;) = 0
Gj=1,2,..., k=1 k>1) uau k= 1.

*1414. JlokasaTb, 4TO HHTErpal fjll[f(:zc)]2 dx, toe f(z) —
MHOTOYJ/IEH N-H CTENeHH C BeIleCTBEHHBIMH KO3(P(MHIHEHTAMH H
CTapLInM Koa(bq)HuHeHTong,nRaBHblM eIMHHLE, T0CTUraeT CBOEro
MI/IHI/IMyMi, PABHOTO (5o—syrem, TOTAA M TOJIBKO TOTA@, KOT/a
flx) = C%TPH(J:), rae P, () — nosunom Jlexauapa creneHu n
(cm. 3amauy 1408).

1415. Omnpenenurenem [pama BeKTOpoB aq, @s, ..., Q) €B-
kmanoBa (umu yHuTapHOro) mpoctpanctea R,, HasbiBaeTcsi ompe-

OeJIHUTENb

(al,al) (al,ag) e (al,ak)
glar, ) = | (o) o)
(ar,a1) (ak,az) (ak,ar)

,U,OKaSaTb, 4TO ollpeneJ/inuTe b FpaMa He W3MEeHseTCHd INPHU TpHU-

MeHEHHH K BEKTOpaM @i, . .., Gk NPOLecca OPTOrOHAIHU3ALNH, T. €.
€CJId B pe3yJ/ibTaTe OPTOrOHAJN3aLNH BEKTOPH a1, . . ., @) Nepei-
IYyT B BEKTOPHI by, ..., by, TO

g(al, .o ,ak) = g(bl7 o ,bk) = (bl,bl)(bg, bg) .. (bk, bk)

[To/1b3ysiCh 3THM, BBISICHHTb Fe€OMETPHUECKHH CMBICT g(a1, as)
v g(a1,aq,as), npeanosaaras BEKTOPbl JHHEHHO HE3aBHCHMbIMH.
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*1416. loxkasaTb, 4TO AJs JUHEHHOH 3aBUCHUMOCTH BEKTOPOB
ai, ..., ap eBKAM10Ba (MM YHHTApHOIO) NPOCTPAHCTBA HEOOXO-
JIUMO U JI0CTAaTOYHO, UTOOBI OMpeleNuTe b [ paMa 3THX BEKTOPOB
Obl71 paBeH HYJIO.

*1417. 1Ba 6asuca ey, ...,e, u fq, ..., f, eBKAUAOBA (nm
YHHUTApHOT0) MPOCTPAHCTBA HA3BIBAIOTCS B3AMMHBIMH, €C/IH

1 mpui=y,
(eia fj) = . .
0 1mpui#j.
JlokasaTtb, uTto mJjsa Jwobdoro 6asuca ej, ..., €, B3aHMHBIH
6asuc CyLIeCTBYET U ONpelesieH OTHO3HAYHO.
1418. Tlycts S — marpuua nepexopa oT 6asuca ej, ..., €,
K Gasucy e}, ..., e,. Hailtu martpuuny T nepexona/ oT 6a31/1§a
fi, ..., f,, B3auMHoro c ey, ..., e,, K-6asucy fi, ..., fn,
B3aUMHOMY C €, ..., el :

a) B eBKJHJOBOM [POCTPAHCTBE,
6) B yHMTapHOM MPOCTPAHCTBE.

*1419. JlokasaTb, uto omnpemenntens [pama g(aq,...,ay) pa-
BEH HYJIIO, €CJI BEKTOPBl @i, ..., Gk JUHEHHO 3aBUCHUMBI, H MO-
JIOXKUTEJIEH, eCJI JIHHEHHO HEe3aBUCUMBI.

1420. JoxasaTb, 4TO ecau JUHEHHO He3aBUCHUMble BEKTOPBI

ai, ..., a, NPOLECCOM OPTOrOHAIN3ALUHU NIePeBOAATCS B BEKTOPhI
2 _ _glaiy,...,ak .
bi, ..., by, 10 [bi|? = 57((5,17) (k =1,2,...,n; onpenenu-

Teqb [pama ¢ ‘Hy/neBbIM YUCJIOM BEKTOPOB MPHUHUMAETCS PABHBIM
eIMHUIE).

*1421. B npocTpaHCcTBe MHOTOUJIEHOB CTEMEHH He BhILIE 1-H OT
OJIHOTO HEU3BECTHOIO X C BelLleCTBEHHbIMH Koa(p(puuueHTaMH cKa-
JISIPHOE TIPOU3BEIeHHE 3a1aHO paBeHCTBOM (f, g) fo x) dx.

Hafitu paccrosinve oT Hauya/ja KOOpAUHAT [0 JII/IHEI/IHOI‘O MI—IO-
roo6pasus, COCTOSLIEr0 U3 BCEX MHOIOUJIEHOB CTENEHH 1 CO CTap-
UM KO3(D(DHULIUEHTOM, PaBHBIM €IMHHLE.

*1422. Jloxkaszatb, uTo IJs onpefenautess [pama cnpaBenuBo

HEPaBEHCTBO

0< glar,...,ar) < lai ... |ay]?,

npuueM g(ay,...,ay) = 0 TOra ¥ TOJABKO TOT/A, KOTIA BEeKTOPhI
ai, ..., aj JUHEHHO 3aBUCUMEL, U g(ay,...,ax) = |ai|*...|ax|?
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TOTJIa U TOJBKO TOTZA, KOTJa JHUOO BEKTOPH! @i, ..., Q) TOMap-
HO OpTOrOHAaJbHbI, JUOO0 XOTS Obl OOUH U3 3THX BEKTOPOB paBeH
HYJIIO.

1423. Tlonb3ysice mpenpiaylllel 3agauei, 10Ka3aTh HepaBeH-
ctBo Anamapa, UMeHHo, ecin D = |a;;|f — onpenenunTess ¢ Be-
mecTBeHHbMU snementamu, To D* < [T, 370 af; (em. sana-
gy 923), npuyeM 3HAK PaBEHCTBA HMEET MECTO TOTAA M TOJbKO
TOTZa, Koraa Jubo

Zaikajkzo (7'75]7 iaj:1527"'7n)a
k=1

6o onpenenuTesnb DD comepKUT Hy/IeByI0 cTPoky. Kak nameHur-
csl yTBep:KAeHHE /s ONpefeuTe/]si ¢ KOMIJIEKCHBIMH 3JleMeH-
TamMu?

*1424. JlokasaTb, 4TO onpejenuteb Ly M0J0KHUTENbHO Onpe-
LeJIeHHOH KBaipaTH4YHOH (opMmbl f = ZZJ':1 @i;T;T; YHOBJIETBO-
psier HepaseHctBy Dy <[]0, ais.

*1425. Jlokasath, 4TO JM00asi BellleCTBEHHAst CUMMeTpUUecKasi
Marpuua A = (a;;)7 ¢ HeoTpULATEJbHBIMHU [JIABHBIMH MHHOpaMH
sBJsieTcs MaTpulell I'pama, T. e. CyLIecTByeT CHCTeMa BEKTOPOB
e, ..., e, eBK/IUJI0Ba NpocTpaHcTBa R, Takasd, 4to (e;,e;) =
= Qjj (i, ] S 1,2,...,71).

*1426. Jlokasarsb, uto J06ast spMuToBa Marpuua A = (a;;)7
C HEOTPHULATENbHBIMH TVIABHBIMM MHHOpPaMH SIBJISETCS MaTpULeH
['pama, T. e. CyllecTByeT CHCTeMa BEKTOPOB e, ..., €, YHHTap-
HOro npocTpaHctea R, Takas, 4To

(ei,ej) =a;; (i,j=1,2,...,n).

*1427. Onpenenum 06beM n-MepHOTO MapaJJiesenunena, mMo-

CTPOEHHOTO Ha JIMHEHHO He3aBUCHMBIX BEKTOPAX @1, Ag, . .., Gy
€BKJIM/I0BA MPOCTPAHCTBA, MHAYKTHBHO YCJIOBUSAMH:
1) V(iay) = |ay;

2) V(ay,...,a,) =V(ai,...,an_1) - hy, e h, — navna
OpPTOTOHAJBLHOM COCTABJALIEH BEKTOPA @, OTHOCHTEJbHO
MOANPOCTPAHCTBA, HATSHYTOTO HA BEKTOPHI @1, . .., Gp_1.
JlokasaTb, uTO

Viay,...,a,) =+glai,...,a,) =D,
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rie D — onpenenuTesb U3 KOOPAHWHAT NaHHBIX BEKTOPOB
B KaKOM-HMOyIb OPTOHOPMHPOBAaHHOM 0asuce n-MEpHOro
IPOCTPAHCTBA, HATSIHYTOTO HAa BEKTOPbI @1, . .., Gp.

*1428. Jloxkazatb, 4To 00beM n-MEpHOro MapasJesenunena He
NIPEBOCXOUT TIPOU3BENEHNs IJIUH ero pedep, BBIXOASIINX U3 Of-
HOH BepILMHBI, U PaBeH 3TOMY MNPOWU3BENEHMIO TOTZA H TOJBKO
TOrAa, KOrja 3TU peOpa MONapHO OPTOrOHAJ/BHBL, T. €. Napajlielie-
nunen npsMoyroJbHbIH.

*1429. JloxkasaTb cjaenyiollee CBOUCTBO onpenenutens [pama:
glai,...,ar,by,....b0) <glai,...,ar)g(bi,<...,b), (1)

MpUUeM 3HaK PaBEHCTBA UMeeT MeCTO TOTrJa U TOJIbKO TOT/A, KOTAa
1160

(aib)) =0 (i=1,2,... .k j=1,2...,0), (2)

11060 XOoTd Obl omHa M3 MOACHUCTEM @i, ..., ap 4 by, ..., b
JUHEHHO 3aBHCHMA.

*1430. JoxasaTb cjenyioliee CBOUCTBO oObeMa napaJJseseny-
neua:

V(al,...,ak; bl,...,bl) < V(al,...,ak)V(bl,...,bl),

NpUYeM 3HAK PABEHCTBA HMEET MECTO TOT/IA U TOJbKO TOTAA, KOraa
(a;,bj))=06G=1,2,... .k j=1,2,...,1).

*1431. Jlokasatb, uTo ecjqu A — BellleCTBeHHAas CUMMeTpHye-
CKas MaTpHlia MOpsaKa 1 C HEOTPHULATEJNbHbBIMH [JIABHBIMH MHU-
HopaMmu, A; — Martpuua nopsiaka k < m B JIEBOM BEPXHEM YIJY,
As — marpuua nopsiika n — k B MPaBOM HHXKHEM YTJIy MaTpULbI
A, 1o |A| < |A1] - |A2| (cp. ¢ sanaueit 922).

*1432. Pewnth 3aauy, aHaJOTHUHYIO MpeAbIayLel, ecau A —
9PMHTOBA MaTpHlla C HEOTPHULATEIbHBIMU TJIABHBIMH MHHOPAMH.

*1433. Hatitu ycsoBus, HEOOXOAWMBIE U TOCTATOUHBIE /IS TO-
ro, utoGbl C2 | MOJIOKHUTEJNbHbIX YHCEl

aij (1,7=0,1,2,...,n; i>7) (1)

OBIJIH:
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a) pacCTOSIHUSIMM BCEBO3MOXKHBIX Map BEPIIMH HEKOTOPOro
n-MepHOTO CHMILIeKca eBKIMI0Ba npocTpancTsa R, (1. e.
cucteMsl n + 1 Touek, He JiexalluX B (n — 1)-MepHOM JH-
HEHHOM MHOr006pasun);

6) PaCCTOSIHUSIMU BCEBO3MOXKHBIX Map TOUEK HEKOTOPOH CH-
CTeMbl 1 + 1 TOUeK eBKJIHL0BA NPOCTPaHCcTBa R,,.

§ 18. JIMHEMHBIE NMPEOBPA30OBAHMSA NMPOU3BOJIbHbIX
BEKTOPHbIX NMPOCTPAHCTB

B stom naparpade, 3a oTAe/bHBIMY UCKJ/IIOUEHHUSIMU, paccMaT-
pUBAIOTCS JIHHeHHble Tpeobpa3oBaHus ad(PUHHBIX BEKTOPHBIX M1PO-
cTpaHcTB. Ilpeo6pasoBaHHsl €BKJHWIOBBIX W YHHTApHbIX MPO-
CTPAHCTB PAaCCMOTPEHBI B CJeAyIolleM naparpage.

Jlunelinble npeo6pasoBaHus 0603Ha4al0TCS yepes ¢, ¥ U T. 1.,
o6pa3 BeKTOpa & INpPH NPe0OPa30BAHUH ¢ — Uepe3 ¢, CHCTeMa
BEKTOPOB @i, ..., pa, — 4depes p(ay,...,a,).

Martpuueit nuneliHoro npeobpasoBaHus ¢ B 6asuce ey, ..., e,
HasblBaeTcs MaTpula Ag, cTOI6HB KOTOPOH COCTaBJeHbl H3 KO-
opauHat obpa3os 6asuca ey, . .., pe, B TOM e 6a3uce eq, ...,
€,; UHBIMU CJI0BAMH, MaTpulla Aq, ompene/sieTcs paBeHCTBOM

el .,ey) = (e1,...,en)A,. (1)

[Iycte T" — marpuua nepexona ot 6asuca ei, ..., €, K 0azucy
fi, ..., Fn (cu. BBenenue k § 16), A, u B, — MaTpHibl npeos-
pa3oBaHMA (. B NIePBOM M BTOPOM 6asuce COOTBETCTBEHHO. Toraa
MMeeT MeCTO COOTHOIIEHHE

-1

B, =T 'A,T. 2)

Koopnunatel 41, ..., y, obpasa ¢@x BeKTOpa & INpPH JUHEHHOM
npeoGpa3oBaHUU ¢ BBIPAXKAKOTCH Yepe3 KOOPAHUHATH X1, ..., Tn

npoobpasa & B TOM ke 6asuce NPy momowy MaTpuusl A, = (a;;)T
JMHEHHOro MpeobpasoBaHust ¢ B TOM ke Gasuce CIEAYIOLHM 06-
pasom: y; = > ajz; (i =1,...,n) MM B MaTPUUHOH 3amucH:

Y1 T1
A, || (3)
Yn Tn
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CymMOH ¢ + 1), mpou3BeleHHeM 1) ABYX JUHEHHBIX MPeod-
pasoBaHMH ¢ W 1 W NPOU3BENEeHHEM (v YMCJa « Ha JUHEeHHoe
npeo6pa3oBaHue ¢ npocTpaHcTsa R, HasblBaloTcsl npeobpasoBa-
HMS, Olpejie/isieMble COOTBETCTBEHHO PaBEHCTBAMHU

(p+Y)x =9z +yvx, (p)x=p[zx), (ap)z=alpz),

115 JII0OOr0 BeKTOpa & MpocTpaHcTa R,.

1434. JloxasaTb, 4YTO MOBOPOT MJOCKOCTH Ha YTroJl < BOKPYT
Hayasa KOOPAMHAT BJSETCS JUHEHHBIM peobpa3oBaHueM, U Hall-
TH MaTpHIly 3TOro npeobpa3oBaHus B JIOOOM OPTOHOPMHPOBAHHOM
6asuce, ecsau MOJOXUTEebHOE HalpaBjeHHe OTcueTa YIJIOB COB-
najaeT ¢ HalpaBJeHUeM KpaTdaillero oBOPOTa, IepeBOASILEro
nepBblil 6a3UCHBIH BEKTOpP BO BTOPOH.

1435. JloxaszaTb, YTO [MOBOPOT TPEXMEPHOI'O MPOCTPAHCTBA Ha
yroJ 27 /3 BOKPYT MpsIMO#, 3alaHHON B MPSIMOYTOJbHOH CHCTEME
KOOPAUHAT ypPaBHEHUSAMH 1 = X9 = 3, SBJSETCS JUHEHHBIM
npeo6pas3oBaHueM, W HAaWTU MaTpULy 3TOro npeoOpa3oBaHUS B
6asuce U3 eJUHHUUHBLIX BEKTOPOB €y, €2, €3 O0Cell KOOpPAUHAT.

1436. loxazaTb, 4YTO TNPOEKTHPOBAHHE TPEXMEPHOrO TPO-
CTPAHCTBA Ha KOOPAMHATHYIO OCb BEKTOpa €; MNapaJsljlelbHO KO-
OPAMHATHOH TJIOCKOCTH BEKTOPOB €2 U es SBJSETCS JHUHEHHBIM
npeoGpa3oBaHKeM, U HAUTH ero Marpuuy B 6asuce e, e, €s.

1437. JloxasaTh, 4TO MpPOEKTUPOBAHUE TPEXMEPHOro IMpo-
CTPaHCTBA Ha KOOPAMHATHYIO MJIOCKOCTb BEKTOPOB €1, ez Mapas-
JIeJIbHO OCH KOOPAMHAT BEKTOpa es SIBJSETCS JMHEHHBIM Npeod-
pasoBaHMeM, W HalUTH ero MaTpuuy B 6asuce e, ez, €3.

1438. [loxasaTb, 4TO OPTOrOHAJbHOE NPOEKTHPOBAHHE TpeX-
MEepHOI0 IPOCTPAHCTBA Ha OCb, 00PA3YIOLLYI0 PaBHble YIJIbl C OCS-
MU' IPSIMOYTOJIbHOM CHCTEMbl KOOpPAMHAT, SIBJSETCS JIMHEHHBIM
npeo6pa3oBaHueM, W HAUTH ero Marpuuy B 6asuce eIMHHYHBIX
BEKTOPOB KOOPAMHATHBIX OCeH.

1439. Tlycts npoctpanctBo R, ecTb mpsiMasi cymMma JUHeH-
HBIX TofanpoctpaHcTB Ly ¢ 6asucom ay, ..., ar U Ly ¢ 6asucom
aji1, ..., Qp. JlOKa3aTh, YTO IPOEKTHPOBAHHE MPOCTPAHCTBA HA
L, napannensHo Lo sBJsieTCS JHHEHHBIM NMpeoOpa3soBaHHEM, H
HalTH MaTpULy 3TOro npeobpa3oBaHus B Oasuce aj, ..., Q.

1440. JloxasaTb, 4TO CyIIEeCTByeT €AMHCTBEHHOE JHHEHHOe
npeobpa3oBaHue NpocTpaHCTBa R, nepeBosillee TaHHBIE JUHEH-
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HO He3aBHCHMble BEKTOpPHl @i, ..., G, B JaHHble BEKTOPHl bi,
..., by,. Kak HaliTu maTpuiy 3Toro npeotpazoBaHus B Oasuce
ai, ..., a,°

BbIICHUTB, KaKue U3 CJeNyIOUUX Npeodpa3oBaHui ¢, 3aaH-
HBIX MTyTeM 3a/laHusl KOOPAMHAT BEKTOpa ¢ Kak (PYHKLHUH KOOp-
JIWHAT BEKTOPA &, SBJSIOTCS JUHEHHBIMU, U B CaAy4ae JHHEHHOCTH
HalTH UX MaTpPHULbl B TOM Xe 6asuce, B KOTOPOM 3afaHbl KOOPAH-
HaThl BEKTOPOB & U Q.

1441. px = (2 + x3,2x1 + 3,311 — T2 + T3).

1442. px = (x1,22 + 1,25 + 2).

1443. px = (271 + 22, 71 + T3, 23).

1444. px = (21 — x2 + 3, T3, 22).

Jlokasatb, 4TO CyIIeCTBYeT eMHCTBEHHOE JIHHEeHHOe peobpa-
30BaHHe TPEXMEPHOro MpOCTPAHCTBA, MepeBoisiiiee BEKTOPLI aq,
as, a3 COOTBETCTBEHHO B by, bo, b3, W HallTH MaTpUIly 3TOro

npeo6pa3oBaHus B TOM ke 6a3uce, BIKOTOPOM JaHbl KOOPAUHATHI
BCEX BEKTOPOB:

1445.
a1:(25375)7 bl :(15171)5
a2 = (05172)5 b2 = (1517_1)7
a3:(1a070)a b3:(2a172)
1446.
a1 = (25073)5 bl = (1527 _1)7
a2 = (4a 175)a b2 = (4a 57 _2)7
a3:(3a172)a b3:(]—a_]—a]—)'

1447. Tlyctb nuHeliHOEe mpeobpa3oBaHue ¢ mpocTpaHcTea R,
MepeBOJIUT JIMHEHHO HE3aBUCHMbIE BEKTOPHI @1, . . ., G, B BEKTOPHI
bi, ..., b, coorsercTBenHo. JlokasaTb, uto MaTpuuy A, 3TOro
npeobpa3oBaHusi B HeKOTopoMm 6asuce ey, ..., €, MOXKHO HaUTH
13 paBeHcTBa A, = BA~Y, rne cron6up matpun A u B cocToaTt
U3 KOOPAUHAT BEKTOPOB @1, . . ., Ay, U COOTBETCTBEHHO by, ..., b,
B Oasuce ey, ..., €,.
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1448. Jloxazatb, 4TO mpeoOpa3oBaHWe TPeXMEPHOro TMpo-
cTpaHcTBa ¢ = (xa)a, rie a = (1,2,3), ABiseTcs JHHEHHBIM
npeoOpa3oBaHWeM W Ha#¥TH ero MaTpULbl B OPTOHOPMHPOBAHHOM
6asuce ey, es, €3, B KOTOPOM [aHbl KOOPAHMHATH BCEX BEKTOPOB,
u B Oasuce by = (1,0,1), be = (2,0,—1), b = (1,1,0).

1449. TloxaszaTb, UTO yMHOXKEHHS KBaPaTHBIX MaTPHULL BTOPO-

a b
ro Mopsifika a) caesa, 6) CrpaBa Ha JaHHYI MaTPHILY ¢ 4]

JISIIOTCSL JIMHeHHBIMY [1pe00pa3oBaHUsIMU IPOCTPAHCTBA BCeX Mart-
pHUL, BTOPOro IOpsifiKa, U HalTH MaTpULbl 9TUX [IpeoOpa3oBaHUl
B 0asuce, COCTOSAILLIEM H3 MaTpPHIL:

o) Go) (o) G

1450. Tloxkasatb, uto AuddepeHLNPOBAHUE SBJSETCS JHUHEH-
HBIM Npeo0pa3oBaHHeM MPOCTPAHCTBA BCEX MHOTOUJIEHOB CTEMeHH
< 7 OT OJIHOTO HEWU3BECTHOrO C BEeIECTBEHHBIMH K03(dHIHeH-
TaMH.

Ha#itu matpuuy atoro npeo6pasoBaHusi B 6asuce:

a) 1, z, 22, R

6) 1, z—c, (“;,C) T (g”;,c) , TIIe ¢ — BEIleCTBEHHOe YHUCJO.

1451. Kak n3MeHUTCs MaTpHlla JUHEHHOro npeobpa3oBaHHus,
ecad B 6asuce ej, €3, ..., €, NOMEHATb MeCTaMH [Ba BEKTOpa
€;, Ej?

1452. JluneiiHoe npeoOpa3oBaHue ¢ B Oasuce ej, es, €3, €4
UMeeT MaTpHIy

1 2 0 1
3 0 -1 2
2 5 3 1
12 1 3

Haiitu mMarpuiy atoro e npeobpasoBaHus B 6asuce:
a) e, ey, e3, ey;
0) e1, e1+ez e1+ex+es e +ex+es+ ey

1453. JluneitHoe npeo6pa3oBaHue ¢ B 6a3uce e, €3, €3 UMe-
eT MaTpULy
15 —11 5
20 —-15 8
8§ -7 6
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Hafitu ero matpuny B 6asuce
fi1=2e1+3ex+e3, fy=3e+4extes, f5=e+2ex+2es.

1454. Jluneiinoe npeoGpasoBanue ¢ B 6asuce a; = (8,—6,7),
ay = (—16,7,-13), a3 = (9, —3,7) uMeeT MaTpHIly

1 =18 15
-1 —-22 20
1 =25 22

Haiitu ero matpuny B 6asuce
bl :(1)_251)7 b2:(35_152)7 b3:(25172)

1455. JlokaszaTb, YTO MAaTPULbl OTHOTO U TOTO K€ JIHHEHHOro
npeo6pa3oBaHusl B AByX 0asucax Torga M TOJBKO TOrAa COBIA-
Jal0T, KOTAa MaTpulla repexojga OT OAHOTO M3 3THX 0a3nCOB K
JIPyTOMY MepecTaHOBOYHA C MAaTPHIEH 3TOro JIMHEHHOro npeobpa-
30BaHHs B OJHOM K3 JAHHBIX 0a3UCOB.

1456. Jloxaszatsb, 4To Jt060e JHHEHHOe Tpeobpa3oBaHue ¢ Of-
HOMEPHOTO MPOCTPAHCTBA CBOAUTCS K YMHOXKEHHIO BCeX BEKTOPOB
Ha OIHO H TO Ke YHCJIO, T. €. & = aa AJs JIO0r0 BeKTOpa .

1457. Tlycte npeobpasoBanue ¢ B 6asuce a; = (1,2), as =

= (2,3) nmeer MaTpULy (i g) [IpeobpasoBanue 1 B Hasuce

b1 = (3,1),.b2 = (4,2) umeer MaTpuLy (g g)

Ha#itu marpuuy npeo6pasoBanus ¢ + 1) B 6asuce by, bs.
1458. [IpeoGpasoBanue ¢ B Gasuce a1 = (—3,7), ay =

, a npeobpasoBaHue ¥ B Ha-

suce by = (6,—7), by = (—5,6) uMeeT MaTpHILy (; 3)

2
= (1,—2) umeeT MaTpHiy <5 3

Haiitu matpuuy npeobpasoBaHus ¢ B ToM 6a3uce, B KOTOPOM
JaHbl KOOPIUHATBI BCEX BEKTOPOB.

1459. Ilyctb o — sMHelHOe NpeoOpa3oBaHUe MPOCTPAHCTBA
MHOTOYJ/IEHOB CTENeHH < 1 C BELleCTBEHHBIMH KO3()(MHULHEHTaMH,
nepeBoJsilliee Kaxblii MHOTOUJIeH B ero npoussoinyto. [Tokasars,
uto "t = 0.
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1460. Ilycts ¢ — suHeiiHoe mpeobpa3oBaHre AH(depeHH-
poBaHHUA, a 1) — YMHOXeHHe Ha x B OeCKOHEYHOMEPHOM Mpo-
CTPAHCTBE BCEX MHOTOYJIEHOB OT 2 C BelleCTBEHHBIMH KO3 (HLU-
entamu. Jlokasathb, 4To @Y™ — @ = nap" L

1461. [loxkaszatb, 4To JHUHeliHble Mpeobpa3oBaHUS N-MepPHOTO
MPOCTPAHCTBA OTHOCHUTENBHO CJIOKEHHS M YMHOXEHHS Ha 4YHUCJIO
caMu 00pasyloT BEKTOPHOE MPOCTPAaHCTBO. HalTh pasmepHOCTHb
3TOr0 NPOCTPAHCTBA.

1462. Jluneiinoe npeo6pa3oBaHue ¢ NpocTpaHcTBa Ry, Ha3bl-
BaeTCs HesblLpoKcOeHHbiM, €ClH ero Matpuua A, B KakoM-HHOYAb
(a 3HauuT, U B M0OGOM) GasKce HEBBIPOXKAEHHA, T. €. [A,| # 0. [lo-
Ka3aTb, UTO 3TOMY OIpeJesNeHHI0 IKBHUBAJEHTHO KaXKJ0e U3 cJe-
NYIOMINX: THHEHHOe MpeoOpa3oBaHue  HEBBIPOKIEHHO, €CJIH:

a) us px = 0 caenyer « = 0;

6) npu 0TOOpaxKeHHH ¢ 060K GasHUC MPOCTPAHCTBA MePexo-

IUT CHOBa B 6a3uc;

B) 0TOGpaXkeHHe ¢ B3aHMHO OAHO3HAYHO, T. €. eC/I T # T2,
TO QX1 F# PTo;

r) ¢ oToOpa’kaeT MPOCTPAHCTBO Ha BCe MPOCTPAHCTBO, T. €.
st moboro y € R, ‘Halineres @ € R, TakoH, 4To px =
=Y

1)  obsanaer 06paTHbIM npeobpasoBaHueM 1, T. e. (o)
= x g4 Jqiwboro x € R,,.

1463. Ilyctb * — cOOCTBEHHBIH BEKTOp JIMHEHHOro Mpeod-
pas3oBaHHsl ¢, NpHHaJJeXallUi COOCTBEHHOMY 3HAuyeHHI0 A, H
f(t) — mHorouseH. JlokasaTb, 4TO TOT Ke BeKTOp & OymeT cob-
CTBEHHbIM BEKTOPOM MpeoOpazoBaHusi f(p), NpHHALIEKALIAM
co6crBeHHomy 3Hauenuto f(\). MHbIMH c0Bamu, 10KasaTb, UTO
U3 pxr = \x caenyet f(p)x = f(N)x.

“1464. [Iyctb * — coOCTBEHHBIH BEKTOp JHUHEHHOro mpeod-
pasoBaHUs (o, MPUHALJIEKAIUN COOCTBEHHOMY 3HA4eHHIO A, H
f(t) — dyukumsi, aas koTopo# mpeoGpasoBanue f(p) HMeer
embics (ecam ¢ B HeKOTOpOM Gasuce WMeeT maTpuily A, To f(p)
ompenessieTcss B TOM ke 6asuce matpuueil f(A), npudyeM MOKHO
10Ka3aTh, 4To f(p) He 3aBUCHUT OT BhiGopa 6asuca). JlokasaThb,
YTO TOT K€ BEKTOp & OyAeT COOCTBEHHBIM BEKTOPOM Ipeobpaso-
Bauus f(y), IpUHAL/EKAINM COOCTBEHHOMY 3HaueHuio f(\).
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Haiitu coOcTBeHHble 3HAueHHs U COOCTBEHHBbIE BEKTOPBI JIH-
HeHHBIX Npeo6pa3oBaHMi, 3alaHHbIX B HEKOTOPOM 6asnce MaTpu-
LaMH:

2 -1 2 0 10
1465. [ 5 -3 3 |. 1466. | 4 4 0
-1 0 -2 2 1 2
4 -5 2 1 -3
1467. (5 -7 3|. 1468. |2 —6 13
6 —9 4 -1 —4 8
1 -3 4 7 -12 6
1469. (4 -7 8|. 1470. (10 —19 10
6 —7 7 12 -24 13
¢ 0070 o
147 [ 1 -4 9. 1472
o s 00 0 0
100 1
1000 3 -1 0 0
0000 1 1 0 0
ELE R I P £ L. I,
00 0.1 4 -1 3 -1

1475. [lokaszaTb, UTO COOCTBEHHBIE BEKTOPBI JIMHEHHOTO TIpe-
00pa3oBaHus, MpPUHALIEKALIME PA3JIUYHBIM COOCTBEHHBIM 3Haue-
HUSIM, JIMHEHHO He3aBUCHMBI.

1476. Jloxaszath, 4yTo Ji00asi KBajpaTHasi mMaTpuua A, umero-
1ast pa3alyHble XapaKTepUCTHYeCcKHe Yuc/a, NogobHa AaroHalb-
HOM Matpuue (Ham mosieM, CoIepKallkM KaK 3/1eMeHThl MaTpPHLIbI,
TaK U ee XapaKTepPUCTHYECKHE UMCIIa).

1477. JloxaszaTb, 4TO €CJIH JHHEHHOe TpeoOpa3oBaHue ¢ Tpo-
cTpaHcTBa R, MMeeT n pasqUUHBIX COOCTBEHHBIX 3HAU€HWH, TO
Jo60e JIMHeHOe TpeoOpa3oBaHue 1), TepecTaHOBOUHOE C , 00J1a-
naet 6a3ucoM COOCTBEHHBIX BEKTOPOB, NpHYeM J1000H coOCTBeH-
HBIH BeKTOp (o OyneT COOCTBEHHBIM U AJIs 1).

1478. [loxasaTb, 4TO MaTpula JUHEHHOr0 Ipeodpa3oBaHUsl B
HEeKOTOpOM 0asuce sIBJSETCS IUaroHaJbHOH TOTAA H TOJBKO TOTAA,
Korga 6a3uc COCTOMT M3 COOCTBEHHBIX BEKTOPOB NAHHOTO Mpeod-
pa3oBaHUA.
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BBIsiICHUTb, KaKHe W3 CJeAYIOLIMX MaTpUl JUHEHHBIX Mpeod-
pasoBaHUH MOXKHO NPUBECTH K AUArOHAJBHOMY BUAY IyTEM Iepe-
Xola K HOBOMY 0asucy. Ha#iTh atoT 6asuc v COOTBETCTBYIOLLYIO
eMy MaTpHLy:

-1 3 -1 6 -5 -3
1479. | -3 5 —1]. 1480. |3 -2 -2
-3 3 1 2 -2 0
1 1 1 1 4 -3 1 2
1 1 -1 -1 5 -8 5 4
1481. 1 1 1 1 1482. 6 —12 8 .5
1 -1 -1 1 1 -3 22
0 0 0 1
00 1 0
1483. 010 0
1 0 0 O
*1484. J{ns mMaTpHULbl
0 0 0 1
0 0 ... 1 O
A= | .. .o
01 0 0
1 0 0 0

MOpsiiKa M HAUTH HeBBIPOXKJEHHYI0 MaTpuLy 7', 17151 KOTOPOH Mart-
puna B = T~ 'AT Gbna 6bl AMAaroHa/bHOH, M HAalUTH 3Ty MaT-
puny B.

1485. MuHnumasbHolM MHOSOUACHOM OAS BEKMOPQA T OTHO-
CUTEJIbHO JIMHEHHOT'0 NpeoOpa3oBaHUs ¢ Ha3blBaeTCs MHOTOYJEH
gz(A) co crapmuMm Ko3p(UUHEHTOM 1, UMeIOLUH HaHMeHbLIY0
CTereHb CPelM BCeX aHHYNUPYIOIIMX MHOTOYJIEHOB A/ & OTHO-
CHUTEJIBHO (o, T. €. MHOro4sieHOB f(\) co cBotictBoM f(p)x = 0.

AHaJIOrMYHO OMNpeeNsieTCss MUHUMAJbHBIE MHOTOUJIEH g(\) OT-
HOCHTeJ/IbHO JIMHEHHOro Npeodpa3oBaHusl (¢ 1JiS BCEro MpOCTpaH-
crBa. JlokasaTb, YTO MHHHUMaJbHBEIE MHOrouseH g(A) JuHeHHO-
ro npeoOpa3oBaHUs ( paBeH HaHUMeHblUeMy O0lleMy KpaTHOMY
MHUHHMaJIbHBIX MHOT'OYJIEHOB /151 BEKTOPOB Jio6oro 6asuca mpo-
CTPaHCTBA OTHOCHTEJBHO .

*1486. Haiitu ycsoBus, npu KOTOpbIX MaTpulla A, uMerouias
Ha N00OYHOH JUaroHa/d yucaa &, (g, (v, @ HAa OCTAJbHBIX Me-
CTax HyJH, Mof00Ha OUaroHaJbHOH MaTpHIE.
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1487. HaiiTu co6cTBeHHble 3HaUeHUS U COOCTBEHHbIE BEKTOPBI
JHHeHHOro rnpeo6pasoBaHusi, sBJsollerocs 1uddepeHupoBaHH-
eM MHOTOUJIEHOB CTeNeHH < 1 C BelleCTBEHHbIMH KO3(QHULHEeH-
TaMH.

1488. Ilycts ¢ — nuHellHoe npeoOpa3oBaHUe IIPOCTPAHCTBA
R,,. COBOKYITHOCTBIO BCEX BEKTOPOB (px, THe & — JI000H BEKTOP
us R,, HasbiBaeTcs obpasom R, npu npeobpasosaruu ¢ Wiu
obaacmoro 3Hauerull p. COBOKYIMHOCTb BCeX BEKTOPOB x M3 R,
TaKHUX, YTO wx = 0, HAa3bIBAETCS NOAHbIM NPOOOPASOM HYASL NPU
npeobpasosaruu p U 10pom . Jlokasath, 4To:

a) 00J1aCTb 3HAYEHWE (o SIBJIAETCS JMHEHHBIM OANPOCTPAH-

ctBOoM R, paaMepHOCTb KOTOPOTO paBHA PaHTy ¢;

6) SIPO  ecTb JHHEHHOEe MOAMPOCTPAHCTBO MPOCTPAHCTBA

R,,, paaMepHOCTb KOTOPOTro paBHa AedeKkTy ¢, T. €. pas-
HOCTH ME€XKIY 7 U PaHTOM (.

1489. Ilycts ¢ — nuHe#HOe mpeoOpaszoBanue u L — mon-
IPOCTPaHCTBO npocTpaHcTa R,. Jlokasath, uto: a) o6pas @L u
6) noJHbIH npoo6pas ¢~ 'L mogmpoctpaHcTBa L npu JHHEHHOM
npeo6pa3oBaHUM ¢ CHOBA SBJAAIOTCS MOANPOCTPAHCTBAMH.

1490. [loxaszatTb, 4TO JJSI HEBBIPOXKIEHHOTO JIMHEHHOTO mMpe-
00pa3oBaHus  MpocTpaHcTBa R, pasmepHOCTb: a) obpasa oL u
6) noJsHoro npoo6pasa ¢ 'L J1060ro JMHEHHOro MOANPOCTpaH-
ctBa L paBHa pa3smepHocTH L.

*1491. O6o3HauuM 4epe3 pa3m. L pasMepHOCTb JHHEHHOTO
noanpoctpaneTsa L u yepes ged. ¢ nedekt JuHelHOro npeodpa-
30BaHHU . JlokasaTk, UTO pa3MepPHOCTH 06pas3a U MOJHOr0 Mpood-
pasa noanpoctpanctsa L npoctpanctsa R, npu npeodpasoBaHuU
 YIOBJIETBOPSIIOT HepaBeHCTBaM:

a) pasm. L — ned. ¢ < pasm. oL < pasm. L;
6) pasm. L < pasm. ¢ 'L < pasm. L + ned. .

*1492. [lonb3ysick npenbiayliedl 3afavyell, NoKasaTb HepaBeH-
crBa CuJsbBecTepa 1/l paHra MpPOH3BeNEHHs ABYX KBaapaTHBIX
matpull A u B nopsinka n: ra4 +rp —n < rap < min(ra,rg)
(cm. 3anauy 931).

1493. JlokasaTb, 4TO:

a) panr (p + 1) < paHr ¢ + panr 1;

6) ned. (pv) < med. ¢ + med. ¢ aas MOOBIX JHHEHHBIX
npeobpa3oBaHuil U Y npocTpaHcTBa R,,.
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1494. Haiitu co6cTBeHHble 3HaU€HUS U COOCTBEHHbIE BEKTOPBI
JIMHeHHOro npeo6pasoBaHus ¢, 3aflaHHOro B 6asuce ap, as, as,
a4 MaTpuuen
0o 2 -1
1 4 =2
-1 0 1
-1 -1 2

NN O

[lokasaTh, 4TO MOANPOCTPAHCTBO, HATSHYTOE Ha BEKTOPHI
a; + 2a2 ¥ az + az + 2a4, ABJIsE€TCS WHBAPUAHTHBIM - OTHOCH-
TeJIbHO .

*1495. JlokaszaTh, 4TO UMCJIO JIUHEHHO HE3aBUCHMBIX COOCTBEH-
HBIX BEKTOPOB Mpeo0pa3oBaHUs ¢, NPUHAAMNEKALIUX OTHOMY COO-
CTBEHHOMY 3HAU€HHUIO \g, HE MPEBOCXOANUT KPATHOCTH Ay KakK KOp-
HSl XapaKTepUCTHYEeCKOTO MHOr04JIeHa 1peodpas3oBaHus (.

1496. [loxasatb, uTO JHHeHHOE NMOAIPOCTPAHCTBO, HATSAHYTOE
Ha JII00YI0 CUCTeMy COOCTBEHHBIX BEKTOPOB [pe00pasoBaHHUS ¢,
WHBapPUAHTHO OTHOCHUTEJIBHO (.

1497. JlokasaTb, 4TO MHOMECTBO BCEX COOCTBEHHBIX BEKTO-
POB JIMHEHHOTO MpeoOpa3oBaHUs (¢, MPUHAMJIEKAUIUX OIHOMY H
TOMYy >Ke COOCTBEHHOMY 3HaueHHI0 \g (BMecTe ¢ HYJeBbIM Bek-
TOPOM), SIBJISIETCH JMHEHHBIM MOANIPOCTPAHCTBOM, HHBAPHAHTHBIM
OTHOCHTEJIBHO .

1498. JloxasaTb, 4TO BCe OTJMUHbIE OT HYJS BEKTOpHI IpO-
CTPAHCTBA TOTHA W TOJIBKO TOTAA SIBJSIOTCS COOCTBEHHBIMH BeK-
TOpaMU JIMHEHHOro 1peodpa3oBaHusl ¢, KOraa ¢ — npeoOpasosa-
HUe NOJO0OHUS, T. €. YT = & C ONHUM U TeM XKe a AJs J060ro
BEKTOpa .

1499. oxasats, uTo J1060e NoANPOCTPaHCTBO L, MHBApHAHT-
HOe OTHOCHMTE/IbHO HeBBIPOXKJEHHOI0 JIMHEHHOro Npeodpa3oBaHHus
, OyleT HHBapPMAHTHO W OTHOCHTEJ/LHO 06paTHOro npeodpasopa-
HUA @ L.

1500. [lokasaTb, uto: a) o6pas ¢L u 6) noaHbi npoobpas
¢ 'L nuneiinoro nopmpocTpaHcTBa L, MHBapUAHTHOTO OTHOCH-
TeJIbHO JIMHEHHOro Npeobpa3oBaHus ¢, caMy OyLyT UHBAPHAHTHbI
OTHOCHTEJIBHO .

1501. HafiTu Bce JMHelHbBIE MOANPOCTPAHCTBA MPOCTPAHCTBA
MHOTIOUJIEHOB OT OJHOTO HEM3BECTHOIO CTeleHU < 7 C BellleCTBeH-
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HBIMH KO9(D(PULMeHTaMH, HHBAPHAHTHbIE OTHOCHUTEJ/ILHO Ipeodpa-
30BaHHUf (, IepeBOAsALLero J1000H MHOrOUJIeH B €r0 IPOM3BOLHYIO.

1502. [loxa3aTb, UTO MaTpHULa JUHEHHOTO MPeoOPa30BaHUS
N-MEepPHOro NPOCTPAHCTBA B 0a3uce ai, ag, ..., Ay SIBJSETCS KJje-
TOYHOH NoJlypacnasllelicss MaTpULEeH BUIA:

A, B
a) 0 Ay ) rie Ay — KBaapaTHasi MaTpuLa nopsiaka k < n,

TOTJa U TOJIbKO TOraa, Korga JIUHEHWHOE NOAMNPOCTPAHCTBO,

HaTSIHYTOe Ha mepBble k BeKTOpoB 0asuca ai, ..., a,
HHBapPUAHTHO OTHOCHTEJBHO (;
Ay

6) B A ) rne A; — KBaJpaTHas MaTpuua nopsaka k < n,
2

TOTJIAa U TOJIKO TOTJA, KOTa JMHEHHOe MOANPOCTPAHCTBO,
HaTsSHYTOe Ha NepBble 1 — k BEKTOPOB 0A3HCA Akt 1, - .. ,An,
UHBapPUAHTHO OTHOCHTEJBHO (;

0 A,
rie Ay — KBajipaTHasi MaTpHUIld MOpsiaKa k, TOTIA U TOJNBKO
TOrja, Koraa Kak MoANpOCTPaHCTBO, HATIHYTOE Ha BEKTO-
pbl ai, ..., @i, TaK M TOANPOCTPAHCTBO, HATSAHYTOE Ha
BEKTOPBl Ak+41, - - ., @y, AHBAPHAHTHO OTHOCHUTEJIBHO .

, . A O
B) MaTpuLa 6y,ZLeT KJETOYHOMU pacnaBllIercs BUOAaA y

*1503. Ilycte snnHelHOe npeo6pa3oBaHHE ¢ N-MEPHOTO MpPO-
ctpaHctea R, B 6asuce aq, ..., @, UMeeT JHarOHAIbHYIO MaTPH-
1y C Pa3JUUHBIMU 3JIeMEeHTaMH Ha auaroHanu. Haltu Bce JnHed-
Hble TIOANPOCTPAHCTBA, HHBAPUAHTHbBIE OTHOCHTEJBHO ¢, U OIpe-
IeJUTh UX UHCJIO.

1504 HaiiTn Bce MOAMPOCTPaHCTBA TPEXMEPHOrO MPOCTPaH-
CTBa, MHBAapDHaHTHblE OTHOCHTEJbHO JIMHEHHOro Npeobpa3oBaHus,
3aJaHHOTO MaTpHLeH

4 =2
2 0
-1 1

— N DN

1505. HaiiTn Bce MOANMPOCTPAHCTBA TPEXMEPHOrO MPOCTPAH-
CTBa, WHBApHAHTHbIE OJHOBPEMEHHO OTHOCHTEJBHO IABYX JIMHEH-
HBIX NpeoGpa3oBaHuil, 3aJaHHBIX MATPHLAMH:

5 -1 -1 -6 2 3
-1 5 -1 U 2 -3 6
-1 -1 5 3 6 2
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1506. [oxasaTb, 4TO JH0Oble ABa TEPeCTAaHOBOUHBIX JHHEH-
HBIX Mpeobpa3oBaHUst KOMIIEKCHOTO TPOCTPAHCTBA UMEIOT 0OLIHH
COOCTBEHHBIH BEKTOP.

1507. [loxasaTb, uTo mJs J1060H (x0T 66l U GeCKOHeyHOi)
COBOKYTIHOCTH TOTApPHO MePeCcTaHOBOYHBIX JMHEHHBIX NMpeodpaso-
BaHUH KOMIIJIEKCHOTO MpocTpaHcTBa R, cyiiecTByeT BeKTOp, c0b-
CTBEHHBIH 115 BCeX NpeoOpasoBaHUK JaHHOHM COBOKYIHOCTH.

1508. [loxaszaTb, UTO KOpHEBbIE BEKTOPbI, TPHUHAAJEKALINE
pasMUUHBIM COOCTBEHHBIM 3HAYEHUSM, JUHEHHO HE3aBUCHMBI.

Haiitu co6cTBeHHBIE 3HAUeHHUSI U KOPHEBbIE MOANPOCTPAHCTBA
JIMHEHHBIX NIpe0o0pa3oBaHUl, 3alaHHbIX B HEKOTOPOM 0Oasuce cJle-
AYIOUIIUMH MaTpULlaMH:

4 -5 2 1 -3 .4
1509. |5 —7 3]. 1510. |4 -7 8
6 —9 4 6 =7 7
2 6 —15 (1)_12_31_21
1511. |1 1 =5 |. 1512.
L2 g 0 0 2 0
1 -1 0 1

1513. [oxasaTb, 4TO JHHelHOoe TpeoOpa3oBaHHe KOMILJIEKC-
HOTO IIPOCTPAHCTBA TOTAA U TOJNBKO TOIZA HMeeT JUaroHasbHYIO
MaTpULy B HEKOTOpoM 6asuce, KOTria BCe ero KOpHeBble BEKTOPHI
SIBJISIIOTCS COOCTBEHHBIMH BEKTOPAMH.

1514. Jloxas3aTb, YTO KOMILJIEKCHOE IIPOCTPAHCTBO TOTAa U
TOJIBKO TOIZla COCTOUT CILIOLIb U3 KOPHEBBIX BEKTOPOB JIHMHEHHO-
ro npeo6pa3oBaHUs ¢, KOTAA BCe COOCTBEHHbIe 3HAUEHHUS 3TOTO
npeobpa3oBaHUs PaBHbI MeXIy COOOH.

1515. Tlycts R — GecKOHEUHOMEpPHOE MPOCTPAHCTBO BCEX Be-
LeCTBEHHbIX (QPYHKUUH F'(x), onpefeseHHBIX U UMEIOLIUX MPOU3-
BOJHBIE JI000T0 MOPsAJKAa Ha BCeH YMCJIOBOW NPSAMOH, NPH OObIU-
HBIX CJIOKEHUHM (PYHKIUH W YMHOXKEHHH (YHKLUHH Ha YHCJIO, H
(¢ — npeoOpasoBaHue, NepeBojsllee MO0y (QYHKLHIO B ee 1po-
U3BOJHYIO.

Haiitu:

a) Bce COOCTBEHHblE 3HAYEHHs] U COOCTBEHHbIE BEKTOPBI,

6) BCe KOpHeBble MOANPOCTPAHCTBA MPe0GPa3oBaHus (.
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1516. IlpoctpancTBo R, HasblBaeTCs YuKAUHECKUM OTHOCH-
TeJIbHO JIMHEHHOTO mpeobpasoBaHusi ¢, ecad R, objanaer LHK-
JIMUECKUM 0a3nucoMm, T. e. 6a3UCOM ai, Qs, ..., Ay, JJIS KOTOPOTO

var=ar+1 (k=1,2,...,n—1).

ﬂOKa3aTb, yto ecau R, — LUKJIUYECKOe NPOCTPAHCTBO OTHO-

CUTEJIBHO ¢ U a1, G, ..., G — UUKJINYeCKUH 6asuc, TO:
a) MHHUMaJbHbIH MHOrOUJEH g(\) MpPeo6pa3oBaHUs © HMEET
CTeneHb n;

6) MHUHHUMAaJbHBIH MHOrOYJIEH BCEro MPOCTPAHCTBA COBMAaaeT
C MUHHMaJIbHBIM MHOTOYJIEHOM BE€KTOpa a1;

B) ecnu ga, = ciai + caas + - -+ + ¢, ay, TO MUHUMAJbHBIH
MHOrouJieH peoOpa3oBaHus ¢ ONpefeseTcss PABeHCTBOM

g()\) — A\ cn/\n—l o Cn—l/\n_Q oy

1517. Jloxa3aTb, 4TO €CJIH CTeNeHb MUHUMAaJJIbHOIO MHOTOUJIe-
Ha ¢g(\) nuHeitHOro mpeo6pa3oBaHusl  mpoctpaHcTBa R, paBHa
n #u g(\) ecTb CTeneHb MHOTOUYJIEHA, HEMPUBOLUMOrO HAJ TEM I10-
JieM, Haj KOTOpPBIM paccMaTpuBaeTcsi mpoctpaHctso R,, T. e. B
cy4yae KOMIIEKCHOTO mpoctpaHceTBa g(A) = (A — «)™, To:

a) R, He pasJoXKMO B MNPAMYI0 CyMMY JBYX IOANPO-

CTPAHCTB, UHBAPUAHTHBIX OTHOCHUTEJIBHO (p;
6) R, siBasieTcs LMKJMUYECKUM OTHOCHTENbHO (.

Kakoii BUI MMEET MaTpula npe06pasoBaHHH @ B IUKJIHNYECKOM

basuce?

1518. [lycTh MMHHUMaJbBHBIA MHOTOUJIEH JIHHEHHOTO Mpeobpa-
30BaHus @ mpoctpanctBa R, umeer Bum (A — «)". [lokasarb,
YTO CYIIECTBYeT BEKTOP @ TaKoH, uTo BeKTophl (¢ — ag)" la,
(@~ ae)"2a, ..., (p—ac)a, a, Tie € — ToKIECTBEHHOE Mpe-
obpasoBaHue, 06pa3yloT 6asuc npoctpaHcTBa. Kakol BUA HMeeT
MaTpula npeodpasoBaHus ¢ B 3TOM Oasuce?

1519. Jloxaszatb, 4To Jt060e MoanpocTpaHcTBo L KoMIekc-
HOTO mpocTpaHcTBa R,,, NHBAPHAHTHOE OTHOCHUTEJBHO JIHHEHHOTIO
npeoOpa3oBaHuUs , COAEPKUT TPSIMYI0, MHBAPUAHTHYIO OTHOCH-
TeJbHO (.

1520. [okasaTb, uto J1060e noanpocTpaHcTBo L nelicTBH-
TeJbHOTO MpoCTpaHcTBa R,,, UHBApUAHTHOE OTHOCHUTEJBHO JIH-
HelHOro 1Mpeo6pa3oBaHUs ¢ U MMelolllee HeYeTHYI0 Pa3MepHOCTb,
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COIEPKUT MPSIMYI0, HHBAPHAHTHYIO OTHOCHTEJBHO . [Tokasars Ha
npUMepax, uTo [Jis MOANPOCTPAHCTBA YeTHOH pa3MepHOCTH YTBep-
xpaeHne HeBepHo. [Ipu Kakux yc/oBusix L COmepKUT MpsIMYIoO,
BCe TOUKH KOTOPOH OCTalOTCSl HEMOABHKHBIMH MPH MpeobdpasoBa-
HUU (P

1521. [oxasaTb, UTO KOMIIJIEKCHOE MPOCTPAHCTBO, CONEpIKa-
1iee JIMIIb OIHY MPSIMYI0, HHBADHAHTHYIO OTHOCHUTEJBHO JIHHEH-
HOrO TPeoOpasoBaHUs ¢, HEPA3JIOKHUMO B IMPSIMYI0 CyMMY ABYX
HEHYJIEBBIX TTOANPOCTPAHCTB, HHBAPHAHTHBIX OTHOCHTEJBHO ©.

1522. JlokasaTh, uTO KOMILJIEKCHOE MPOCTpPaHcTBO R, OTHO-
CHUTEJIbHO TaHHOTO JHHEeHHOro npeobpa3oBaHUs ¢ pacragaercs B
npsimyio cymMmy (OIHOTO MJIM HECKOJIbKUX) HHBAPHAHTHBIX JIMHEH-
HBIX MOIMNPOCTPAHCTB, KaXK/I0€ M3 KOTOPHIX COLEPKHT JIHIIb OLHY
VHBapUAHTHYIO NPSIMYIO H, 3Ha4uT (1o mpensiiyuled sanade), na-
Jlee He PasJiozKHUMO.

*1523. [lycte ¢ — JauHelHOe npeobpa3oBaHKe TMPOCTPAHCTBA

R, u g(\) — MUHUMaJIbHBIA MHOTQU/IEH . [lokasaTh, uTo:

a) ecan g(A) — h(A)k(N\) uomuorousenst h(A\) u k(M) B3a-
UMHO TIPOCTBI, TO MPOCTpaHCTBO R, ecTh mpsivas cymMma
noanpoctpancTs Ly, COCTOSIIET0 U3 BCEX BEKTOPOB & Ta-
kux, uto h(p)x =0, u Lo, COCTOSIIEr0 U3 BCEX BEKTOPOB
@ takux, uto -k(p)x = 0;

6) ecan g(A).-= hi1(AN)ha(N)...hs(N\) u mHorousens hy(N),
ha(N), .o+ hs(\) momapHO B3aHMHO TPOCTHI, TO MPOCTpPaH-
ctBo R, ectb mpsivast cymma mommpoctpancts L; (i =
=1,2,...,5), tne L1 COCTOUT M3 BCEX BEKTOPOB T TaKMX,
aro h;(p)x = 0.

*1524. Jlune#inoe npeo6pasoBaHue ¢ B Oasuce ej, eq, €3 3a-
[aHO MaTpulei

o N O
=)

Haiiti mMunuManbHbid MHOTOUJIEH g(A) 3TOro Mpeo6pasoBaHus
pasJioxkeHue MPOCTPAHCTBA B MPSIMYI CYMMY TOANPOCTPAHCTB, CO-
OTBETCTBYHOIIEE PasJiokeHU0 g(\) Ha B3aUMHO MPOCTbIE MHOXKH-
tenu Buga (A — a)”.
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1525. Pemuth 3ajauy, aHaJOTHUHYIO MPEAbIAYIIEH, eCIH JH-
HeliHOe TpeoOpa3oBaHue p B 6a3uce e, €y, €3 3aJ]aH0 MaTpulel

4 -2 2
-5 7 =5
-6 6 —4

1526. Jluneiinoe npeoGpasoBaHue (o eBK/INA0BA (MK yHUTAP-
HOro) mpocTpaHcTBa R, 3a1aHo paBeHCTBOM px = (T, a)a s
Joboro x U3 R, npuueM a — NaHHbIH HeHYJeBoW BeKkTop. Halitu
MHUHUMaJbHBIA MHOTOUJIEH g(A) 3TOro mpeoGpazoBaHust U PasJio-
’KeHHe NPOCTPAHCTBA B MPSIMYIO CyMMY, COOTBETCTBYIOLIee PasJio-
XKeHuo g(\) Ha B3aUMHO MPOCThIE CTENEeHH HEMPUBOAUMBIX MHOTO-
YJIEHOB C BeleCTBEHHBIMU Ko3(pduimenTaMu (MM MHOTOUYJIEHOB
BHIA A\ — (' B CJlydyae YHUTAPHOTO MPOCTPAHCTBA).

1527. Haiitu XopaaHoBy (opMy MaTpPHIbl JIUHEHHOTO Mpeob-
pa3oBaHHUs @ KOMIJIEKCHOTO TpOCTpaHcTBa R, eciu ¢ uUMeeT C
TOYHOCTBIO [0 YHMCJOBOTO MHOXKHTE/ISI TOJbKO OAUH COOCTBEHHBIH
BEKTOP.

1528. Jlokasarb, YTO YUCJIO JIMHEHHO HE3aBUCUMbBIX COOCTBEH-
HBIX BEKTOPOB JIMHEHHOTO, MPeoOpa3oBaHUs , TPUHANJIEKALINX
ONHOMY H TOMY »X€ COOCTBEHHOMY 3HAUEHHIO Ao, PABHO UHCIY
KJIETOK C JMaroHa/JbHBIM 3JIEMEHTOM Ao B KOPHAHOBOH (opme
MaTpHLbl (.

*1529. JlokazaTb, 4To 6a3uc, B KOTOPOM MaTpulla JUHEHHOTO
npeo6pa3oBaHHsl  KOMIJIEKCHOrO BEKTOPHOrO npocTpaHcTBa R,
UMeeT KOPAAHOBY (POPMY, MOMXKHO MOCTPOUTH CJEYIOLIMM 00pa-
30M:

A) Ecin He Bce COOCTBEHHbIE 3HAYEHHS 0 PABHBI MEXIY CO-

601 U XapaKTepPUCTHUUECKUH MHOTOUJIEH UMeeT BHJL

FOO =A== A)5 N # X mpr i # ),

TO cTpouM 0Oasuc moampocTpaHcTa P, BceX BEKTOPOB &
Takux, uto (¢ — \e)¥x = 0 (¢ — ToXKJAecTBeHHOE Mpe-
obpasoBanue, i = 1,2,...,5).

[IpoctpancerBo R, OyneT npsiMoii CyMMOH MOATNpPO-
cTpaHcTB P;. OHU WHBapUaHTHBI OTHOCHUTEJBHO (; ¢ Ha
P, umeer onHO COGCTBEHHOE 3HaueHue )\;, mpudyem (¢ —
— /\ie)k’ia: = 0 pas mob6oro Bektopa « u3s P;. B atom



242 Tnasa 4

MOCTPOEHNH BMECTO XapaKTePHUCTHYECKOro MHOTOYJeHa
f(X\) MOXHO B35iTb MHHHMaJIbHBIE MHOroOujeH g(\), 4TO
MOXKET MOHHM3UTh [10Ka3aTe/ 1 CTeneHu k;.

B) Ilyctb ¢ Ha R,, WMeeT eMHCTBEHHOE COOCTBEHHOE 3Haye-
HHe Ao U k — HauMeHbIllee LeJoe TOJ0XKHTETbHOE YHnC-
10 TaKoe, uto (¢ — Ao)* = 0. [TosnoxuM 1) = @ — Age.
Boicomoii BeKTOpa @ Ha30BeM HauMeHbllee h Takoe, 4TO
e = 0. Yepes R;, 0603HauUMM MOAMPOCTPAHCTBO BEeX
BEKTOPOB BBHICOTHI < h (0<h<k). Ry COLEPXKHUT TOJNBKO
HYJIeBOH BEKTOpD; T'j, COBMaJaeT CO BCEM IPOCTPAHCTBOM.

Crpoum 6asuc Ry, nonosHsieM ero 1o 6asuca Ro, mo-
JIydeHHbIH 6a3uc momoJiHsieM no 6asuca Rz u T. 1., MOKa
He nocTpouM Gasuc Ry (1 KpaTKOCTH BCe 3TH GasuChI
Ha30BeM HauyaJbHbIMK). J[Js1 KaXKa0ro BeKTopa f BICOTHI
k HauanpHOTO 6asuca Ry cTpouM cepuro BekTopos f, i f,
2f, ..., YF 1 f ¢ navanbHbiM BexTopoM f. Bepem so6oit
(nanpumep, Hava/bHBIH) Gaskc Rj_o ¥ BEKTOPBI BBICOTHI
k — 1 BceX MOCTPOEHHBIX cepuil. DTO BEKTOPbI BMecTe Oy-
LYT JUHeHHO He3aBUCUMBI. [lononHuM ux 1o 6asuca Ry_;
JI0ObIMU  BeKTOpamu (HampuMep, M3 HauyaJabHOro Gasuca
Ry, 1). Jlns Kax[oro U3 NOTOJHUTEIBHO B3ATBIX BEKTO-
poB f (ecum oHM BOOOLIE CYIIECTBYIOT) CTPOMM HOBYIO
ceputo: f, f, V2 f u T 1.

[TycTh Ha HEKOTOPOM IlAare yKe MOCTPOEHBI CEPHUHM, B
KOTODBIX- BEKTOPBI BBICOTHl h + 1 BMecTe ¢ Ji00bIM (Ha-
npumep, HayanbHbIM) Gasucom Ry, o6pasyior 6asuc Ry 1.
Bexrtopnl so6oro (Hampumep, HadanbHOro) 6asuca Ry,
BMECTE C BEKTOPAMH BBICOTHI /. IOCTPOEHHBIX CepUi OyayT
JUHeHHO He3aBUCHUMBI. JlomoaHUM UX o 6asuca Ry Jio-
ObIMH BeKTOpaMH (Harmpumep, U3 HauasbHOro 6asuca Ry,).
Jlnst KaXkAoro JNOTOJHHTENbHO B3iTOro Bektopa f (ecam
TaKoBbIE CYLIECTBYIOT) CTPOMM HOBYI0 ceputo: f, 1 f, 2 f,
..., Y"1 f. Tloctynaem Tak 10 Tex Mop, MOKa BEKTOPbI
BCeX MOCTPOEHHBIX Cepuil He 06pa3yloT BMecTe 6asuC Bce-
ro NMPOCTPAHCTBA. 3aMKCaB BEKTOPhl CEPHIO 32 CepHel Tak,
4TO B KaXKJOH CepuH BEKTOPbI B3AThl B 0OPaTHOM NOpPSIIKe
(HayasIbHBIA BEKTOpP CepUH GepeTcst B IaHHOH CEpUH To-
CJIEIHUM), MONYyUMM UCKOMBIH 6a3uC, B KOTOPOM MaTpHIila
npeo6pa3oBaHusl @ UMEET KOPAAHOBY (POpMY.
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B) Basuc, moctpoeHHe KOTOpPOro yKasaHo B MyHKTax A) u
B), onpenenen He ogHosHauHO. JoKasaTh eIMHCTBEHHOCTD
(c TouHOCTBIO [0 MOPAAKA PACHOJIOKEHHS MKOPAAHOBHIX
KJIETOK) JKOpIAaHOBOH MaTpulibl Ay, 1mogo6HOH AaHHOU
KBazpaTHO# Matpuue A (M, 3HAYMT, €IMHCTBEHHOCTD JKOP-
JaHOBOH (hOpPMbI MaTPULbl JAHHOIO JIMHEHHOro peodpaso-
BaHMS ). FIMeHHO, 10KasaTh, 4To KopiaHoBa (opma A s
MaTpulibl A mopsiika n onpenessieTcs CJeAYIOIHUM 00pa-
3oM. IlycTb & — HauBBICIIHMH MOPSAOK *KOPAAHOBBIX KJe-
TOK MaTPHLbl A C YUCJOM Ag Ha IUATOHAJH, Tp — YUCJIO
Takux Kaetok nopsaaka h (h =1,2,...,k), B=A—\E,
7, — panr marpunsl B (h=0,1,2,...,k, k4 1). Torna
qyucsaa xy, onpenessiiorcs GopMmyaamMu

Tp=Th-1—2rp +rpe1 (h=1,2,....k). ()

Sameuanue. Dopmysn () MarOT NpHEM OTHICKAHUS YKOPAA-
HOBOH (opMBbl A ; 6€3 MOMOLIN TEOPHH 3JeMEHTAPHBIX LeuTe el
A-MaTpHL.

JIunetinoe nmpeo6paszoBanue @ npoctpaHcTBa R, B 6asuce eq,

., ep 3amaHo marpuueit A. Haiitu 6asuc f;, ..., f,, B Ko-

TOPOM MaTpHLa 3TOro Npeobpa3oBaHUs HUMEET KOPAAHOBY (hopMy

Ay, W HaliTh 3Ty xopaaHoBy (opMy (MckoMbIi 6asuc onpeeJeH
HeOJHO3HAYHO):

3 2 -3 1 1 -1
1530. A= |4 10 —12|. 1531. A=|-3 -3 3
3 6 -7 2 2 2
0 3 3 6 6 —15
1532. A= -1 8 5 | 1833.4=|1 5 -5
2 —14 —10 12 -2
0 1 —-11 6 -9 5 4
530 4~ | L2 P gsgsao |7 B 8T
11 1 0 8 —17 11 8
-1 1 0 1 1 -2 1 3
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1536. A = B2, rue

—
= O
o O

B=|.....ooooo. . — kJetka Koprana nopsiaka n.

o

*1537. JluneitHoe npeo6pa3oBaHue o MpocTpaHcTBa R, Ha3bI-
BAeTCHA UMBOLOMUBHBLM, €CIH (> = £, TIe € — TOXKIECTBEHHOE
npeo6pa3oBaHue. BhIICHUTb reOMeTpHUYeCKHUH CMbIC/] MHBOJIIOTHB-
HOro npeo6pasoBaHus.

*1538. Jluneiinoe npeo6pa3oBaHue @ npoctpaHcTsa R, Ha3bI-
BaeTcsi udemnomenmnoim, eciu o> = . BoisicHuTb reomeTpuue-
CKHUH CMBICJI HIEMIIOTEHTHOTO MPeoOpa3oBaHusl.

1539. IlpuBecTd mnpuMepbl JUHEHHOro MpPeoOpPa3OBaHUS
TPEeXMEpPHOro NPOCTPAHCTBA, [AJIs1 KOTOPOro:

a) TPOCTPAHCTBO He SABJSIETCS TPSIMO CyMMOH 00/1acTH 3Ha-
uenuit Ly u sinpa. Lo npeoGpasosanusi ¢ (onpenenenue
naHo B 3amaue 1488);

6) TPOCTPAHCTBO SBISETCS MPAMON CyMMOE 06J1aCTH 3Haue-
Hu# Ly wanpa Lo 1as ¢, HO ¢ He SIBJAAETCS NPOEKTHPO-
BaHueM Ha L; nmapannenbHo Lo.

§ 19. . JIMHEMHBIE NPEOBPA3OBAHMS EBKJIMAOBbLIX U
YHHUTAPHbBIX BEKTOPHbIX MPOCTPAHCTB

1540. [loxasaTb, 4TO OMNepaLHsi epexoia OT JUHEHHOTO Tpe-
00pa3oBaHUst ¢ YHUTapHOTO (MJIM eBKJIKI0BA) IPOCTPAHCTBA K CO-
Nps>KEHHOMY TIpeoOpa3oBaHUI0 ™ ob/anaer CledyOLIUMH CBOH-
CTBaMH:

) () =¢
) (o4 v)x = 0" + 0%
) ()" =Y "

F) (ap)* = ap®;

1) €eC/H  HEeBBIPOXKIEHHO, To (o 1)* = (p*)7 1.
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1541. Ilyctb e1, e — OPTOHOPMHUPOBAHHBIH Oa3UC MJIOCKOCTH
U JMHelHoe npeoOpa3oBaHue o B Gasuce f, = ey, f, = e; +

+ ez MMeeT MaTpuLly . Haiitu marpuuy conpsikeHHOro

1 2
1 -1
npeo6pasoBaHus ¢* B ToM ke 6asuce f, fs.

1542. JluneiiHoe npeo6pa3oBaHue ¢ €BKJIUI0BA POCTPAHCTBA
B 6asuce u3 BekropoB f; = (1,2,1), fy, =(1,1,2), f5 = (1,1,0)
3alaHO0 MaTpHILeH

1 1 3
0 5 -1
2 7 =3

Haiitu marpuuy compsizkeHHOro npeo0pa3oBaHHUS. ¢* B TOM e
6asuce, cyuTas, UTO KOOPAUHATH BEKTOPOB 0a3uca JaHbl B HEKO-
TOPOM OPTOHOPMHPOBAHHOM 0asuce.

1543. Haiitn matpuuy nuHeliHoro mpeobpasoBaHus ¢, co-
NPsI2KEHHOTO Npe0o0pa3oBaHUI0 ¢ B OPTOHOPMHPOBAaHHOM 6asuce
e1, e, es, eclu @ mepeBomUT BekTopbl a; = (0,0,1), as =
=(0,1,1), a3 = (1,1,1) B BekTopsl by = (1,2,1), by = (3,1, 2),
bs = (7,—1,4) COOTBETCTBEHHO, Tlie KOOPAUHATH BCEX BEKTOPOB
JaHbl B 0asuce ep, es, €3.

1544. Ilycts Oy — npsIMOYTOJIbHAS CHUCTEMAa KOOPAHMHAT Ha
IJIOCKOCTH U (¢ — IPOEKTUPOBAHUE MJIOCKOCTH Ha ocb Ox napai-
JleIbHO OUCCEKTpUCe MepBoil W TpeTbel ueTBepTH. Halitu comps-
JKeHHOe TNpeoOpa3oBaHue ¢*.

*1545. Ilycts R,, = L| + Ly — passoxeHue eBK/IHA0BA (Mau
VHHTapHOFo) MPOCTPAHCTBA B MPSAMYI0 CyMMY JABYX [OLIpPO-
CTpaHCTB; ¢ — mnpoektHpoBanue R, Ha L; mnapansiensHo Lo; L]
1 L% — oproroHasbHble IOMOJNHEHHs] COOTBETCTBEHHO /st Ly n
Ls; ¢* — mnpeobpa3oBaHue, conpsikeHHOe c¢ . JlokazaTb, 4TO
R, = L7+ L} u ut0 ©* sBasieTcst npoektuposanuem R, Ha L
napasenpHo L.

1546. JloxazaTb, UTO €CJH MOANPOCTPAHCTBO L YHUTApHOTO
(MM eBK/IMIOBA) MPOCTPAHCTBA MHBAPUAHTHO OTHOCHTEJBHO JIH-
HEHHOro mpeodpasoBaHust , TO OPTOrOHAJbHOE momosHeHue L*
MHBAPHAHTHO OTHOCHTEJIBHO COTPS2KEHHOTO MpeobpasoBaHus ¢*.

*1547. JlokasaTb, 4TO JIHHEHHOe TMpeoOpa3oBaHHe ¢ yHHUTap-
HOTO TpocTpaHcTBa R, MMeeT WHBapHAHTHOE TOANPOCTPAHCTBO
JI0O0r0 YKc/aa U3MEPEeHUH OT HyJS 10 N.
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*1548. JloxkaszaTb, uTO IJ5 JIOOOro JUHEHHOro npeobpasosa-
HHSl ¢ YHUTApPHOTO MPOCTPAHCTBA CYLIECTBYET OPTOHOPMHPOBAH-
HBI 6as3uc, B KOTOPOM MaTpHlla 3TOro MpeoOpa3oBaHUsI HMeeT
TpeyrobHyio Gopmy (reopema Illypa).

1549. Hanucatp ypaBHeHHe MJIOCKOCTH, HHBApPHAHTHOH OTHO-
CHUTeJIbHO JIHHEHHOro Npeobpa3oBaHus ¢, 3aJaHHOTO B HEKOTOPOM
OPTOHOPMHPOBaHHOM 6a3uce MaTpHLel

4 =23 17
11 —-43 30
15 —-54 37

1550. Jloxa3aTb, 4TO €CJIM OIUH U TOT XK€ BEKTOP & SIBJSETCS
COOCTBEHHBIM [/151 JIMHEHHOT0 Npeo0pa3oBaHUsl ¢ CO 3HAUEHHUEM
A1 M IS COTPSI)KEHHOTO MPeoOpa3soBaHUsl ¢* cO 3HaUEHHEM g,
TO /\1 = 5\2,

1551. JloxasaTh, 4TO ecjiu JUHelHOe Mpeobpa3oBaHue ¢ YHHU-

TapHOro IpocTpaHcTBa R,, UMeeT coOCTBeHHble 3HAYEHUS Aq, Ag,

.y Ap, TO COOCTBEHHBIMH 3HAYEHHSIMU COIPSIKEHHOTo Npeodpa-
30BaHUS " BYNYT COMPSKEHHbIE YUCAA A1, A2, ..., Ap.

1552. [loxasaTb, YTO COOTBETCTBYIOLIHE IPYT APYTY K0P PU-
[MEHTBl MUHUMAaJIbHBIX MHOTOUYJIEHOB COTPSIXKEHHBIX MEXKIY COOO0H
JIMHEHHBIX PE0Opa30BaHUH COMPSIKEHbBI IPYT APYTY.

*1553. IlycTh sMHeiiHOe npeobpasoBaHne ¢ YHUTAPHOTO (MoK
eBKJIMJI0BA) TIPOCTPAHCTBA B 0asuce eq, ..., €, UMEET MaTpHIly
A, a conpskenHoe npeoGpasoBanue ¢* Bo B3auMHOM Gasuce (cw.
safiauy 1417) fio -, f,, — varpuny B. [lokaszaTb, 4yTo B = A'B
YHUTapHOM MpocTpaHcTBe U B = A’ B eBKJIMI0BOM MPOCTPAHCTBE.

*1554. IlycTb ckasspHoe mpousBefeHHe (x,y) B HEKOTOPOM
Gasuce 3anaHo OumuHeiHoi (opmoil f ¢ martpuueidi U (MHBIMH
cioBamu, Matpuua U sBasercs mMatpuuell I'pama BekTopoB 6asu-
ca). [Tokasatb, uto Marpuua A JUHEHAHOro MPe0OpPa3oBaHUs p U
Martpuua A; compsKeHHOro npeo6pa3oBaHus ¢* B JaHHOM 6asuce
CBfI3aHbl TaK:

a) Ay =UYA'U nns eBkaAugoBa NPOCTPAHCTBA,;
6) Ay = U 'A'U nis yHUTapHOTO MPOCTPAHCTBA.
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[Iycte B HeKoTOpOM 6asuce cKa/sipHOE MPOU3BELEHHE 3a1aHO
6unuHelHOU opmoil f, a JMHelHOe nmpeobpa3oBaHue ¢ — MaT-
puueil A. Hafitu matpuny A; conps:keHHoro npeo6pasoBanus ¢*
B TOM 2Ke Oasuce:

1555. f = x1y1 + Sxays + 6x3ys + 2x1y3 + 2x3y1 + 3x2y3 +

+ 3239,
0 1 -2
A=(2 0 -1
3 =2 0

1556. [ = 2z1y1 + 3x2y2 + x3y3 + 2x1y2 + 220y1 + T1Y3 +
+ x3y1 + Tays + x3Y2;

[lyete U — matpuua 'pama HekoToporo 6asuca u A — mMart-
pHLla JHHeHHOTo npeo6pa3oBaHus ¢. Ha#itu matpuiy A; comps-
JKeHHOTro npeo6pa3oBaHus ¢* B TOM ke Oasuce:

3 1 -2 1 2 0
1557. U= | 1 1 —-1];A=(2 0 3

-2 -1 2 01 3

2 -1 0 1 2 =3
1558. U=|-1 2 —-1|;A=12 -3 1

0 -1 1 3 2 -1

1559. [lyctb ¢ — JMHeliHOe MpeoOpa3oBaHUe YHUTAPHOTO UJIH
eBKIMI0BA mpocTpaHcTsa. JlokasaTh, uto (e?)* = e¥ . (Ompe-
neseHVe (DYHKIHM OT JIMHEHHOro npeo6pa3oBaHuUsi NaHO B 3ajia-
ue 1464.)

1560. JlokasaTb, 4TO MPOM3BEEHHE JBYX OPTOrOHAMbHBIX (CO-
OTBETCTBEHHO YHHTAapHBIX) MPeo6pa3oBaHMil caMO OPTOrOHANbHO
(ynurapHo).

1561. [loxasaTb, YTO €CJIH JIHHEHHOe peodpa3oBaHue ¢ YHH-
TapHOFO (I/IJII/I eBKJII/IllOBa) HpOCTpaHCTBa COXpaHHET NJIUHBI BCeX
BEKTOPOB, TO OHO YHHTapHO (COOTBETCTBEHHO OPTOrOHAMBHO).



248 Tnasa 4

*1562. [lycTs B yHUTapHOM (MM €BKJAMAOBOM) MPOCTPAHCTBE
3a/laHO HEKOTOpOe NMpeoOpa3oBaHHe , B CUJIY KOTOPOTO KaxKIOMY
BEKTOPY & COOTBETCTBYET eIUHCTBEHHBIH BeKTOp (. [lokasaTsb,
4TO ecJ/M Npeobpa3oBaHue ¢ COXpaHseT CKalsipHOe IPOU3BELEHHE,
T. e. (px, py) = (x,y) LJst 00X BEKTOPOB &, Y MPOCTPAHCTBA,
TO ¢ OyeT JMHEAHBIM M, 3HAYMT, YHUTAPHBIM (COOTBETCTBEHHO
OpTOroHa/IbHbIM) MpeoGpasosanueM. [Tokasath Ha npuMepax, uTo
IJ151 COXpPaHEHHsl CKaJspPHbIX KBaApaTOB BCEX BEKTOPOB HENOCTa-
TOYHO AJISl JIMHEHHOCTH .

1563. IlycTh cka/nsipHOe YMHOXEHHE BEKTOPOB NPOCTPAHCTBA
R, 3amano matpuue#t I'pama U BeKTOpoB HeKoToporo 6asuca.
Haiitu ycsioBue, HeoOXOAMMOE U AOCTATOYHOE [JsI TOTO, YTOObI
JUHEelHOe Npeobpa3oBaHue p, 3aJaHHOE B TOM ke 6a3uce MaTpH-
ue A, OblLIO:

a) OpTOTOHA/NBbHBIM MPeOOPa3OBAHHEM €BKJIMI0BA MPOCTPAH-

CTBa,

6) YHHUTapHBIM NPeoOpa3soBaHUEM YHHUTAPHOTO MPOCTPAHCTBA.

1564. JlokasaTb, UTO ec/Hu JBa BEKTOpa &, Y eBK/IHUA0Ba (H/u
VHHTApHOr0) MPOCTPAHCTBA HMEIOT OJMHAKOBYIO NJHHY, TO CYIile-
CTBYeT OpPTOroHaJbHOe (COOTBETCTBEHHO YHHTapHOe) Mpeobpaso-
BaHUe , MepeBojsilliee T B Y.

1565. [lokas3aTb, YTO €CJIM JBe Mapbl BEKTOPOB &1, L2 H Y,
Yo €BKAN0Ba (MM YHUTAPHOTO) MPOCTPaHCTBa 06/1aAalT CBOM-
ctBaMu |x1| = |yyls |@2| = |y,| ¥ yroa mexnpy i ¥ @2 paBeH
YLy MeXIYy Yi U Yy, TO CYLIECTBYeT OPTOroHaJbHoe (COOTBeT-
CTBEHHO YHHUTapHOe) MpPeoOpa3oBaHue ¢ TaKoe, UTO PT1 = Y,
PT2 = Y.

*1566. [lycte naHBl ABE CHCTEMBI BEKTOPOB X1, ..., Tk U
Yq, o ., Y, eBkangoBa (Mam yHutapHoro) mpoctpanctsa. Jloka-
3aThb YTBEpXKAEHHE: I/ TOTO YTOObl CYLIECTBOBAJO OPTOTOHAJb-
Hoe (COOTBETCTBEHHO YHHTapHOe) MpeoOpasoBaHHe ( TaKoe, uTo
YT = Y; (G = 1,2,...,k;), HeOOXOIUMO M NOCTATOYHO, YTOOBI
MaTpuupl [pama oGenx cuctem BeKTOpoB coBnananu: ((x;, ;)N =
= ((ymyj))’f

*1567. TlycTb (o — yHuTapHoe (MM OpTOroHa/JbHOE) Mpeodpa-
30BaHHe YHUTApPHOTro (COOTBETCTBEHHO €BKJMI0BA) MPOCTPAHCTBA
R,,. JlokasaTb, 4TO OpPTOTOHAJbHOE AOMOJHEeHHe L™ K JIHHEHHO-
My MOAMPOCTPaHCTBY L, NHBADHAHTHOMY OTHOCHTEJIBHO (0, TaKXKe
WHBAPUAHTHO OTHOCHUTEJIBHO (.
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1568. [loxaszaTb, uTO ABa MMEpPeCTAHOBOUHBIX YHUTAPHBIX Mpe-
00pa3oBaHUsl YHUTAPHOTO MPOCTPAHCTBA 00/1afaloT OOLLKUM OpPTO-
HOPMHUPOBAHHBIM 6a3UCOM COOCTBEHHBIX BEKTOPOB.

*1569. JlokazaTb, uUTO .Jisi YHUTApHOTO MpeoGpa3oBaHus
YHUTApHOTO TPOCTPAHCTBA!

a) CoOCTBEHHBbIE 3HAYEHHs MO MOLYJK pPaBHBl E€IHUHHIE
(4, 3HAYWT, XapaKTepPUCTHUECKHE UMCJIa YHUTApHOM,
B YaCTHOCTH BelLLeCTBEHHOH OpPTOrOHa/NbHOH, MAaTPHULBL 110
MOJYJIF0 PABHBI eIHHHIIE);

6) COOCTBEHHBIE BEKTOPHI, IPUHAIEKAIIKE ABYM Pa3HudHbIM
COOCTBEHHBIM 3HaU€HUSIM, OPTOTOHAJIBHBI,

B) ec/H B HEKOTOPOM Oasuce maTpuna A mpeoGpasoBaHus
( BelLleCTBEHHA U COOCTBEHHBIH BEKTOp, [IPUHAAIEKALIUH
KOMIIJIEKCHOMY COOCTBEHHOMY 3Hauenutio a + Bi (3 # 0),
NpelCTaBJeH B BUAE & + Yi, Ile BEKTOPbl & U Y HUMEIOT
BellleCTBEHHbIe KOOPAWHATE, TO @ W Y OPTOrOHAJNBHBI U
UMEIOT ONMHAKOBYIO IJIHHY, IpHYeM

pr =ax - Py gy = Pr+ay; (1

r) OpTOroHa/bHOE MPeoOPa30BaHKE €BKJIMI0BA NPOCTPAHCTBA
Bcerfa obsafaeT OAHOMEPHBIM WJIM JIBYMEPHBIM HHBapH-
AHTHBIM HO}IHpOCTpaHCTBOM.

*1570. JlokasaTb, 4UTO:

a) 1715 J1060I0 YHHTAPHOIO NPeodpasoBaHUs ¢ YHMTAPHOTO
npocTpaHcTBa R, CYIIeCTBYeT OPTOHOPMHPOBAHHBIH Oa-
3UC, COCTOSILIMH U3 COOCTBEHHBIX BEKTOPOB Mpeodpa3oBa-
HUS . B aTom 6asuce mMarpuua ¢ ABJSETCS AUAroHa/b-
HOH C AHArOHaJbHBIMH 3JIEMEHTAMH, PABHBIMU M0 MOAYJIHO
eMHHIIE.

Kakoe CBOHCTBO YHHTapHBIX MAaTpHI[ OTCIOAA BhITe-
Kaet?

6) nas GO0 OPTOTOHAJNBHOTO MPeo6pasOBaHUs o EBKJIH-
J0Ba npocTtpaHcTBa R, cyliecTByeT opTOHOPMHUPOBAHHbIH
6asuc, B KOTOPOM MaTpHlla ¢ MMeeT KaHOHUYECKUH BH,
rfie Ha [JIaBHOU [HAaroHaJM CTOSIT KJAE€TKH BTOPOTO MOpsiaKa

BUIA .
cosy —sinvy
<sin7 cos 7y ) (y # k)

1 KJETKH MepBoro rnopsinka suaa (+1).
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K.HGTKI/I KaKOFO-HI/I6yﬂb U3 3THUX THUIIOB MOTYT OTCYT-
cTBOBaTh. Bee ocrasibHble 3/1eMeHThl paBHbl HY0. Kakos
reoMeTPUUYECKHUH cMblc/ TnpeobpasoBanus? Kakoe cBoii-
CTBO BeIECTBEHHBIX OPTOrOHAJbHBIX MATPHL OTCIOAA
BLITEKAET?

Jlns opTOroHasIbHOTO NMpeodpa3oBaHUs ¢, 3aJaHHOTO B OPTO-
HOPMHPOBAaHHOM 6a3uce MaTpulled A, HAlTH OPTOHOPMHUPOBAHHBIH
6asuc, B KOTOPOM MaTpuLa B 3Toro npeodpasoBaHus UMeeT KaHo-
HUUECKUH BUJ, YKa3aHHbIH B 3anade 1570. HaliTu kaHOHUYECKUi
Bua. (Mckomblil 6asuc onpepeJseH HEeoIHO3HAYHO.)

2 2 _1
3 3 3
1571 A= 2 -1 2
L 2 2
3 3 3
1 1 1
2 3 TaV2
1572. A= | 1 3 12
V2 —3V2 00
1 1
V2 0.0 —3V2
— 1 2 1
1573. A= [1v2 2v2 LV2
2 X1 2
3 3 3

Ha#itu xaHonudeckuii Bug B oproroHasbHOd MaTpuubl A u
OpPTOroHabHYK-MaTpuly @ Takytw, uto B = Q1AQ:

2 _1 2
3 3 3
2 2 1
1574. A=| 3 3 —3
1 _2 2
3 3 3
3 1 1
1 ;o 1o
— 1 3 1
1575. A= | 1 R NG
V6 —3v6 3
11 1 1
2 2 2
11 1 1
2 2 2 2
1576. A = 11 1 a1
2 2 2 2
11 1 1
2 2 2 2
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1 1 1 1
2 2 3 2
1 1 1 _1
I 2 2
1577. A= 11 1o
2 2 2 2
_1 1 1 _1
2 2 2 2
1578. [lnsi NaHHOU YHUTapHOH MaTpHIbI
1 4+ 310 41 —6 — 21
A:§ —44 4—-3i —-2-—61
6+2i —2—61¢ 1

HaWTH AHMaroHasjbHYyI0O MaTpuly B W yHUTapHyO matpuuy () Ta-

KHe, 4To
B=Q 'AQ.

1579. JloxaszaTb, uTo JMHeHHass KOMOUHALMS CaMOCOIPSIKEH-
HBIX NpPe0OpPa30BaHUH C BeLIeCTBEHHBIMH KO3(D(PULIHEHTaMU
(B yacTHOCTH, CyMMa IBYX CaMOCONPSKEHHBIX NpeoGpasoBaHHmii)
eCTb CaMOCOIIpsi2KeHHOe IpeoOpa3oBaHUe.

1580. JloxaszaTb, 4TO POU3BeJEHNE Y1) IBYX CaMOCOIPSIKEH-
HBIX Npeo6pa3oBaHUi ¢ U ¥ TOLAA U TOJNBKO TOTAA OyneT camMoco-
NPSI2KEHHBIM, KOTAA (¢ U 1) TIePeCTaHOBOYHBI.

1581. [loxasaTb, UTO €CJIHU ¢ U ) — CaMOCOTIPsi2KEHHbIe TIpe-
06pa3oBaHusl, TO CAMOCONPSIKEHHBIMU OyyT TaKxKe npeobpasoBa-

HUSA
0 + Yo u i — Pp).

1582. JlokasaTb, UTO OTPa*kKeHHe ( eBKJAMI0BA (MM yHHTAp-
Horo) mnpoctpanctsa R, B moanpoctpanctBe Li mapasesbHo
NOANpoCcTpaHcTBy Lo TOrAa U TOJbKO TOra OYAeT CaMOCOMNPSIKEeH-
HBbIM JIMHEHHBEIM TIpeobpasoBaHueM, korjaa Ly u Ly opTOroHaMbHBL.

1583. JlokasaTb, 4TO NpPOEKTUPOBAHHE (» eBKJWA0BA (MJH
YHHTapHOro) mpocTpaHcTBa R, Ha moampocTpaHcTso Li mapaJ-
JeqbHO monnpoctpaHcTBy Lo Torma W ToAbKO TOTZAA Oyner ca-
MOCOMPSI?)KEHHBIM JIMHEHHBIM npeobpa3oBanueM, korna Li u Lo
OpPTOTOHAJIBHHI.

1584. JlokaszaTb, 4TO ecJjiu JIMHelHOe NpeoOpa3oBaHue ¢ YHHU-
TapHoro (Mau eBKJWIOBa) mpocTpaHcTBa R, obnanaer J0ObIMH
OBYMS U3 CJeIYIOLIUX TPeX CBOHCTB:

1) ¢ — camoconpsixkeHHOe NpeobpasoBaHHe;

2)  — yHuTapHoe (COOTBETCTBEHHO OPTOTOHANbHOE) MPeod-

pas3oBaHue;
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3) ¢ — UHBOMIOTHBHOE TpeoOpasoBaHue, T. €. @2 = & —
TOXKJIeCTBEHHOe Npeobdpa3oBaHHe,

TO OHO 00J1aJlaeT U TPeTbUM cBoicTBOM. HaliTh Bce TUMBI npeo6-
pa3oBaHUi, 00JaNA0UMX BCEMU STHMH CBOWCTBAMH.

Haiitu opToHOpMUpOBaHHBIH 6a3uC COOCTBEHHBIX BEKTOPOB U
Matpuly B B aToM 6asuce /s JUHEHHOro 1npeoOpa3oBaHUs, 3a-
JIAHHOTO B HEKOTOPOM OPTOHOPMHPOBaHHOM 6asuce Martpuleid A
(McKoMBI# Gasuc ompesesieH He OHO3HAYHO):

1 2 =8 17 -8 .4
1585. A= 2 2 10|. 1586. A= (-8 17 —4
-8 10 5 44 —4 11
3 —1 0
1587. A=1|4i 3 O
0 0 4

Jns naHHOW MaTpuibl A HaWTH OUATOHAJNbBHYIO Matpuuy B U
yuurapuyto matpuny C Takue, uto B.= C~1AC.
3 2424 32—
1588.A—(2_2i 1 ) 1589'A_<2+i 7 )
*1590. Paccmotpum n?-MepHOe MPOCTPAHCTBO BCEX KOMIJIEKC-
HBIX KBaJpaTHBIX MaTpPHUL, MOpsiaKa 1 ¢ OOLIYHBIMH OIepalusMH
CJIOXKEHHS MaTpUL U YMHOXKEHHS MaTpulbl Ha uucJo. [IpeBpaTtum
9TO NPOCTPAHCTBO B yHUTApHOe, CUMTAs, UTO CKaJSpPHOE MPOH3Be-
IeHue IBYX Matpull A = (a;;)} n B = (b;;)] 3afaHO paBeHCTBOM
(AB) =370 i_yaijbi;.
JlokasaTs, 4TO:
a) yMHOXKEHHe BCeX MaTPHIL C/J1eBa Ha OJHY M Ty K€ MaTpHILy
C siBasieTcs JIMHEHHBIM MpeoOpa3oBaHUEM;
6) yHHTapHble MaTPHIbl KaK BEKTOPbl YKa3aHHOTO MPOCTPaH-
CTBa UMEIOT MJIHUHY /N
B) YMHOXKEHHsI BCeX MAaTPHIL C/leBa Ha COMPsI’KEHHO-TPAHCIIO-
HUpoBaHHble MaTpullbl C' U C’ BLI3LIBAIOT COMPSIKEHHBIE
npeo6pa3oBaHus;
r) YMHOXKEHHe CJieBa Ha YHUTapHYK MaTpuily C Bbi3biBaeT
YHHTapHOe NpeoOpa3oBaHHeE;
1) YMHOXEHHE Ha SPMHTOBY MATpPHILy BBI3bIBAET CaAMOCOMpSI-
JKeHHOe NpeodpasoBaHue;
e) YMHOXKeHHe Ha KOCO3PMHTOBY MAaTPHILy BBI3bIBAET KOCO-
CUMMeTpHYecKoe peodpa3oBaHue.
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1591. IlycTe ckansipHOe YMHOKEHHe BEKTOPOB MPOCTPAHCTBA
R,, 3anaHo marpuueil I'pama U HekoToporo 6asuca. Haiitu ycmo-
BUe, HeOOXOAUMOE U J0CTATOYHOE 115 TOr0, YTOOB! THHEHHOe mpe-
o0pa3oBaHue @, 3alaHHOe B TOM e 6asuce mMarpuueidl A, Obl10
CaMOCOIIPSI?2KEHHBIM B CJ/lydae:

a) eBKJMIOBA,

6) YHHTapHOTrO MPOCTPAHCTBA.

*1592. JlokazaTb, YTO ABa CaMOCOINpPSIKEHHBIX Mpeobpas3oBa-
HUsl W 1) yHHTapHOro (MM eBKJIMI0Ba) mpocTpaHcTBa Ry, Torna
U TOJIBKO TOrZa MUMEeIT OOLIMH OpPTOHOPMHpPOBaHHbIH Oasuc cob-
CTBEHHBIX BEKTOPOB 000MX MpeoOdpa3oBaHMi, KOTAa 9TH Tpeodpa-
30BaHHUs NlepecTaHOBOUHBL. Kakoe cBOHCTBO KBagpaTHUUHLIX (hOpM

148 l'IOBerHOCTteI BTOPOr'o MnopsAaKa oTcroaa BLITEKaeT?

1593. IlycTb R — eBKJIMI0BO MPOCTPAHCTBO Pa3MEPHOCTH 12,

BEKTOPaMH KOTOPOTO SIBJISIOTCS BCE BelleCTBEHHble MaTpPHUIbl I10-
psiiKa 1 ¢ OOBIUHBIMH CJIOKEHHEM MaTPHLL M YMHOXEHHEM Mart-
pHIIbl Ha YHCJIO, A CKassipHOe NpousBeneHHe Matpull A = (a;5) u
B = (b;;) onpeneseHo paBeHCTBOM (AB) = EZFI a;;bi;. TlycTs,
nanee, P u () — BellleCTBEHHbIE CUMMETPHUYECKHE MATPHLB! MO-
psiKa n.

JlokasaTb, 4To JuHelHble npeobpa3oBanus pX = PX WU
WX = XQ (X — mobas MaTpuua U3 npocTpaHcTBa R) sB/s-
I0TCSl TIEPEeCTAaHOBOUHBIMH CaMOCOTIPSI2KEHHBIMU TIPe0Opa30OBaHHUs-
MM TpocTpaHcTBa R, ¥ HaWTH CBSI3b MeXKAY OOIIHMM OPTOHOPMHU-
pOBaHHBIM 0d3HMCOM COOCTBEHHBIX BEKTOPOB IpeoOpa3oBaHUN ¢
U 1) U OPTOHOPMHPOBAHHBIMH 0a3ucaMu COOCTBEHHBIX BEKTOPOB
marpul P u Q.

1594. CamoconpsikeHHOe JIHHEeHHOe Npeobpa3oBaHue ¢ YHH-
TapHoro (nu eBKIMI0BA) IpoCcTpaHCcTBa R, Ha3bIBAETCS MOIOKH-
TeJIbHO ONpejieJieHHbIM, ecn (@, x) > 0, 1 HeOTPULATEbHbIM,
ecn (px,x) > 0 gas awodoro Bektopa « # 0 uz R,. Jloka-
3aTb, YTO CaMOCOIIPsS2KEHHOe Mpeobpa3oBaHMe ¢ TOTAA U TOJBKO
TOrZIa ABJSIETCS TOJOXKUTENbHO OrpejieeHHbIM (MK HeoTpHIa-
TeJIbHBIM), KOTIa BCe ero COOCTBEeHHbIe 3HAYEHHS! MOJIOKHUTEbHBI
(cooTBeTCTBEHHO HeoTpuLaTeabHbl). [lokasatb, uTo A5 JH0GOrO
(a He TONIBKO AJ/I1 CAaMOCOMPSIPKEHHOT0) JIMHEHHOTrO MpeoGpasoBa-
uust @ u3 (px,x) > 0 (uam > 0) caeayer, uTo Bee COOGCTBEHHbIE
3HaUeHHsl o TOJIOKHUTEbHBI (COOTBETCTBEHHO HEOTPHIIATE/bHbI).
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[IpuBecTH mpuMep, MOKAa3bIBAIOIIKE, YTO I/ CAMOCOMPSIXKEHHOTO
JIMHeHHOTo npeobpa3oBaHust 06paTHOE YTBEPKAEHHE MOXKET ObITh
HEBEpHO.

*1595. JlokazaTb, UTO €CJH @ = Py WIH @ = X, TIe ¢ U
1) — caMocomnpsiKeHHble JHHeHHble MpeoOpa3oBaHust C MOJIOKH-
TeJIbHBIMU COOCTBEHHBIMH 3HAYeHHUSIMHM, a X — YHHTapHOe Ipe-
006pa3oBaHue, TO ¢ = 1) U X — TOXKAECTBEHHOE Mpeobpa3oBaHHe
(cM. 3amauy 1276, B).

*1596. JloxkasaTb, uTO J1000€ HEBBIPOKAECHHOE JIMHEHHOE TIpe-
00pa3oBaHue ¢ YHUTApHOTO (MM €BKJIMI0BA) TPOCTPAHCTBA MPe/l-
CTaBJIsieTCsl Kak B BUIE ¢ = 11X1, TaK U B BUIE @ = Xato, THe
11, g — caMocompsiKeHHble MPeoOPa30BaHUsI C. OJIOKHUTEbHbI-
MH COOCTBEHHBIMH 3HAUEHUSIMH, a X1, X2 — YHHTapHbe (COOTBET-
CTBEHHO OPTOTOHAJbHBIE) MPeo6pa3oBaHus, ApUdeM 00a yKasaH-
HBIX TIPeJCTaBJEHUs] eTUHCTBEHHBI.

1597. Tlouemy paBeHCTBa

2 1\ _ (2 1\ (L70\_ (1 2\ (0 1

1 2) 7 \1 2 0 1) \2 1 1 0
He TIPUBOIST K TPOTHBOPEUHIO C eIMHCTBEHHOCTBIO NpeACTaBJe-
HHUSI, YKa3aHHOTO B IIPEBIAYIIeH 3a1aye.

Cuenyroliyie MaTpyLbl TPEACTABUTD B BUJIE TPOU3BEIEHHS CHM-
MeTPHUYEeCKOH MATPULbI C MOJIOXKHUTENbHBIMHA XapaKTepUCTHUECKU-
MM YHCJaMHU Ha OPTOTOHAJNBHYIO MaTpUILY:

4 9 9
1598. @ 11>. 1599. G 44>. 1600. | 4 4 -1
9 4 2

1601. [loxasaTb, 4TO caMOCOMpsi:KeHHOe JUHeHHoe mpeodpa-
30BaHMe ¢ TOTAA M TOJBKO TOTAA SIBJSETCS MOJ0XKHUTEIbHO OIlpe-
JleJIeHHBbIM, KOT/la KO3((DULHUEHTHl ero XapaKTepUCTHYECKOI0 MHO-
rounena A" 4+ c; A"~ 4 ... + ¢, Bce OTJMYHBI OT HYJS 1 UMeloT
uepelyloOlMecss 3HAKM, M HeoTpULATeNbHbIM (T. e. ¢ HeoTpuLa-
TeJbHBIMM COOCTBEHHBIMH 3HAueHUSIMH) TOTJa M TOJbKO TOTJA,
Koraa Ko3((UUUEeHTH ¢y = 1, ¢, ¢2, ..., Ck OTJIMYHBI OT HYJS U
HUMeIOT Yepenytomyecs 3HakH, a Cgy1, - - - , Cp, PABHBI HYJI0. 31€Ch
k — mo6oe uncao ot 0 1o n.
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*1602. JloxaszaTb, UTO €CJH ( U 1) — CaMOCOINpPsIKEHHbIE TIpe-
00pa3oBaHUsi U ¢ — TMOJIOKUTENbHO OIpeleseHHO, TO COOCTBeH-
Hble 3HaUeHHs peoOpa3oBaHUs (1) BEIECTBEHHBI.

*1603. JoxaszaTb, UTO €CJH (¢ U 1) — CaMOCONpPSIKEHHbIE TIpe-
06pa3oBaHHUsi C HEOTPHULATEJbHBIMH COOCTBEHHBIMU 3HAUEHHUSIMH,
MpUYeM OfHO U3 HHUX HEBBIPOXKIEHHO, TO COOCTBEHHble 3HAUEHHS
npeoOpa3oBaHusl 1) BellleCTBEHHbl U HEOTPUIATe bHbI.

1604. loxaszaTb, UTO CyMMa ABYX UJIM HECKOJbKHX HEOTPHIla-
TeJIbHBIX CAMOCOMPSIKEHHBIX peobpasoBanuil (cMm. samauy 1594)
SIBJISIETCS] CHOBA HEOTPHUIIATEbHBIM CaMOCOIPSIXKEeHHBIM TIpeodpa-
30BaHHEM.

*1605. JlokazaTb, 4YTO HEOTPHUIATEJIbHOE CaMOCOMPsSI)KEHHOE
npeo6pa3oBaHue paHra r eCTb CyMMa 7 HEOTPHLATEJbHbIX CaMo-
COMpsIKeHHBIX NTpeobpa3oBaHuil paHra 1.

*1606. Joxasatb, uTo JHUHelHOe Mpeodpas3oBaHUe ¢ YHUTap-
HOro nmpoctpaHcTsa R, HMelolee paHT eIMHHULA, TOTIA H TOJbKO
Toria OyleT HeOTPULIATEJbHBIM CAMOCOIPSIKEHHBIM, KOTa B JIIO-
60M OPTOHOPMHPOBAHHOM 0a3HCe ero MaTpHIla NPeICTaBJ/sIeTCs B
Buge X'X, rne X — cTpoka n umucel.

*1607. Jlokasatb, uto ecau MaTpulbl A = (a;;)7 1 B = (b;;)7]
5PMHTOBBl M HEOTpHUATeNbHb (T. €. HMEIT HeoTpULlaTeNbHbIe
coGCTBeHHble 3HadeHust), To U Matpuua C = (c;;)7, rae c¢;; =
= a;jbi; (i,j =1,2,...,n), 5pMUTOBa U HeoTpuuaresbHa (cp. ¢
3apaueii 1220).

1608. Jluneiinoe npeo6pasoBaHue o eBKINA0BA (MK yHUTAp-
HOT0) TipocTpaHcTBa R,, Ha3bIBAETCS KOCOCHMMMETPUUECKHM, €C/IH
©* = —p, rae p* — npeobpasoBaHue, conpsizkeHHoe . JlokasaTs,
4To:

a) s TOro 4ToObl JMHEHHOe MpeodpasoBaHue ¢ eBKJIHMI0BA
NPOCTPAHCTBA ObLJIO KOCOCHUMMETPUUYECKUM, HE0OXOAUMO U
JOCTaTOYHO, YTOOBI ero marpuna A B JI060M OPTOHOPMH-
pOBaHHOM 0asuce OblJa KOCOCHMMETPHUYECKOH, T. e. A’ =
= —A;

6) 1Jst TOro YTOGBI JHHEHHOe MPeoGpasoBaHue ¢ YHUTAPHOTO
IPOCTPAHCTBA ObLJIO KOCOCHMMETPUUYECKUM, HE0OXOAUMO U
JOCTaTOYHO, YTOOBI ero mMarpuna A B J060M OPTOHOPMH-
pOBaHHOM Gasuce Oblia KOCO3PMHTOBOH, T. e. A’ = —A.
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*1609. [lokasaTh, 4TO OPTOrOHaJbHOE HomoJiHeHwe L* K Jiu-
HelHOMY noanpoctpaHcTBy L eBkauaoBa (MM YHHTAapHOTO) Mpo-
CTPaHCTBA, HHBAPHAHTHOMY OTHOCHTENBHO KOCOCHMMETPHUECKOTO
npeoGpa3oBaHus p, TaKxkKe HHBAPUAHTHO OTHOCHUTEJBHO (.

*1610. oxaszatb, uTO AJ151 KOCOCHMMETPHUUECKOro Mpeodpaso-
BaHUS (¢ YHHTApHOTO MPOCTPAHCTBA:

a)

6)

COGCTBEHHbIE 3HAYEHHs] YUCTO MHHUMBI (M, 3HAUMT, Xapak-
TePUCTUUECKHE YHCJa KOMIJIEKCHOH KOCOIPMUTOBOH, . B
YaCTHOCTH BelleCcTBEHHOH KOCOCUMMeTpPHYecKOH, MaTpH-
LIbl UUCTO MHHMBI);

CcOOCTBEHHbIe BEKTOPHI, TPUHAAIEKALIHE TBYM PAa3JUUHBIM
COOCTBEHHBLIM 3HAUEHUSIM, OPTOrOHAJIbHEI;

€cJld B OPTOHOPMHUPOBAaHHOM 6a3uce maTpuua A mnpeobpa-
30BaHUS ( BelleCTBEHHA U COOCTBEHHBIH BEKTOp, MPUHA-
Jexalni sHauenuto i # 0, npencTaB/eH B BUIE & + yi,
Te BEKTOPbl © U Y HUMEIOT BelleCTBEHHble KOOPAMHATHI,
TO © U Y OPTOTOHANbHBI K. MMEIOT OJWHAKOBYIO IJIHHY,
npuyem

pr = =Py, vy = px; (1)
KOCOCI/IMMETPI/I'—IECKOG Hp606pa3OBaHI/I€ €BKJIM10BAa HpO-

CTpPaHCTBA Bceraa 00JafiaeT OAHOMEPHBIM HJH ABYMEPHBIM
WHBAapUAHTHBIM MOANPOCTPAHCTBOM.

*1611. [okasarb, 4ToO:

a)

6)

LJs1 JTI060r0 KOCOCHMMMETPUYECKOro Mpeo6pasoBaHUsl ¢
YHHTApHOro MpocTpaHcTBa R, CyllecTByeT OPTOHOPMH-
pOBaHHBIH 6as3Hc, COCTOSILMH M3 COOCTBEHHBIX BEKTOPOB
npeo6pa3oBaHns ¢. B atom 0asnce maTpuna ¢ SBJISETCS
llHaI‘OHaJIbHOﬁ C YUCTO MHHUMBIMH 3JIEMEHTAMH Ha OHAro-
HaJIu (HpI/I‘—IEM HEKOTOpPbIe U3 3TUX IJEMEHTOB MOTYT paB-
HsTbes Hymo). Kakoe CBOMCTBO KOMIJIEKCHBIX KOCOIPMHU-
TOBBIX MaTpHIL OTCIOfla BhITEKaeT?

AJ151 JII0O0r0 KOCOCHMMETPUUYEeCKOro 1peodpa3oBaHus ¢ eB-
KJWJ0Ba npocTpaHcTea R, CyllecTByeT OpTOHOPMHPOBAH-
Hbl}l 6a3uc, B KOTOPOM MaTpUla UMeeT CJlelyOLUH KaHo-
HUYeCKUH BHJA: MO [VIABHOH JHAroHaju CTOSIT KJETKH BTO-

0p
_ﬁ 0
KW MEePBOTO MOpsAaKa (KJIeTKI/I OOHOTO M3 3THUX TUIIOB MOTYT

poro mnopsiika BUa , rie 3 # 0, U HyJeBble KJeT-
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0TCyTCTBOBaTh). KakoB reomeTprueckHii cMbIC/ peobpa-
30BaHHUS, KaKoe CBOHCTBO BellEeCTBEHHBIX KOCOCHMMETpH-
YeCKHX MaTpHL OTCIONA BBITEKAET?

1612. JloxasaTb, 4TO €CJH ¢ — CaMOCOIpsiKeHHOe Npeodpa-
30BaHHe YHHTApHOTO MPOCTPAHCTBA, TO MpeobpasoBaHue ¢ = iy
SIBJISIETCSl KOCOCHMMeTpudeckKuM. O6paTHO, el ¢ — KOCOCHM-
MeTpHUUEeCKoe, TO ¢ = i@ — CaMOCOMNPsI)KeHHOe MpeoOdpa3oBaHUE.

1613. [loxaszaTb, UTO €C/AM (@ — CaMOCONpPsIKEHHOE MpPeod-
pasoBaHMe YHUTAPHOTrO NPOCTPAHCTBA, TO NpeoOpa3oBaHUe ) =
= (p — i)~ (p +ic), rme € — TOXKAECTBEHHOE MPe0GpPa3OBaHKe,
CYL1eCTBYeT W SIBJSETCS YHUTAPHbBIM.

*1614. JloxasaTb, YTO KOCOCHMMETPUUYECKHE U YHUTAPHbIE Mpe-
006pa3oBaHHsi YHUTAPHOTO MPOCTPAHCTBA (M COOTBETCTBEHHO KOCO-
CUMMeTpHYeCKHe U OpPTOrOHa/bHble NpeoOpa3oBaHUs eBKJMI0Ba
MPOCTPAHCTBA) CBA3aHbI CJEAYIOUIMM 00Pa30M: €C/IM B PABEHCTBE

Y=(c—p)ety) (1)

(rme € — ToXmeCTBeHHOe NpPeobpasoBaHHE) ¢ — KOCOCHMMET-
puueckoe npeo6pasoBaHue, TO 1) — yHUTapHOe [IpeoOpa3oBaHue,
He UMelollee COOCTBEHHBIM 3HaueHueM uucao —1. O6partHo, ec-
JU B TOM ke paBeHcTBE (1) ¢ — yHHTapHOe mnpeoGpasoBaHue,
He MMelollee COOCTBEHHBIM 3HaueHHWeM 4ucao —1, To 1 — Ko-
COCHMMeTpHUeCcKoe TipeoGpasosanue. Pasenctso (1) ompenessier
B3aUMHO OJHO3HAUHOe 0TOOpaKeHHEe BCeX KOCOCHUMMETPHYECKHX
npeoOpa3oBaHMi Ha BCe YHHUTapHble NMPeoOpa3oBaHusl, He HUMelo-
e COOCTBEHHBIM 3HaueHHWeM uHca0 —1. AHasjornuHasi CBsI3b
UMeeTCs MeXAy KOCOCHMMETPHUECKHMH U OPTOrOHAJNbHBIMU IIpe-
00pa3oBaHUSIMU €BKJMAOBA MPOCTpaHCTBA. Kakue cBolcTBa MaTt-
pHUI[ OTCIOJIAa BBITEKAIOT?

1615. TlokasaTb, uto paseHcTBo (1) npembiaylieil 3agauu
orpenesisieT B3aMMHO OOHO3HA4YHOE€ COOTBETCTBHE, BO-IEPBbLIX,
MeXIy BCeMU HEeBBIPOXKIEHHBIMH KOCOCUMMETPHUECKHUMH MpPeod-
pasoBaHUsAMHM W BCeMHU YHHUTAPHBIMH (COOTBGTCTBGHHO OpToro-
HaJIbeIMI/I) HpeO6paSOBaHI/IHMI/I, He UMeIIIUMH CcOOCTBEHHBIX 3Ha-
YeHHH il, U, BO-BTOPBIX, M€Ky BCEMHU BbIPO2KACHHBIMHU KOCOCHM-
MEeTPUUYeCKUMH NpeoGpasoBaHUSIMU U BCEMM YHMTapHbIMH (OpTO-
rOHAJIbHBIMH) npeobpa3oBaHUSIMH, UMEIOILUMH COOCTBEHHBIE 3HA-
yeHHs +1, HO He UMEIOLIMMH COOCTBEHHOTO 3HayeHust —1.
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1616. loxaszaTb, YTO €CJIM ¢ — KOCOCHMMETPHUECKOe Mpeod-
pasoBaHKe yHUTapHOro (MJH €BKJIMI0BA) MPOCTPAHCTBA, TO Mpe-
00pa3oBaHue €¥ SBJSETC YHUTApHBIM (COOTBETCTBEHHO OPTOrO-
Ha/bHBIM). Kakoe CBOFCTBO MaTpuil OTCIofa BbITEKaeT?

*1617. oxaszatb, uTo (PyHKIHUS e¥ Bbl3biBaeT B3aWMHO OJHO-
3HaYHOe 0TOOpaKeHHe BCeX CaMOCOTPsiKEHHBIX Mpeodpa3oBaHUN
yHUTapHOTO (MM eBK/IMI0BA) MPOCTPAHCTBA HA BCE MOJIOKUTEb-
HO ompeneseHHble (T. e. CaMOCOMPSIKEHHbIE C MOJOKHTENbHBIMH
COGCTBEHHBIMH 3HAYEHHUSIMH) MPe0OpPasOBaAHHUS.

1618. Jluneiinoe npeoGpasoBaHue o YHUTAPHOTrO (MM €BKIH-
J0Ba) MPOCTPAHCTBA HA3BIBAETCST HOPMAJIbHBIM, €CJIH OHO MepecTa-
HOBOYHO C COTIPSI)KEHHBIM eMy npeoGpa3oBaHueM *. [1poBepuTh,
YTO CaMOCOTPSIKEHHbIE, KOCOCUMMETPHUYECKHEe W YHUTapHble (/K
OpTOrOHAJIbHBIE) IPe06Pa30BaHUs HOPMAJIbHEL.

1619. [loxasatb, 4TO HOpMaJ/bHOe MpeoOpa3oBaHHe yHHUTap-
HOro (MJIM eBKJIMI0BA) MPOCTPAHCTBA TOT/A U TONBKO TOTIA SBJIsi-
€TCsl CaMOCOMPSKEHHBIM, KOTa BCE ero COOCTBEHHBblE 3HAUeHHSs
(COOTBETCTBEHHO BCE KOPHM €r0 XapaKTepHCTHUECKOro ypaBHe-
HHs1) BEIeCTBEHHHbI.

1620. loxaszatb, 4TO HOpMaJbHOEe TpeoOpa3oBaHHe YHHTap-
HOro (I/IJII/I eBKJII/IlIOBa) OPOCTPaHCTBA TOTAA W TOJIBKO TOTAA $1B-
JISIeTCsl YHUTapHbIM (COOTBETCTBEHHO OPTOTOHAJIBHBIM), KOTA BCe
ero co6cTBeHHble sHaueHHsi (COOTBETCTBEHHO BCe KOPHM €ro xa-
PaKTEPUCTHYECKOTO YPAaBHEHHsI) M0 MOMLYJIO PaBHbI eIMHHULIE.

1621. JloxaszaTb, 4YTO HOpMaJibHOe TpeoOpa3oBaHUe YHUTAp-
HOro (M/M eBKJIMI0BA) MPOCTPAHCTBA TOTAA W TOJBKO TOTAA SIB-
JISIeTCsT KOCOCUMMETPHUYECKHM, KOTJla BCe ero COOCTBEHHbIe 3Haue-
Hust (COOTBETCTBEHHO BCe KOPHH €ro XapaKTepPUCTHUECKOTO ypaB-
HEHHM$1) UMCTO MHHMBI.

1622. JloxaszaTb, 4TO JHHeHHOe Npeobpa3oBaHHe @ YHHUTap-
HOTO MPOCTPAHCTBA TOTJA U TOJBKO TOT/A SBJSETCS HOPMAJbHBIM,
Korna ¢ = ¥y, Toe 1) — CaMOCOMNpsKeHHoe U XY — YyHHUTapHOe
npeoOpa3oBaHus, IepecTaHOBOUHbBIE MeX 1y COOOH.

1623. [loxasarThb, 4ToO:

a) Kaxloe JiMHeiHOe MpeoGpa3oBaHue ¢ OIHO3HAUHO Mpef-

CTaBJSIETCS B BUIE ¢ = @1 + @2, THE (1 — CaMOCOIps-
JKEHHOE U (pg — KOCOCHMMeTpHUyecKoe Npeofpa3oBaHus;
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6) nJs TOro 4TOOb MpeoGpasoBaHHe ¢ ObIIO0 HOPMAJbHBIM,
HeOoOXOAMMO U JOCTaTOYHO, YTOOB MPeoOpasoBaHUs i U
2 B BbILLEYKa3aHHOM MpeNCTaBJEHHH ObLIW MepecTaHo-
BOYHBI.

1624. JloxasaTb, 4TO:

a) Kaxioe JiMHeliHOe MpeoGpasoBaHue ( YHUTAPHOTO MPO-
CTPAHCTBA OIHO3HAYHO TMPENCTABASETCS B BUIE ¢ = (1 +
+ iwo, THE (1 U (g — CaMOCONpPsSIKEHHBIE MPeodpaso-
BaHUS;

6) s TOro uToOBl MpPeoOpasoBaHHe (o ObLIO HOPMAJbHbIM,
HeOOXOAMMO U JOCTaTOYHO, YTOOB MpeoOpasoBaHus i U
(2 B BbILIEYKa3aHHOM IMpEeNCTaBJEHUH OBIIN TepecTaHo-
BOYHBI.

*1625. JlokasaTb, uTo Aas J1060H (KOHEUHOH MM GecKoHeu-
HOM) COBOKYIHOCTH MOMAPHO MepecTaHOBOUHBIX HOPMAJIbHBIX Mpe-
00pa3oBaHUH yHHMTApHOrO MpocTpaHcTBa R, CyllecTByeT opTo-
HOPMHPOBAHHBIA 0a3UC, BEKTOPBL. KOTOPOTO SIBJSIOTCS COOCTBEH-
HBIMH [1J151 BCeX MpeoOpa3oBaHU NaHHOHM COBOKYMHOCTH.

1626. [loxaszaTb, 4T0O U3 J11060r0 HOPMAJbHOrO Mpeodpa3oBa-
HUS ¢ YHUTAPHOTO NMpocTpaHcTBa R, MOXHO B 06/1aCTH HOpPMaJib-
HBIX Npe0o0pa3soBaHUi M3BJeYb KOpPeHb k-#i cTeneHH mJs J060ro
HaTypaJ/bHOro uucaa k. HaliTh 4uceso pasinyHBIX HOpPMaJsbHBIX
npeoBpa3oBaHuil ¢ TaKHX, uTo YF = .

*1627. loxkaszaTb, 4TO €CAM & — COOCTBEHHBIH BEKTOp HOp-
MaJIbHOTO_ IIPe00Opa3oBaHUst ¢ YHUTAPHOro (MM €BKJIMI0BA) MpPO-
CTPaHCTBa, MPHHAAJIEXKAIMHA COOCTBEHHOMY 3HAuUeHHIO A, TO &
SIBJISIETCS] COOCTBEHHBIM BEKTOPOM JJIsi COIPSIKEHHOTo Tpeodpa-
30BaHHs (0*, MPHUHAIJIEXKALIUM COMPsIKEHHOMY (COOTBETCTBEHHO
TOMY Ke CaMOMy) YHCJIy .

*1628. loxasaTb, 4TO cOOCTBeHHble BEKTOPBHl HOPMAaJbHOTO
npeoOpa3oBaHusl, TMPUHALIEKALIHE ABYM Pa3JIUYHBIM COOCTBEH-
HBIM 3HaYEHWSIM, OPTOTOHAJBHBI.

*1629. [lyctb e — coOCTBEHHBIH BEKTOpP HOPMaJsbHOTO Mpeod-
pasoBaHus . Jlokaszars, 4TO MOANpPOCTPaHCTBO L, cocTosiee 13
BCEX BEKTOPOB IMPOCTPAHCTBA, OPTOrOHAJbHBIX €, WHBAapPHAHTHO
OTHOCHUTEJIbHO (.
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*1630. loxkaszaTb, UTO AJ51 HOPMaJbHOCTH JIHHEHHOTO MPeos-
pasoBaHUs ¢ YHHTAPHOTO MPOCTPAHCTBA HEOOXOAMMO U 10CTATOU-
HO, YTOOBI KaxK[blii COOCTBEHHBIH BEKTOP ¢ Obll COOCTBEHHBIM U
st ™.

*1631. Hoxaszatb, 4To /0060€ MOANPOCTPAHCTBO L yHUTapHO-
ro npocrpaHctsa R,,, HHBapHaHTHOE OTHOCHTEJNbHO HOPMaJbHOTO
npeo6pa3oBaHus , 06JafaeT OPTOHOPMUPOBAHHBIM 0A3HCOM, CO-
CTOSILLIUM M3 COOCTBEHHBIX BEKTOPOB MPe0OPa30BaHUS .

*1632. T'oBopsT, 4TO NHHEHHOe MpeoOpa3oBaHUe  YHUTAPHO-
ro (uau eBknMIOBa) mpocTpaHcTBa R, o06/ianaer HOPpMaibHbLM
CBOLICMBOM, €CJI OPTOrOHAa/IbHOE JoMosNHeHHe L™ /st Kaxaoro
noanpocTpancTBa L, WHBapUaHTHOE OTHOCHUTEJBHO ¢, CaMO HH-
BapHAHTHO OTHOCHTENbHO (. JloKasaTb yTBepKIeHHE: AJS TOTO
yTOOBI JIHHEHHOe peobpasoBaHie ¢ YHUTApPHOro (MK eBKJIUIO-
Ba) MPOCTPAHCTBA ObIIO HOPMaJbHBIM, HEOOXOMUMO H I0CTATOYHO,
4TOOBl ¢ 06/1aa/70 HOPMaJbHBIM CBOWCTBOM.

*1633. oxaszarb, uTo AJ HOPMAJbHOCTH JUHEHHOTO Mpeosd-
pasoBaHusl ( yHUTapHOro (MJK €BKJHI0BA) MPOCTPAHCTBA HEOO-
XOIHMMO U IOCTATOUHO, UTOOBI KaxK10€e MOANPOCTPAHCTBO, HHBAPHU-
AQHTHOE OTHOCHTEJIBbHO (0, OblJI0 NHBAPUAHTHO U OTHOCHUTEJBHO ™.



Jlonoanerue 261

AONOJIHEHME

§ 20. TPyNMbI

1634. Boisicuutb, o6pasyeT JH TPyMIy KaxkIoe W3 CJedylo-
[IMX MHOXKECTB TP yKa3aHHOHU OTepaluy Hajx dJeMeHTaMU:

1)
2)
3)

4)

9)

eJible 4hcJjga OTHOCHUTEJBbHO CJAOXKEHHA;
YEeTHbI€ YHCJa OTHOCUTEJIBHO CJIO2KEHHU I,

HeJsble 4yucJa, KpaTHble€ JAHHOMY HATypaJibHOMY YHCJAY 7,
OTHOCHTEJIbHO CJIOKE€HHS,

CTereHHU JaHHOTO JIEUCTBUTENBHOrO YKcaa a, a # 0, +1, ¢
[eJIBIMH TT0Ka3aTeNsIMA OTHOCHUTEJBHO YMHOXKEHUS,;

HeOoTpHullaTeJ/JbHbIE 1IeJible YHUCJ/Ia OTHOCUTEJJIbHO CJI02KEHHUS;
HeYeTHhIe IieJible YHCJa OTHOCHUTEJIbHO CJIOXKEHHUS,

eJible UhcJa OTHOCHTEJJAbHO BBIUHMTAHHUSA,

palroHaJ bHbIE YHCJIa OTHOCUTEJIbHO CJA02KEHU;
panuoHaJ bHBbIE YHCJIa OTHOCHUTEJbHO YMHOXKEHHUS;

10) panroHaJibHble YHCJia, OTAUYHbIE OT HYJIf, OTHOCHUTEJJbHO

YMHOXKEHHS;

11) MIOJIO2KHUTEJbHbIE pallMOHaJ/JibHble YHCJAa OTHOCHUTEJIbHO

YMHOXKEHHS;

12) IIOJIO2KHUTEJIbHBbIE pallMOHAJbHbBIE YHCJ/JAAa OTHOCHUTEJbHO [e-

JIeHHUS;

13) IOBOUYHO-pAallMOHAJIbHbIE YHCJa, T. €. pallHOHAJbHbIE YHUC-

Jla, 3HaMeHaTeJ M KOTOPbIX — CTeNeHW 4ucsa 2 ¢ eJbIMH
HEOTPHUIIATEJbHBIMU MOKA3aTeJSIMH, OTHOCUTEJbHO CJI0XKe-
HUS,



262 Jlonoanenue

14) Bce pauMoHa/bHBIE YMCJA, 3HAMEHATEH KOTOPBIX PABHEI
TMPOM3BEIeHUSIM MPOCTBIX UHCEJ M3 JAHHOTO MHOMKECTBa
M (KOHEYHOro Wi GECKOHEUHOr0) ¢ LEJBIMH HeOTpHLia-
TeJIbHBIMHU 110Ka3aTessIMHU (JIHIIb KOHEYHOE YHC/I0 KOTOPBIX
MOKET GbITh OTJIMYHO OT HYJIS), OTHOCHTEJBHO CJIOKEHHUS;

15) KopHU n-ii cTeneHH U3 enuHuUBl (KaK NeHCTBUTE/bHbIE,
TaK ¥ KOMIIJIEKCHBIE) OTHOCHTEJILHO YMHOKEHHS,

16) KOpHHM BCeX LeJIBIX [OM0KUTEIbHBIX CTENeHEeH U3 eIUHHILBI
OTHOCHTEJIbHO YMHOXKEeHHS;

17) MaTpuubl MOPsiAKA 1 C AeHCTBUTEIbHBIME 3J€MEHTAMHU OT-
HOCHTEJIbHO YMHOXKEHHUS;

18) HeBBIPOXKIEHHbIE MATPHILIbI TIOPAAKA N C AEHCTBUTENbHBI-
MU 3J1eMeHTaMH OTHOCHTEJBHO YMHOXKEHHS;

19) MaTpuibl IOPsIKA 1 C LEJbIMK 3JIEMEHTAMH OTHOCUTEJIbHO
YMHOXKeHHS,

20) MaTpHLbl TOPSIAKA T C LEJBIMA 3JEMEHTAMH U ONPe/eJH-
TeseM, PaBHBIM eJHHHLE, OTHOCHTENbHO YMHOXKEHMUS;

21) MaTpHIbl TIOPSIAKA 1 C LEJABIMH 3JeMEHTAMH U Olpeet-
TeJsleM, PaBHbIM £1, OTHOCHTEJ/IbHO YMHOXEHHS;

22) MaTpHIbl NIOPSIAKA 1.¢ AeHCTBUTENbHBIME 3JIEMEHTAMHU OT-
HOCHTEJIbHO CJIOXKEHHS;

23) N0ACTaHOBKH ukcen 1,2,. .., 7 OTHOCHTENbHO YMHOXKEHHS;

24) yeTHble MOJACTAHOBKM uMcea 1,2,...,n OTHOCHTEJBHO
YMHOXKEHHS

25) HeyeTHBIE TOACTAHOBKH uucesn 1,2,...,7 OTHOCHTEJbHO
YMHOMKEHHS;

26) B3aMMHO OJHO3HAauHble OTOOpaXKeHHsi MHOXkKecTBa N =
— {1,273, o ,} HaTypaJbHbIX YHUces Ha celsl, KaxKaoe U3

KOTOPBIX TepeMelaeT JHUIIb KOHEUHOe YHCJI0 YHCeJ, ec-
JIM 32 TIPOU3BeleHHe OTOOpaKeHWH s W ¢ MPUHATO 0TOO-
pakeHue st, KOTOpoe MOJy4aeTcs MPH [0C/e10BaTebHOM
BBITIOJIHEHUH OTOOpaKeHu# s u t;

27) npeobpas3oBaHusi MHOXKecTBa M, T. €. B3AHMHO OJHO3HAY-
Hble O0TOOpaXKeHHs 3TOTO MHOXKECTBa Ha cebs, ecau 3a
npou3BeeHNe MpeoOpPa3oBaHUl s U ¢ MPUHATO Tpeobpa-
30BaHMe St, KOTOpPOE MOJydaeTcs TPU IMOCJeI0BaTEbHOM
BBIIIOJIHEHUH TIpe0Opa3oBaHuil s U t;

28) BEKTOPBI 1-MEPHOTO JIMHEHHOTO MPOCTpaHCcTBa R, OTHO-
CHUTEJIbHO CJIOKEHHS;
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29) napaJssiesibHble IEPEHOCHl TPEXMEPHOTO MPOCTpaHcTBa R,
€cJId 32 MPOH3BeJEHUEe MEPEHOCOB S U t MPUHATO HUX IMO-
CJlefloBaTeIbHOE BHINIOJIHEHHUE;

30) oBOPOTHI TPEXMEPHOro MPOCTpaHCTBa R BOKDPYT AaHHOM
Touku O, ecsd 3a NPoU3BeeHHe TOBOPOTOB S U t MPUHATO
UX T10CJIeJ0BaTe/NbHOE BBIIOJNHEHHE;

31) Bce IBMXKEHMS TPeXMEPHOro NpocTpaHcTBa R, ecau 3a
NpousBeleHUe NBHXKEHUH s W { TNPUHATO ABUKEHHe St,
noJiyyarolleecs pu Nocjaef0BaTe/bHOM BbINOJHEHHH BU-
JKeHUH s U t;

32) noJI0KUTebHEIe JeHCTBUTe/bHbIE UHC/IA, eCAU ONepalys
onpejeasercsa Tak: a * b = a’;

33) mooXKuUTEbHBIE NEHCTBUTENbHbBIE YHCd, €CTH OTepalust
onpesensieTcs Tak: a * b = a?b?;

34) neficTBUTe/IbHBIE MHOTOUJIEHBl CTeleHH < n (BKJaOYas
HYJ1b) OT HEM3BECTHOI'O & OTHOCHTEJNBHO CJOXKEHHS;

35) JeACTBUTEJIbHbIE MHOT'OUJIEHB] CTENIEHN 12 OT HEU3BECTHOTO
X OTHOCHTEJIbHO CJIOXKEHHS,

36) JeACTBUTEIbHbIE MHOTOUJIEHbI JIIOOBIX CTerneHe: (BKJIIOLIaH
HyJIb) OT HEHM3BECTHOI'0 ' OTHOCHTEJIbHO CJOXKEHHS.

1635. [loka3aTb, UTO KOHeuHOe MHOXecTBO (7, B KOTOPOM
oTipefesieHa acCOLMATHBHAs ajrebpanyueckasi ornepauns U Kaxkjaoe
U3 ypaBHeHUH ax = b, ya = b nis mo6bx a u b us G umeer B G

He OoJiee OLHOrO pelleHUs, OyLeT IpymnmnoH.

2

1636. [JoxaszaTb, UTO eCJU a° = e JJs JI0OOro 3JeMeHTa a

rpynnel G, To 3Ta rpymnna abeJsesa.

*1637. oxasatb, uTo rpymnmna KopHeid n-# CTelneHH U3 elHHH-
Obl SBJSETCS €IMHCTBEHHOH MYJbTHUIIMKATHBHOH TIPYMNIOH n-TO
MOpPsiiIkA C YHUCJOBBIMH 3JieMeHTaMH, OTaudHoi ot {0}.

*1638. Haiitu Bce (c TouHOCTBIO 10 M30MOP(MM3Ma) TPYIIIbI
nopsiika

a) 3;

6) 4;

B) 6.

Hanucarb Tabmuubl yMHOXEHHS 3TUX TPYNN H NPeNCTaBUTb
3TH TPYyMNINbl B BUJE TPYII MOACTAHOBOK.
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*1639. [lokasaTb, 4TO BpalleHHUs KaxKI0TO U3 MATH MPaBUJIb-
HBIX MHOTOrPAaHHHKOB BOKDYT IIEHTpPa, COBMEII[AIOII{e MHOTOTpaH-
HUK C CaMUM c000#, 00pasyoT IpyIiy, ecau 3a YMHOXKEHHE ABYX
BpallleHUH MPUHATh UX MOC/]eI0BaTebHOE BhIMONHeHHe. Haiitu
MOPSIAKH 3THUX TPYIIL.

1640. JlokasaTb, yto rpynnsl 1)-4) sanaun 1634 usomopQHbl
MeXIy CoOO0H.

1641. lokasaTb, 4TO:

a) Bce OeCKOHeUHble LMKJIMUECKHe TIPYINbl H30MOP(HL
Mex 1y coOoi;

6) BCe KOHeUHble UMKJIHYECKHE IPYIIbl JAHHOIO MOPSAAKA 7
HU30MOP(HBI MeXy COOOH.

1642. [JoxasaThb, 4TO:

a) rpymnna noJoKUTebHbIX JeHCTBUTENbHBIX UMCes] 10 YMHO-
JKEHUI0 M30MOp(HA TIpyTre BceX. NeHCTBUTENbHBIX YHCEeJ
M0 CJIOXKEHHIO;

6) Tpynmna MoJoKHUTEJbHBIX PAllMOHANbHBIX YKCEJ M0 YMHO-
JKEHHUI0 He M3oMop(Ha FPyIe BceX PalMOHAJbHBIX YUCEJ
M0 CJIOXKEHHIO.

*1643. /lokasaTb, 4TO:
a) J106asi KOHeuHast 'pymmna nopsiaka n H3oMopphHa HEKOTO-
po# rpymIe TOACTAHOBOK 7 3J€MEHTOB;
6) J06as_Tpynna M3oMopdHa Tpyrnre HeKOTOPhIX B3aWMHO
OIHO3HAUHBIX OTOOpaXKeHUH MHOXKECTBa 3JEMEHTOB 3TOH
Tpymnmsl Ha cebs.

1644. JlokasaTb, 4YTO mJs JIOObIX 3JIEMEHTOB a, b, ¢
rpynnsl Gt

a) 3JeMeHTbl ab U ba UMEIT OIWHAKOBBIH MOPSII0K;

6) aJeMeHTH abc, bca U cab UMEIOT OIUHAKOBbIH MOPSI0K.

1645. Jlokas3aTb, 4TO €CJH e — eJUHHLA U a — 3JEeMEHT II0-
panka n rpynnsl G, To a® = e Torma u TosbKO TOrha, Korma k
NeJIUTCS Ha 1.

1646. HaiitTu Bce o6pasyoliye 3/7eMeHThl aJiJUTUBHON I'pyI-
MBI LEJbIX YHUCeJ.

1647. Tlycte G = {a} — uMK/AHUYecKas rpynmna mnopsiika n u
b = a”. JlokasaTb, uToO:
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a)
6)

B)

r)

3JeMeHT b Torzia U TOJIbKO TOTAa OyeT 06pasyoIuM IpyI-
nbl G, KOra 4nuc/ia m ¥ k B3aUMHO MPOCTbI;

nopsiiok 3jemeHTta b paBeH n/d, rie d — HaWOOMBIIHH
0oOLIUH geauTeasb n U k;

ecJM n U k B3aMMHO MPOCTHl, TO B G CYIIECTBYeT KOPeHb
{/a, 1. e. a ssBasietcst k-# CTENEHBIO HEKOTOPOTO 3JIEMEHTa
u3 G 1 06paTHO;

B TpyIlIe HEYETHOTo MOpsiika BCe 3JIeMEHThl SIBJISAITCSH
KBaJpaTaMH.

*1648. JloxasaTb yTBepKIeHUS:

a)

6)

B)
r)

ecJ/1d 3J1eMeHTbl a U b rpynnbl G epecTaHOBOUHEL, T. €.
ab = ba, (1)

U UMEIOT KOHEYHbIEe B3aUMHO IPOCThIEC MOPAAKU 7 U S, TO
UX MPOU3BECHUE ab umeer MOPAHOK 7S]

eCJIi 3JIeMeHTHl a U b rpynnbl G nepecTaHoOBOYHBI, UMEIOT
KOHEYHbIE MOPAAKH 7 U S U [IepecevyeHne NX HUKJIHYECKHX
MOATPYII COACPXKHUT JIMIWIL €NUHULY €, T. €.

ta} 0 {b} = {e}, )

TO MOPSAIOK MPOU3BeeH sl ab paBeH HaWMeHblIeMy o0lie-
My KpaTHOMY 7 W s. [lokasaTb Ha mpuMepax, uTo /s
CIpaBe/IMBOCTH TOCJEHEr0 yTBEPXKAEHHUS KaXIO0TO M3
yeaosud (1) u (2) B OTHEJABLHOCTH HEJOCTATOUYHO M UTO
ycaosue (1) He siBnsieTcs cieacTBueM ycaobus (2) naxe
VIS B3aMMHO TIPOCTBIX MOPSIAKOB 3JIEMEHTOB a U b;

€CJIM TIOPSIIKK 7 U S 3JIEMEHTOB @ U b B3aUMHO MPOCTBI, TO
ycaosue (2) BbIIOJHSETCS;

noxKasaTb Ha npumepe, uto 6e3 ycsaosus (2) NOpsSLOK Npo-
¥3BelleHus ab He OmpenenserTcsl OJHO3HAYHO MOPsAKAMH
COMHOXUTeJs el a U b.

1649. Kakue u3 rpynn 3agauu 1634 aBasioTcs NOArPYINaMH
APYTHX W3 3THX Ipynn?

1650. [lokasaTb, 4TO:

a)

ecin H — KOHeuHOe MHOXECTBO 3JieMeHTOB rpynnsl G U
TNPOU3Be/IeHHe IBYX JIIOObIX 371€MEeHTOB U3 H CHOBA JIEXKHUT
B H, To H 6yner noarpynmno# rpynnsl G;
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6) ec/su BCce 3/7eMeHThl MHOXKecTBa H rpynnbl G UMEKOT KO-
HeYHble MOPSAKH U NIPOHU3BeJEeHHE IBYX JIOOBIX 3JIeMEHTOB
u3 H cHoBa sexut B H, To H 6ynet noarpynno# rpymn-
nol G.

1651. Jloxaszatb, uto B Jl06OH rpyrIe MOACTAHOBOK, COIEp-
JKalled XoTsl Obl OJHY HEYeTHYIO IOACTaHOBKY:

a) UYKCJIO YETHBIX MOACTAHOBOK PABHO UKMCJY HEUETHbIX;

6) ueTHbIe MOACTAHOBKU 00Pa3yloT HOPMA/bHBIH JEJIUTE/Ib;

B) BCe MPOCTBIE TPYIIMbl MOACTAHOBOK 7 3JEMEHTOB MOPSA-
Ka GoJblile 2 cofepikaTcsl B 3HAKONepeMeHHOH rpymnne A,
(npocmoii HaspiBaeTCss TPyMNa, He UMERLIAs HOPMAJIbHBIX
nesuTesied, Kpome cebst caMOd M eIHHUYHOH MOATPYIIbL).

1652. Jloxasathb, 4To Jobast 6eckoHeuHas rpymnmna numeet Gec-
KOHEUHOe YHCJIO MOATPYMIL.

1653. Haiitu Bce (¢ TouHOCTBIO 10 M30MOpP(HM3Ma) TPyMMbI,
KaxKJasl U3 KOTOPbIX U30MOp(HA /000K cBOell HeeIMHUYHOH MOA-
rpymnre.

1654. Haiitu Bce moarpymnms:

a) UMKJIMYeCKOH Tpymimbl mopsifka 6;

6) LMKJMYECKOH rpylmnbl nopaaka 24;

B) ueTBepHOH rpymnnel (3anava 1638);

r) CHMMETPHYECKOH rpynmbl Ss.

n) Kakue u3 moarpynn rpynmbl Ss sIBASIOTCH HOPMAJbHBIMH

NeTUTENAMU?

e) JlokasaTh, 4TO 3HAKOMepPeMeHHasi IpyIna YeTBepToi CTe-
neHn A4 He MMeeT MOATPYIHI LIECTOrO TOpsiaKa. Takum
obpasom, rpynna G mopsiaka m AJs HeKOTOpbIX k, aensi-
KX 7, MOJKET He MMeThb MOATPYII Mopsiika k.

1655. Haiitu Bce nmoarpynmel rpynmsl G nopsigka 8, Bce 3aJie-
MEHTBl KOTOPOH, KpOMe eIHHHULBI €, HMEIOT MOPSIIoK 2.

1656. [Tyctb G = {a} — koHeuHasi UUKJ/IUYecKas IPyINNa IMo-
psiaka n. JlokasaTb yTBepKIeHHS:
a) TOPSIIOK JI060H MOArpYNNbl rpymnmsl G IEJIHT MOPSHOK N
9TOH TPy
6) st m060ro AeuTeNs d YMCIA N CYLIECTBYeT eIUHCTBEH-
Has noarpynna H rpynnel GG, uMelolasi NopsiioK d;
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B)

noxarpynna H mopsinka d conepKUT B KadecTBe o6pasyio-
IMX BCe 3JeMeHThl nopsiika d rpynnsl G. B yactHocTH,
H=1{as}.

*1657. Haiitu Bce moarpynnbl NpUMapHOH LHUKJIWYECKOH TpyI-
Mel, T. €. UHKJAHUecKoi rpynmsl G = {a} nopsiaka p*, roe p —
MPOCTOE YUCJIO.

*1658. JlokazaTb yTBepXKIeHHUS:

a)
6)
B)
r)

cHUMMeTpUYecKas rpymmna .S, npu n > 1 nopokaaercsi MHO-
»KEeCTBOM BCeX TpaHcnosuuui (i, 7);

cHMMeTpuYeckas rpymmna S, npu n > 1 mopoxpaercs
tpancnosuuuamu: (1,2), (1,3), ..., (1,n);
3HaKonepeMeHHasi rpynna A, Npd n > 2 NOpOXKIaeTcs
MHOXKECTBOM BCeX TPOHHBIX LHUKJOB (ijk);
3HaKonepemeHHas rpynna A, npu n > 2 MOpOKIaeTCs
TpoiiHbiMK LuKaAaMu: (1 2 3), (L2 4), ..., (12n).

1659. Haiitu cMexxHble KJacChl:

a)
6)

B)

r)

1)

e)

X))

3)

allILHTHBHOﬁ prHHbI HeJIbIX YHuceJ I10 nozlrpynne quceJ,
KpaTHI)IX JlaHHOMy HaTypaJ’[bHOMy LII/ICJ'Iy n,

allILHTHBHOﬁ prHHbI I[eﬁCTBHTeJIbeIX quceJ 1o HO}IprH-
ne HeablX YUCeJ;

allﬂHTHBHOﬁ I‘pyHHbI KOMIIJIEKCHBIX YHCEeJ T10 no;.lrpynne
LeJIbIX TayCCOBBIX UHCEJ, T. €. UHUCeJ a + bi C LEeJbIMH a
u b;

a[IATHBHO TPYMIbl BEKTOPOB MJI0CKOCTH (BBIXOASALINX M3
Havasia KOOPAMHAT) MO MOATPYINe BEKTOPOB, JeXKAaluX Ha
ocu abeuuce Ow;

MyJIbTI/IHJII/IKaTI/IBHOI./)I prHHbI KOMIIJIEKCHBIX UHCeJl, OTJINY-
HBIX OT HYyJIsl, [I0 MOArPYIIE€ YKCEJ, PAaBHBIX 110 MOJLYJIIO
eNUHULIE;

MyJIbTI/IHJII/IKaTI/IBHOIjI prHHbI KOMIIJIEKCHBIX UHCeJl, OTJINY-
HBIX OT HYJsl, 10 TMOArPYIIe MOJOXKHUTENbHBIX IeHCTBHU-
TeJIbHbIX HHCeJI,

MyJIbTPIl'[J'[PIKaTHBHOﬁ l"pyl'[l'[bl KOMIIJIEKCHBIX UHCeJI, OTJINY-
HBIX OT HYJIA, 1o nonrpynne [IeﬁCTBHTeJIbeIX quceJ,
CUMMEeTPHUYECKOH Ipymibl S, MO MOArPYIINe MOACTAHOBOK,
OCTaBJISIIOIIMUX YUCJIO N HA MeCTe.
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*1660. [okasarb, uToO:
a) noxrpynna H mnopsinka k koHeuHol rpynnsl G nopsinka 2k
COMEP2KUT KBaApaThl BCEX 3JIeMEHTOB Ipynmbl G
6) noxarpynna H wHIekca aBa JiGOH rpynmnsl GG CONEPKHUT
KBaJpaThl BCeX 3JeMeHTOB rpymnmnsl G.

*1661. loxaszaTb, uTo mpu n > 1 3HAKONepeMeHHasi Tpyrmmna
A, IBJSETCH eNMHCTBEHHOH MOATpPyMNoi uHekca asa (T. e. co-
JepxKalleid MOMOBHHY BCeX 3/IeMEHTOB) B CUMMETPHUECKO! IpyIie
Sy, [lpuBecTy nprMep KOHEUHOH TPYIIbl, COAepKallel HeCKOIbKO
MOATPYMI MHAEKCA JBa.

*1662. /lokasaTb, 4ToO:

a) rpynna TeTpasapa u3oMop(Ha CPyIIe YeTHHIX MOACTAHO-
BOK 4eThIpeX 3JIeMEeHTOB;

6) Tpymmbl Ky6a W OKTasapa M30MOPGHbI TpPyIe BCeX MOA-
CT2HOBOK YeThblpeX 3JeMeHTOB;

B) TpYIIbl J0€Kad/Apa U HKOCAdAPpa H30MOP(HBI TPYIIIe YeT-
HBIX MOACTaHOBOK MATH 3jeMeHTOB. OmnpeneseHue rpymm
MHOTOT'DaHHHUKOB CM. B 3afade 1639.

1663. loxaszatb, uto Jiobast MOATPyNNa WHAEKCa [Ba SIBJIS-
€TCsl HOPMAJIbHBIM IEJUTENIEM.

1664. loxazaTb, 4YTO MHOXKECTBO Z BCeX 3JIEMEHTOB TPYIIIbI
G, KaXIblil U3 KOTOPBIX MEPECTAHOBOUYEH CO BCEMHU 3JIeMEHTaMH
3TOH TPYMIbI, ABJASETCS HOPMasbHbIM HejuTeseM (LEHTpP Tpym-
el ).

1665. dnement aba~'b~! nasbiBaeTcs Kommymamopom aae-
menmos a W b rpynnel G. JlokasaTb, 4TO Bce KOMMYTaTOPbl U UX
npousseneHus (¢ JOOLIM KOHEUHBIM YMCJIOM COMHOXKHUTEJEH) 00~
pa3yloT HOpMaJIbHBIH fenuTe b K rpynnbl G (KOMMyTaHT 1aHHOM
FPYIIIbI).

1666. loxazatb, uTO B TIpyNle BCeX ABMXKEHUH Tpexmep-
HOTO TIPOCTPAHCTBA 3J€MEHT T~ 'ax, CONpsKEeHHBIH C NOBOPOTOM
@ BOKDPYT TOUKH P, siBJISieTCsl TOBOPOTOM BOKPYT TOH TOYKH (), B

KOTOPYIO MepexoaruT TOUKa P IpHU ABHU2KEHHUU .

1667. JlokaszaTh, 4TO MOACTAaHOBKa = ‘ax, COMpsi’KeHHas B

rpyIme MOACTAHOBOK C MOACTAHOBKOH @, MOJy4aeTcs MyTeM IpH-
MEHEHHUS TPaHC(HOPMHUPYIOLIeH MOACTAHOBKH & KO BCEM YHCJaM B
PasJIOKEeHHUH TOACTAHOBKH ¢ HAa HE3aBHUCHMBbIE LIUKJIBI.
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*1668. Jlokasarb, 4ToO:

a)

6)

uetBepHast rpynna V (3amaua 1638) sBsisercs Hopmasib-
HBIM JIeJIUTEeeM CUMMETPUUYECKOH Ipynnbl Sy;
¢baxroprpynna S4/V  u3oMopdpHa  CHUMMETpPUYECKOH
rpynmne Ss.

*1669. [Tosb3ysick 3anaueit 1667, HAUTH YMCIO MOACTAHOBOK
CUMMETPHUYECKOH TI'pymNIbl S, E€PeCTaAHOBOUHBIX C JAHHOH MOJ-
CTAaHOBKOH S.

*1670. loxkaszaTb, 4TO eCJM TepecedyeHHe ABYX HOPMaJsbHBIX
nenuteneidl Hy u Ho rpynnel G COOEpPKHUT JHIIb €IUHUIY €, TO
Mo60# aneMeHT h; € H; nepecTaHOBOYeH C JIOOBIM 3J€MEHTOM
ho € Hs.

1671. [lokasaTb, 4TO:

a)

6)

9JIEMEeHTHl TPyMnbl (§, MepecTaHOBOUHBIE C TaHHBIM 3Je-
MeHTOM a, o6pasytoT noarpynny: N (a) rpynnsl G (Hopma-
auzatop a B (), ComepKallylo LHKIAMYECKYIO MOArPYIIITY
{a} B KauecTBe HOPMAJBHOTO HEJHTEJIS;

YUCJIO0 3J1eMeHTOB Ipyniibl (, CONpSKEHHbIX C @, PaBHO
uHaeKcy Hopmasusaropa N(a) B G.

1672. JlokasaTb, 4TO:

a)

6)

3JIEMeHTBl I'pymiel (7, MepecTaHOBOUHBIE C JAHHOH MOJ-
rpynmnoil H (HO He 00s13aTe/IbHO ¢ 3MeMeHTaMu U3 H), 06-
pasyior moarpynny N (H) rpynnel G (HopmanuszaTop moa-
rpynibl H B (), comepxxaiyio noarpynny H B KadecTse
HOPMAaJIbHOTO JIeJTUTEs;

4uc/I0 NMOArpynn rpynnsl G, conpsikeHHbIX ¢ H, paBHO
uHaeKkcy HopMasusaropa N(H) B G.

1673. IloxazaTb, 4TO cCJeAyloOlIMe 4YHCaA JeJST MOPsIoK
I‘pyHHbIZ

a)

6)

YUCJI0 3JeMEHTOB Tpynnbl (7, COMPSKEHHBIX C JAHHBIM
3JIEMEHTOM,;

YUCJI0 TIOATPYNI rpynnbl G, CONpPsXKEHHbIX C JAaHHOH MOJ-
TPYMIOHN.

1674. Tlonb3ysch 3anauamu 1669 u 1671, Ha#iTn uucsao non-
CTaHOBOK CUMMETPUUYECKOH TPYMMbl S;,, COMPSIKEHHBIX C JaHHOM
MOICTAHOBKOH S.
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*1675. Jokasarb, uToO:

a)
6)
B)
r)

LeHTp Z rpynnsl G nopsiaka p”, rae p — IpocToe UHCIIO,
cozepkUT GoJiee OHOTO 3J1EMEHTA,;

no6ast Tpynna nopsaka p?, rae p — MpocToe YKCJ0, KOM-
MYyTaTHBHa.

[IpuBecTy mpUMep HEKOMMYTATHBHOM TPYMIbl MOPSAAKA 12,
rie 7 — COCTaBHOE YHCJIO.

[IpHBecTH NpuMep HEKOMMYTAaTHBHOM IPYTNbl NOPsAKA P,
rle p — COCTaBHOE YHCJIO.

*1676. [oxaszatb, 4To J1000H HOpMaJbHBIH AenauTens H 3Ha-
KOMepeMeHHO! rpymnnbl A, cTeneHd n > 5, colep:Kalluil XOTs Obl
OIMH TPOWHOHU LMK/, coBrnanaer ¢ A,.

*1677.

a)

6)

Haiitu Bce K/1acchl CONPSizKEeHHBIX JEMEHTOB TPYTITbl HKO-
casznpa (samaua 1639);

JI0Ka3aTh, UTO FPyINa MKocasapa siBasgercs npoctoii (T. e.
He MMeeT HOPMa/bHbIX JAeJHTesell, OTIMUHBIX OT CaMoii
TPYTNIBl ¥ €IMHHYHON TOATPYTIIb).

*1678. JloxkazaTb, 4TO 3HAKONepeMeHHasi rpymnmna MsTod cre-
MeHU SIBJIIeTCS IPOCTOH.

1679. [okasarb, uro rpynna G’ Toraa U TOJBKO TOTAA SIB-
JIsieTCsl TOMOMOP(HBEIM 00pa3oM KOHEUHOW LMKJIWYeCKOHW TPYMIbI
G, korma G’ TakKe UHKJIWYECKasl U ee TOPSAOK IEJUT MOPSAOK
rpynmns G.

1680. [oxasaTb, yto ecau rpynna G romomopdHo oTobpa-
xKeHa Ha rpynny G, npudeM sjeMeHT a U3 G oToGpakaercsi Ha
a’ u3'G’, ro:

a)
6)

MOPSIIOK a JEJHUTCS Ha MOpsiioK a';
nopsifok G mesutest Ha nopsiiok G

1681. Haiitu Bce roMmomMop(Hble 0TOOpAXKEHHUS:

a)
6)

B)
r)

LMKJIXYECKOH rpynmsl {a} mopsinka n B ceds;
UMKJAWYeCKOH rpynnbl {a} mopsigka 6 B UHKJIUYECKYHO
rpynny {b} nopsiaxa 18;

UHKJIXYecKoi rpymmel {a} mopsnka 18 B LHMKIMUECKYIO
rpynny {b} mopsinka 6;

UMKJAMYecKod rpynnbl {a} mopsinka 12 B UMKJIMYECKYHO
rpynny {b} nopsinka 15;
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1) UMKJIWd4YecKo# rpynmbl {a} mopsiika 6 B LUKJIXYECKYIO
rpynny {b} mopsinka 25.

1682. JloxasaTb, 4TO agAUTUBHYIO TPYIINy palUOHAJbHBIX
quces HeJb3s TOMOMOP(HO 0TOOPA3HUTb Ha aNAWTHUBHYIO TPyNIy
LeJIbIX YHCedl.

1683. M3omopdHoe oTobpazkeHue rpynnsl G Ha cebs Ha3blBa-
eTcss asmomopguzmom, a rToMoMopdHOoe oToOpakeHHe B
cebsi — andomoppuamom 3TOH Tpynnbel. ABTOMOP(PHU3M ¢ HA3bI-
BAeTCS] BHYMPEHHUM, €ClU CYIIECTBYeT dJeMeHT x U3 (G TakKoH,
uTo0 ap = x lar pas mo6oro a uz G, U BHEWHUM —~ B TIPO-
TUBHOM cJy4ae. Bce aBTomMopduambl rpynnsl G caMu 00pasyioT
TPYIIy, €C/U 3a MPOU3BeNEeHHe aBTOMOP(PHU3MOB MPHUHATH UX IO-
caieoBartesibHOe BhimosiHeHuHe: a(py)) = (ap)t. Bee annomopdus-
MBI abesieBoil rpymnmel G 06pasylOT KOJbLO; €CJNH CJ0KEHHE 3IH-
IOMOP(U3MOB OINPeNeNUTh paBeHCTBOM al(yp + ¥) = ayp + ai), a
YMHOXKeHHe — Kak s aBToMopduaMos. Halitu rpynmy aBTomop-
(p13MOB UMKJIMUECKOH rpymmbl {a} nopsiaka:

a) b;

6) 6.

B) JlokasaTh, UTO CUMMETpUYECKas rpynna S3 HMeeT LIeCTh
BHYTPEHHHUX aBTOMOP(U3MOB ¥ HH OJHOT'O BHELIHErO, MpH-
yeM rpyImna aBToMoppu3MoB U3oMoppHa Ss.

r) Yersepnas rpynna V (zagaua 1638) umeer omuH BHYT-
peHHUE aBTOMOPp(hH3M (TOXKIECTBEHHBIH) U NATH BHELIHHX,
NpUYEM I'pyIna aBToMoppU3MOB H30MOp(hHA Ss.

Haiitu Kosblio 9HIOMOP(U3MOB HUKJIHUECKOH TPYIIIHI
{a} nopsinxa:
n) 5
e) 6;

1684. [loxasaTb, 4TO (haKTOPrpynia CUMMeTPUYeCKOH Ipyll-
nbl S, 110 3HaKoNepeMeHHoH rpymnmne A, nsomopdHa hakToprpy-
ne aJAWTHBHOM TIPYMNBl LEJBIX UYHCeJ M0 MOATPYMNe 4YeTHbIX
qucel.

1685. Haiitu daxkroprpynsi:

a) aQIMTHBHOW TPYMIBI LEJBIX YMUCEJ MO MOATPYIINe YHCe,

KPaTHBIX NaHHOMY HaTypajbHOMY UHCIY n;
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6) amJMTMBHOH TPYINMBI LEJBIX YMCE, KPaTHBIX 3, MO TOM-
TpyIie yKces, KpaTHbIX 15;

B) aJJIMTUBHON TPYINIMbI LEJbIX YKMCEJ], KPaTHbIX 4, M0 Moa-
TpyIIe Yuces, KpaTHbIX 24;

r) MyJbTUIJIMKATHBHOM TPYIINbl A€ACTBUTENbHBIX YHCE, OT-
JIMUHBIX OT HYJISl, IO MOATPYIIIIE MOJOKHUTENbHBIX YHUCEJ.

1686. Ilycte G,, — agauMTUBHASA TpyNna BeKTOPOB n-MEPHOIO
JINHEHHOTO MPOCTPAHCTBA U Hj, — MOATpyNa BEKTOPOB k-MepPHOTO
noanpoctpanctBa, 0 < k < n. Jlokasate, 4To (hakToprpymnmna
G,/ Hy u3omophHa G, .

1687. Ilycts G — My/nbTHIJIMKATHBHAS TpyIlNa BCeX KOM-
NJIEKCHBIX YHCeJ, OTJAMYHBIX OT HyJs, U H — MHOMKeCTBO BCeX
yuces u3 G, JMexalux Ha AeHCTBUTENbHON U MHHUMOH OCSIX.

a) Jlokasatb, yro H — monrpynmna rpymmns G.

6) Haiitu cmexuble Kaacchl rpynmel G no noarpymnme H.

B) Jlokasatb, uto Qakroprpynna G/H u3omMopdHa MyJbTH-

MJIMKATUBHOU rpynne U Bcex KOMILIEKCHBIX YHUCEJl, paB-
HBIX MO MoayJio l.

*1688. Ilyctb G — MyJIbTHIVIMKATUBHAS I'PyTNa KOMIJIEKCHBIX
quces, OTJIMYHBIX OT HYyJasl, H — MHOXKecTBO uuces u3 (3, jexa-
WX Ha n JydaX, BHIXOASLIHUX M3 HYyJs MOJ PaBHBIMU YIJIAMH,
npu4yeM OIMH M3 STUX JyueH COBMAfaeT C IMOJOXKHUTEJbHOH Hel-
CTBUTEJbHOH NOJYyochio, ' — afifuTHBHAs I'PyINa BceX NeHCTBU-
TeJbHBIX 4MCed, Z — aiJUTHBHAs TIpylna LesblX uucesa, D —
MyJbBTHIJIMKATHBHAS TPYIIa MOJ0OKNUTENbHBIX uncea, U — My/b-
TUIJIMKATHBHAS TPYIINAa KOMIIJIEKCHBIX YHCEJ, PABHBIX MO MOIYJIO
epunule, U, — My/nbTUIJIMKaTUBHAS FpyMNna KOpHeH n-i CTeneHH
U3 enuHULbL. JlokasaTb, 4To:

a) K/Z usomopdna U,

6) G/D wusomopdua U,

B) G/U usomopdpua D;

r) U/U, wusomoppua U,

1) G/U, usomopdua G;

e) H ectb noprpynna rpynnel G u G/ H uzomopdua U;
k) H/D wusomopdua U,;

3) H/U, usomopdpna D.
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1689. {11 My/nbTHUIVIMKATHBHBIX TPYMNN HEBBIPOXKIEHHBIX
KBaJPATHLIX MaTpPHULL NOPSALKA N JOKA3aTb YTBEPXKACHHUA:

a) (akroprpymnma rpynibl IeACTBUTENbHBIX MAaTPHUIL O MO~
rpyIe MaTpULl C ONpejeuTesneM, paBHbIM 1, H3oMopHa
MYJ/IbTUIJIMKATUBHOU TIPyIIe AedCTBUTENbHbIX YHCeJ, OT-
JIMUHBIX OT HYJIf;

6) (akToprpymnma rpymnibl AeACTBUTENbHBIX MATPHUIL MO MO/~
rpylne MaTpHULl C ONpefesauTeNeM, paBHbIM 1, usomopd-
Ha MYJbTHUIVIMKaTUBHOW TpyTIe MOJIOXKHTENbHBIX YHCel,;

B) (hakTOprpymnma rpymnisl AeHCTBUTENbHBIX MATPHUIL 110 TOJ-
rpyIIe MaTpPHULL C MOJIOKUTENbHBIMH ONpeleJUTeAMH B~
JISIeTCsl IUKJIUUeCKOH IPpyNIol BTOPOro MOpsaKa,

r) (akToprpyrmma rpymbl KOMIIEKCHBIX MaTPHIL 1O MOATPYTI-
[le MaTpUL, C ONpPeAesUTe/IAMHU, [10 MOAY/II0 PABHBIMU €1HU-
HULe, U30MOp(HA MYJbTHUIIMKATHBHON TPYIIE IOJOXKH-
TeJIbHBIX YHCeI;

1) (hakToprpymnna rpynmsl KOMIJIEKCHbIX MaTPHIL 110 OATPYTI-
ne MaTpPUL C IOJIOXKHUTEJIbHBIMH OMNpPEIeIUTENAMH H30-
MopjHa MYJbTUMIHMKATUBHON TpyMle KOMIJIEKCHBIX 4U-
ceJi, 10 MOLYJIIO PABHBLIX €JHHHULIE.

1690. [1ycts G — rpynna BcexX ABHKEHHH TPeXMepHOro Mpo-
cTpaHcTBa, H — moArpymnmna napaJsiesbHbIX TepeHocoB, K — mon-
rpymnna BpalleHHH BoKpyr aaHHo# Touku O. lokasarts, uTo:

a) H sBJsieTCsl HOPMaJbHBIM fesuTesem rpynnel G, a K —

HeT;
6) ¢akroprpynna G/H uzomophua K.

1691. [loxaszatb, 4TO HOpMaJ/bHbIH Oenutenb H rpynnsl G,
UMEIOLIMH KOHEUHbIH MHIEKC j, CONEPKUT BCE 3JEMEHTHI I'PYIIbI
G, NOpSIAKK KOTOPBIX B3aUMHO MPOCThl ¢ j. [Tokasate Ha mpumepe,
4TO I8 MOATPYyNIbl H, He ABJSIOLIEHCS HOPMATbHBIM I€JTUTEEM,
yTBepKIeHHEe MOXKeT ObITb HEBEPHBIM.

1692. Jlokasatb, uyTo (akrtoprpynna G/H Torma u TOJBKO
TOTa KOMMYTATHBHA, Korna H COIep:KHUT KOMMYTaHT K TpymIibl
G (3anaua 1665).

*1693. oxasatb, 4To (paKTOPrpymnmna HEKOMMYTaTUBHON I'pyI-
nel G no ee uentpy Z (3amaua 1664) He MOXKeT ObITb LHKJH-
4eCKOH.
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*1694. JloxkaszaTb, UTO €CJM MOPSIOK KOHeuHOH rpynmnel G ne-
JIUTCS1 HA MPOCTOE YHCJIO p, TO G CONEPKUT JEMEHT MOopsiaKa p
(reopema Kom).

*1695. Ilycte p — mpoctoe uucsao. I'pynna G HaseiBaetcs
p-epynnoti (B KOMMYTaTHBHOM CJlydae — ApUMAPHOLL TPYTIMOW),
€CJIM TIOPSIAKH BCEX ee 3JIeMEHTOB KOHEUHbl U PaBHBl HEKOTOPBIM
cTemneHsM uucsaa p. [lokasate, 4To KoHeyHas rpynna G Toraa H
TOJIBKO TOTJa OyZeT p-TPyTIoH, Koraa ee MOpsiloK paBeH CTeNeHU
qucaa p.

1696. JlokasaTb, 4TO:

a) alJMTHUBHAs IPYIIa BEKTOPOB n-MEPHOTO JMHEHHOro Mpo-
CTPAHCTBa €CTb NpsiMasi CyMMa 7. MOATPYIIN -BEKTOPOB Of-
HOMEPHBIX MOANPOCTPAHCTB, HATSAHYTHIX Ha BEKTOPHI JIO-
60# 6a3bl MPOCTPAHCTBA,

6) amJMTHBHAs TPyNNa KOMIUIEKCHBIX YHCEJ eCThb MpsiMast
CyMMa TOATPYNN IeHCTBUTEJIbHBIX U YUCTO MHHUMBIX UH-
ceJ;

B) MYJbTHILIMKATHBHAA TPyMa AeHCTBUTENbHBIX YHCEJ eCTh
npsiMoe MpOU3BeeH e OATPYTIIbl MON0KHTEIbHBIX YHCEeJ
Y MOATpyNmbl yuces =£1;

r) MyJbTHIIMKATHBHAS TPyMNNa KOMIJIEKCHBIX YHCEN ecTh
npsiMoe TMPOU3BENeHHE TOATPYII TOJOKUTENbHBIX YHCeJ
W UYHCeJl, 110 MOAYJIO PAaBHBIX €IMHHIE.

1697. Jloxasatb, uto ecniu G = A+ By = A+ By — nipsiMble
pasnoxenus abeneBod rpynnsl G U ecnan By comepXuT B, TO
By = By

1698. Jloxasats, uto noarpynmna H abesneBod rpynnsl G Torna
U TOJBKO TOTAA OyIeT cjaraeMblM B IPSIMOM pasJiokeHHH G =
="H + K, xorma cylecTByeT roMmoMop(Hoe orobpaxkeHue G Ha
H, coxpaHsiollee Ha MecTe BCe 3JeMeHThl U3 H.

1699. lokasatsb, uto eciu G = A+ B — npsiMoe pasJjioKeHue
rpynnsl G, to dakroprpynna G/A usomopdua B.

1700. Tlycts G = A1+ Ax+- - -+ Ay — pasnoxenue abeseBou
rpynnel G B MPSIMYIO CyMMY TOATPYII U

r=ay+ay+---+as, a;, €A4;, 1=12,...,8s,

— COOTBETCTBYIOLIEE PA3JIOKEHHUE 3JeMEHTa & B CyMMY KOMIIO-
HeHt. JlokasaTb, 4TO:
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a) rpynna G TOTAa U TOJBKO TOTJa HMEET KOHEUHBIH MOpsiI0K
n, KOTJla Kaxkaas MoArpynmna A; uMeeT KOHeYHbIH MOPSI0K
ng, t=1,2,...,5, IPDUYEM N = N1,N2, ..., Ng;

6) 3JEeMEeHT T TOrAa U TOJbKO TOrIA UMeeT KOHEUHbIH mopsi-
JIOK p, KOT/Ia KaK/iasi ero KOMIOHEHTa a; UMeeT KOHEUHbIH
NOPSJIOK p;, ¢ = 1,2, ..., 5, IPUYEM p PABHO HAUMEHbILIEMY
o0l1eMy KPaTHOMY YHCeJ P1, P2, - - -, Ds;

B) rpynna G TOTJa U TOJBKO TOTA ABASETCSH KOHEUHOH LHK-
JIMYEeCKOH, KOria Bce MpsiMble cjaraeMmble A; — KOHEUHBIE
IUKJIHUECKHEe TPYIIbI, TPUUEM WX TOPSIKU MOMapHO B3a-
HUMHO TMPOCTHI.

1701. Pa3joXuTb B NPSIMyI0 CyMMY NPUMapHbIX LUKJHYe-

CKMX MOATPYIN LHK/AWUecKyto rpynny {a} nopsiaka:

a) 6;

6) 12;

B) 60;

r) 900.

*1702. JloxasaTb Hepas/J0oKHUMOCTb B MpPSAMYI0 CyMMY IBYX
HEeHYJIEBBIX MOATPYTIII:

a) aJMTMBHOH TPYIIBI LEMbIX YMCET,

6) aIJMTHBHOH TPYMIBl PALMOHAIBHBIX UHMCE;

B) INPMMapHOH LMKJIHUECKOH TPYIIIbI.

*1703. Ilycte G — HeHyJeBasi KoHeuHasi abejeBa Tpymmna
(c apmuTHBHOM 3anKchio onepauun). JlokasaTh yTBepKIeHHS:

a) ec/H MOPANKH BCeX 3/1eMeHTOB U3 G IeJsiT poKu3BeeH e
pg B3aWMHO NPOCTBIX YHcesa p U ¢, To (G pasjaraercs B
npsMyr0 CyMMy MOArpynn A u B, rie NMopsioKd BCex 3Je-
MEHTOB U3 A JesiT p, a u3 B — HeJdT ¢, IpUueM OJHa
U3 noarpynn A uand B MoxeT 0Ka3aTbCsl HYJIEBOH;

6) nas rpynnel G uMeeT MecTo passoxende G = A + Ay +
+--++ Ay B psiMyto cymMmy (HeHyJIeBbIX) IPMMapHbIX MOJI-
TPYII, OTHOCSILIUXCS COOTBETCTBEHHO K Pa3/JIMUHBIM TPO-
CTHIM YHCJIAM P1, D2, . .., Ps (MOArpynmel A; HasbiBarOTCA
NPYMapHBLIMK KOMIIOHEHTaMu rpynnsl ();

B) MpUMapHas KOMMOHeHTa A;, OTHOCSIASCH K MPOCTOMY
YUCJY p;, COCTOUT U3 BCEX 3JEMEHTOB rpynmnsl GG, nopsm-
KM KOTOPBIX PaBHBI CTEMeHSM HYHCJ/Ia p;, UTO OJHO3HAYHO
onpejesisieT pasjiokeHue rpynnel G Ha NpUMapHble KOM-
MIOHEHTH;
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r) pas/ioKeHHe Ha MPUMapHble KOMIOHEHTH HEeHYJNEeBOH MOJ-
rpynnel H rpynnel G umeet Bun H = By + By + - - -+ B,
e B, = HNA;, i =1,2,...,s, IpuueM HYJeBble TOJ-
rpynmnel B; B pasnoxeHu H omycKarmoTcs.

1704. OGo3unauum uyepe3 G(ni,na,...,ns) OPIMYI0 CyMMYy
LUKJIAYECKUX TPYII MOPSAAKOB COOTBETCTBEHHO N1, N2, ..., Ng.
I/I3 TeOpI/II/I KOHEYHbIX a6eJ’[eBI)IX prl'[l'[ HU3BECTHO, 4YTO Kaxaas
Takasi rpynmna ofHO3Ha4HO (C TOYHOCTBIO 10 M30MOpP(HU3MAa) MPef-
craBasietcss B Buge G(nq,ne,...,ns), Toe YUCAA n; PaBHBI CTe-
TNeHsAM MPOCThIX uuces (He o6s3aTesbHO pasauuHbIX). [pHMeHss
yKasaHHOe 0003HaueHUe, HaliTH Bce abeJieBbl PYMIIbL OPSIAKOB:

a) 3;6) 4; 8) 6;1)8; 1) 9; e) 12; x) 16; 3) 24; n) 30; k) 36;
a) 48: m) 60; 1) 63; 0) 72; ) 100.

1705. Pa3noxuTe B NpSIMYI0 CyMMy IPHMapHBIX ILHUKJIHYe-
CKHX M OeCKOHeUHbIX UUKJIMYeCKUX NOATPYNN (PaKTOprpynmy
G/H, rne G — cBoboaHas abesieBa Tpymina ¢ 6a3o x1, o, T3 U
H — noarpymnna ¢ o6pa3yomuMu:

a) Y1 = Tx1 + 229 + 323, 6) Y1 = 4x1 + Sx9 + 33,
Yo = 21z + 89 + 923, Yo = dx1 + 629 4 D3,
ys3 = by — dxo + 3x3; Y3 = 6x1 + Tzo + T3]

B) Y1 = 5x1 A5ws + 2x3, r) y1 = 6x1 + dwa + Tx3,
yo = Llay 4 8z + bxs, Yo = 8x1 + Txo + 1lx3,
ys.= 17x1 + bao + 8xs; y3 = 621 + dxo + 1lxs;

o) y1 = 4xy +dx9 + T3, e) Y1 = 2w + 6xg — 213,
y2 = 871 + 9x2 + 3, Y2 = 271 + 8z — 43,
ys = 4x1 + 62 + 213; ys = 4x1 + 1229 — 4xs;

X) Y1 = 6x1 + dry + 43, 3) Y1 =1+ 2w2 + 213,
Yo = Ty + 622 + 923, Y2 = 241,

Y3 = dx1 + 4xo — 4w3; Y3 = 3y1;

I/I) Y1 = 41 + Tre + 323, K) Y1 = 2x1 + 3x2 + 4,

Yo = 221 + 3x2 + 223, Yys = dx1 + dxo + 623,

ys = 6x1 + 10x5 + Sx3; Y3 = 2x1 + 629 + 9x3.
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*1706. loxasaTb, 4To KOHe4yHasi abeseBa rpynna G, MopsiaoK
KOTOpPOH paBeH:

a) TPOM3BENEHMIO IBYX PasiHUHbIX MPOCTBIX YHMCEN P H ;

6) MPOM3BENEHHIO PAa3JUUHBIX POCTHIX YUCEN D1, P2, - - . , Ps,
SBJISIETCS LUKJIUUECKOH.

B) Haiitu BCe noarpynmnel abesneBoi rpynnsl G, MOPSILOK KO-
TOPOH YIOBJNETBOPSIET YCJOBUIO MYHKTa 6), U HAHTH YHCJIO
9TUX MOATPYMI.

r) JlokasaTh, uTO il JI0GOro Jesutesss k TOpsiaKa 17 Ko-
HeuHOH abeseBod rpynnbl (G CYLIECTBYIOT MOALPYNNa H
(aktoprpynna rpynnsl GG, UMelolixe MOPSAOK k.

*1707. Tlycte G — HeHyJneBasi KoHeuHas abesieBa TpyImna, Bce
HeHyJIeBble 3JIeMEeHTbl KOTOPOH MMEIOT OJUH U TOT Ke MOPSJ0K p
(s;memenTapHas rpynmna). Jlokasatb yTBepKAECHHS:

a) UMCJIO p ABJSETCS MPOCTHIM;

6) rpynna G pasJjaraetcs B IPsMyi0 CyMMYy KOHEUHOTO YHCIA
LMKJTMUECKUX TOATPYIIN MOPSKA p U UMeeT Mopsuok p*,
rae k — 4HCJI0 3TUX CJaraeMbiX;

B) J00asi HeHyseBasi noarpynna H rpynnbl G cama 6yaer
3/1eMEHTapHON U fIBJSieTCS NMPSMBIM CJaraeMblM B HEKOTO-
poM npsiMoM pasJiokeHun G = H + K rpynnsl G;

r) 4MCJIO MOArpYIl nopsifka p! snemMenTapHoil rpynmbl G mo-
panka p*, rae'k > 1 > 0, paBHO

" D@ —p)@* —p?) ... (" —p'™)
@ =1 -p)@ —p?)...(0" = p'7t)

*1708. JloxasaTb, uTo KOHe4yHas abeseBa rpymnmna G mopoxnia-
eTCsl ee 3JeMeHTaMH MaKCHMaJbHOTO MOPSIIKA.

§ 21. KOJIbLLA U NOJIA

BhISICHUTD, KaKhe U3 CAEAYIOIIHX MHOXKECTB SIBJISIOTCS KOJb-
uamu (Ho He MOJAMM) U KAaKUe MOJSMH OTHOCHTE/BHO YKA3aHHbIX
onepauuii. (Ecain onepanuu He ykasaHbl, TO M0ApPa3yMeBaOTCH
CJI0XKEHHE H YMHOXKEHHe Yucel.)

1709. Lleablie yncaa.

1710. Yeruble uucsa.
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1711. llenbie uucsia, KpaTHble NaHHOMY 4ucay n (paccmor-
peTb, B UACTHOCTH, CJAydad n = 0).

1712. Pauuyona/JbHbIE YHCA.

1713. [leiicTBUTEJbHBIE YHCIA.

1714. KowmmsieKCHble YHCJIA.

1715. UYucna Buna a + bv/2 ¢ uesasiMut a u b.

1716. Uucna Buma a + by/3 ¢ pauvoHaNbHEIMHU @ U b.
1717. Kommn/ekcHble 4yHcsaa BUAA a + bi ¢ LUeJbIMU a U b:

1718. KommiekcHble uncsaa BUAa a + bi ¢ paluvoHaAIbHBIMH
anb.

1719. Matpuusl nopsiika n ¢ LeJbIMH 3JeMEeHTaMH OTHOCH-
TeJIbHO CJIOXKEHHS] U YMHOMKEHHS] MaTpHIL.

1720. Matpuusl nopsaka n ¢ IeHCTBUTENbHBIMU dJ1eMeHTaM1
OTHOCHUTEJIbHO CJIOXKEHHS! U YMHOXKEHHUS] MaTpHLL.

1721. DyHKUMU ¢ AeHCTBUTENbHBIMU 3HAUEHUSAMH, HETIPepbIB-
Hble Ha oTpe3ke [—1,+1] OTHOCHTENBHO OOGBIYHBIX CJIOKEHHS H
YMHOXKEHHUS (PYHKLUH.

1722. MHorouJ/ieHbl OT OLHOIO HEU3BECTHOTO X C LIeJbIMH KO-
3(pPULMEHTaAMH OTHOCHUTENBHO OObIYHBIX OMEepaluil CJ0XKEeHUS U
YMHOXKEHHS.

1723. MHorousqeHb OT OJHOIO HEU3BECTHOTO X C JeHCTBH-
TeJbHBIMH KO3(P(MHULUUEHTAMH OTHOCUTENBHO OOBIYHBIX ONEepaLHil.

1724. Bce wmatpuisl C palUUOHANbHBIMH WUJHU HOei-

a
2b
CTBUTEJbHBIMU @, b OTHOCHUTEJbHO OOBIUHBIX CJOXKEHUS H YMHO-
KEeHHUA MaTpHUll.

*1725. O6pasyloT /M KOJbLO BCEe TPUTOHOMETPHYECKHe MHO-
n . o
rounensl ag + y_,_,(aycoskx + by sinkz) ¢ neACTBUTENLHBIMH
KO3(uLHeHTaMu? BEISICHUTD TO 2Ke 1J15 MHOTOUJIEHOB OJHUX KO-
n n .
CHHYCOB Qo + ) ,_, 4 COS kT W OIHUX CHHYCOB y ., by sinkzx.
*1726. OGpasyioT 1M KOJBIO uMc/ia BHAAa a + by/2 ¢ pammo-
HaJIbHBIMU @ ¥ b OTHOCHTE/IbHO OOBIUHBIX omepauumii (asst onpene-
JIEHHOCTH GepeTcsi NeHCTBUTEbHOE 3HaUYeHKe KOPHS).
*1727. Tlokasatb, uTo yucaa BuAa a + by/2 + cV/4 ¢ pammo-
HaJIbHBIMH @, b ¥ ¢ 06pa3yIoT 1oJie, IpUUeM KaXKblH 3JeMeHT 3TO-
ro moJjisi B yKa3aHHOM BH[E MpelcTaBjsieTcst ofHo3Ha4yHo. Haiitu



Jlonoanerue 279

3JieMeHT, 06paTHBIN uucay 1 — V24294 (6epeTCH NeUCTBUTEJb-
HOE 3HaueHHe KOPH).

1728. Jlokasath, uTo umcia Buma a + bv/b + cv/25 ¢ panuo-
HaJIbHBIMU a, b U ¢ 06pa3yloT 1oJjie; HAUTH B 3TOM MOJE UHCJIO,
obOpaTHOe yucay x = 2 + 3¢/5 — /25.

*1729. Ilyctb o — KopeHb MHorouseHa f(x) creneHu n >
> 1 ¢ pauuoHaJbHBIMM KO3(DPULHEHTaAMH, HENPUBOAMMOro Haj
moJjieM pallMOHa/NbHBIX unces. [lokasaTh, UTO 4UUCIa BUAA ap 4+
+aja + asad? + -+ + a,_10""! ¢ pauHOHaNIBHBIME ag, ai, a2,

., Gp—1 0OpasyIoT moJie, MpUYeM KaxKAbli 3JEMEHT 3TOT0 TOJIs
OJIHO3HAYHO 3aMMCHhIBAETCSl B yKa3aHHOM BHje. [0BOPSAT, YTO 3TO
1oJie MoJyueHO NPUCOeIMHEHHEM UHCIa v K MOJI0 PallMOHaIbHbBIX
YHUCeJ.

*1730. B nose, noayuyeHHOM NpUCOeAUHEHHEM K TOJI0 paluo-
HaJIbHBIX YMCesl KOPHS o MHorouseHa f(z) = 2% + 422 + 21 — 6
(3apmaua 1729) Haiitu umnco, obpaTtHoe wucay =3 — a + o?.

1731. [oxasaTb, 4TO BCe AMAroHa/JbHble MATPHLbl, T. €. Mart-
pHLBI BUA

a1 0 0 0
0 as 0 0
0.0 a3 0|’
o0 0 0 ... ap

nopdaka n > 2 ¢ IeUCTBUTEJNbHBIMU 3dJIeMEeHTaMH OTHOCHUTEJbHO
OOBIUHBIX CJIOXKEHHS H YMHOXKEHHUA MaTpHuL] 06pa3y}0T KOMMYTa-
THUBHO€ KOJIBIO C OEeNHUTEJAMU HYJIA.

1732. TlpuBectu npumepsl JesauTesell Hyas B KoJjble (YHK-
LMH, HEMpepbIBHLIX Ha oTpe3ke [—1,+1].

1733. IloxaszaTb, 4TO B KOJIblle KBaJPaTHBIX MaTpPHUI] MOPsiAKa
7 C 3JIeMEHTaMH M3 HEKOTOPOT'O IO/ BEIPOXKAEHHbIE MaTPHIE, U
TOJIBKO OHH, SIBJSIIOTCS JeJMUTEe/ISIMH HYJIS.

1734. Tlokasatb, uto napsl (a,b) LeJbIX UHCE C ONepalUsiMH,
3alaHHBIMH PaBEeHCTBAMHU

(a1,b1) + (a2,b2) = (a1 + az,b1 + b2),
(a1,b1)(a2,b2) = (araz,biba),

00pasyioT KOJbIO, H HAUTH BCE JEJUTENH HYJsi 3TOr0 KOJbIia.
1735. Jlokasatb, uTo moJie He UMeeT AeJNuTeNed HYJS.
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1736. JloxazaTb, YTO W3 paBeHCTBA ar = ay [IJs NAHHOTO
3JIeMeHTa a U JI0OBbIX 3JEeMEHTOB = W Yy KOJbla CJeflyeT paBeH-
CTBO o = ¥ TOTAA WU TOJIBKO TOTAA, KOTAA a He SIBJSETCS JIEBBIM
JeJUTesIeM HYJIS.

1737. TloxkaszaTb, YTO MaTpPHUIBI MOPSIAKA 1 > 2 C 3J€MeHTaMH
13 HEKOTOPOTO M0JIsl, B KOTOPHIX BCE CTPOKH, HAYMHAs CO BTOPOH,
COCTOSIT U3 HyJeH, 00pa3yoT KOJbLO, B KOTOPOM BCSKHHE 3JIEMEHT,
OTJIMYHBIN OT HYJsl, OyleT NpaBbIM JHesauTesneM Hyqs. Kakue mat-
pULbl B 3TOM KOJIblle He OYAYT JIeBbIMU AEJUTENIMU HYJs?

*1738. Ilokaszath, 4TO B KOJbIle C €NWHUIIEH € KOMMYTaTUB-
HOCTb CJIO’KEHHS BbITEKaeT U3 0CTaJbHBbIX aKCHOM KOJIbLA.

1739. [IpoBepuB, 4TO CBOHCTBO HYJ/S U AeJUTENel Hyasd MOX-
HO JI0Ka3aTh, He HCIOJIb3Yys KOMMYTAaTUBHOCTH CJIOXKEHHS], 0Ka-
3aTb, UTO B KOJIbllE, COJEp:KallleM XOTsl Obl OfAMH 3JEeMEeHT ¢, He
ABJSIOMINANCS AeNUTeNeM HYJs, KOMMYTaTHBHOCTD CJIOXKEHHS BbI-
TeKaeT U3 OCTAJbHBIX aKCHOM KOJblia.

1740. IlpuBecTtu npuMeps! KoJjell MaTPULL CIeLUaNbHOI0 BUA,
00/1a1aI0IUX HECKONBbKHUMH MPAaBBIMH HJIM HECKOJIbKHMH JIEBBIMH
eMHUIAMH.

1741. Tlyctp paHo uenoe yucao n > 0. [IBa uenbx uncaa a
U b HA3BIBAIOTCS CPABHUMbBILMLU MO MOOYAIO 1, UTO 3aNMHUCHIBAETCS
tak: a = b( mod n); €cnu WX pasHocTb a — b peautest Ha n (pu
n = (0 3To 03HayaeT, yto a = b; npun > 0 — 4TO @ U b 1pH zeJe-
HHM Ha N QAT OfMH U TOT XK€ OCTaTOK — BblUeT 110 MOAYJIO 7).
[Tokasartb, 4YTO COBOKYMHOCTb BCeX LEJbIX 4YHcesa Z pa3buBaercs
Ha KJacchl CPAaBHUMBIX MeXJy COOOH uncesi, He UMelolire 00IINX
aneMeHTOB. Onpene/iuM Cl0KeHHe U YMHOXKeHHe KJacCoB uepe3
COOTBETCTBYIOLIME ONEPALMY HAMl UX MPEACTABUTEJSIMHU, T. €. eCJIH
yucaa a, b, a+b v ab npuHaaIexKaT COOTBETCTBEHHO KJjaccaM A,
B, C u D, to nonoxxum A+ B =C u AB = D.

JlokazaTb, 4TO MPH TAKKWX ONEPaLHsIX MHOXKECTBO KJaCCOB SIB-
JII€TCSA KOJIBLOM (KOJIbLIO BBIYETOB Z,, MO MOAYJIO 7).

*1742. JloxazaTb, UTO KOHEYHOe KOMMYTAaTHBHOE KOJIbLO Oe3
nenuTesiel Hyss, cofeprkallee 6oJiee OLHOTO 3JEeMEHTa, SIBJASETCS
oJieM.

*1743. TlokasaTb, UTO KOJbLO BHIUETOB N0 Moay/awo n (3ana-
ya 1741) OyzeT MmoJieM TOTAA U TOJBbKO TOTZA, KOTAA N — YHUCJO
MPOCTOE.
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1744. KBanpaTHas MaTpulla Ha3blBAeTCsl CKAAAPHOL, €CIH ee
3/J€MeHThl Ha IJIaBHOH JMaroHa/lu paBHbl Mexjay coOO0H, a BHe
rMaBHOH JIuaroHand — paBHbl HyJo. [lokasaTe, 4TO cKa/sipHbIE
MaTpHLEBl NOPsIKa 7 C AeHCTBUTENbHBIMH 3JIeMEHTaMH MPHU 00bIU-
HBIX Ofepanusx o6pasyioT noJe, U30Mop(HOe MoJI0 1eHCTBUTEb-
HBIX YHCeJL.

1745. TloxaszaTb, YTO MaTpHULBl BUIA ,TIe a U b —

a
—b
JeHCTBUTE bHBIE UHCJ/a, 00pa3yloT MoJe, H30MOP(HOE MOJII0-KOM-
[IJIEKCHBIX YHCEJI.
a b

1746. JloxasaTb, 4TO MOJie MATPULl BUAA <2b a> ¢ pauu-
OHaMbHBIMU a, b (3amaua 1724) usoMop(hHO MOJIO uMces BUAA
a + bv/2 Takxe ¢ pauxoHATbHBIMHU a, b.

*1747. JloxkasaTb, 4yTo anredpa BelleCTBEHHBIX MaTPHILL BUIA

a b c d

b a =d ¢
—c d a —b
—d =c¢ b a

u3oMopdHa anredpe KBaTepHUOHOB a + bi + ¢j + dk.
a+bi c+di

—c+di a— bi)
C JnefcTBUTeNBHBIMHU a, b, ¢, d u i = \/—1 uzomophHa anredpe
KBaTePHHOHOB a + bi 4 cj + dk.

1749. Haiitu Bce aBToMopdusmel (T. . usomopdHbie 0TOGpa-
KeHHsl Ha ce0si) 10/ KOMIIEKCHBIX YHCeJI, OCTABJSIONHE Heus-
MEHHBIMU JIeHCTBUTEJbHBIE UHCJIA.

1748. Jloxasathk, uTo ajarebpa MaTpull BUIa (

*1750. JloxkasaTb, uTO J1t060€ YHUCJIOBOE MMOJEe CONEPKHUT B Ka-
YyecTBe MOAIOJIS 10Jle PALUHOHAIbHBIX YHCEI.

*1751. JlokasaTb, UTO MpH J1060M H30MOP(HHU3ME UHUCJOBBIX T10-
Jiell TIOATI0Je pallhOHAJIBHBIX YHCeN 0TOOpaXKaeTcsl TOXKAECTBEHHO.
B uactHocTH, Tosie panMOHAJBbHBIX UHCEs OONYCKaeT JHIIb
TOXKJIECTBEHHOE H30MOp(hHOe oToOpakeHue B cebs.
*1752. JloxkasaTb, 4TO TOXKAECTBEHHOE 0TOOPaKeHHE SIBJISETCS
€IMHCTBEHHBIM H30MOP(HBIM 0TOOpa’KeHHEM TOJS NeHCTBUTEb-
HBIX 4YHCeJ B cebs.
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1753. Tlosb3ysich 3anaueit 1752, Ha#iTH Bce H30MOP(hHBIE OTOG-
paKeHHs MOJis KOMIIEKCHBIX 4uces B ceGsi, mepeBoisiiiye ek
CTBHUTEJIbHbIE UHCJIA CHOBA B JIEHCTBHUTEJbHBIE.

1754. JlokasaTb, 4TO MHHHMAaJbHOE IOJAIO0JE JIIOOOro IMOoJs
XapaKTePUCTHKH HY/JIb U30MOP(HO MOJI0 PALIUOHATBHBIX UHCEI.

1755. JlokasaTb, UTO MHHHMAaJbHOE IOAIO0JE JIOOOro IMOoJs
XapaKTePUCTHKH p H30MOPQHO MOJIO0 BEIUETOB M0 MOAYJIO P.

1756. Pewuth cucremy ypaBHeHUN
r+2z=1, y+2z=2, 20+ 2z =1

B 10J1€ BBIYETOB M0 MOAYJIIO 3 U MO MOAYJIO O.
1757. Pewutb cucteMy ypaBHeHUN

3r+y+2z=1, r+2y+3z =1, dr+3y+2z=1

B T10JIe BBIYETOB M0 MOAYJIO O H MO MOAYJIO 7.
1758. Haiitu HanboJblIui OOLHH OeJUTeNb MHOIOUYJEHOB

flz) =2 4+ 2% + 224 2, g@) =2 +2+1

a) Haz I0JIeM BBUETOB MO MOLYJMI0 3;
6) Haj MmoJeM PalMOHAIbHBIX UMCeI.

1759. Haiitn HauboJbluni 0OLUH OeJUTeNb MHOTOUYJIEHOB

f@) =52 +2>+52+1,  g(z)=52>+2lz+4

a) Haj MoJeM BbYETOB N0 MOLYMO 5 (IpH 9TOM KasKAblil KO-
5QHIMEHT @ Halo MOHUMATh KaK KPaTHOe ae eJUHHIL e
YKa3aHHOTO MO/ UM 3aMEeHHTb KOI((BULIHEHTh HX HaH-
MEHbIIHUMH HeOTpI/IuaTeJIbeIMI/I BblUeTaMHU I10 MOﬂyJHO 5),

6) Haj MoJeM PalMOHAJIbHBIX UHMCEI.

1760. Haiitu nanbosblini oOLWIUH OeJUTeJb MHOTOYJIEHOB
f@) =a'+1,  g@)=at+at1

HaJ MoJieM BLIUEeTOB 110 MOAYJI0: a) 3; 6) 5.
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*1761.

a) JlokasatTb, 4T0 eciid MHorouseHbl f(x) u g(x) ¢ uesbMu
KO3((HULHEHTAMH B3aHMHO TPOCTbl HAJ TOJIEM Z, Bblue-
TOB IO TPOCTOMY MOAYJIO p, TpHYeM XOTs OBl OAMH H3
CTapUX KO3(P(ULHUEHTOB He JeJUTCS Ha p, TO 3TH MHOTO-
uJIeHbl B3AUMHO MPOCTHI HaJ( [0JIEM PaLMOHAIbHBIX YHCE/.

6) [lokasaTb Ha mpuMepe, YTO AJIsl JIHOGOTO MPOCTOrO YHC/A
p 00paTHOE yTBep)KIeHHe HEBEPHO.

*1762. okasaTb, uTo MHOrO4seHbl f(x) U g(x) C UeJSBIMH KO-
5(QUIMEHTAMHU TOTAA ¥ TOJBKO TOTA B3AUMHO TIPOCTHL HAJ TI0JIEM
pAlMOHAJIBHBIX UKCEJ, KOTa OHH B3aUMHO MPOCTHI HAJ( TI0JIEM Bbi-
4eTOB M0 MOAYJIO p, TAe p — Ji060oe MPOCTOe UKE/IO0, MCKJoUast,
OBITb MOXKET, KOHEUHOE MHOXKECTBO TAKHX UYMCEJL.

1763. Muorounen z° + 22 + 22 + 1 pa3JOXUTb HA HENPHBO-
JIMMBble MHOXHTEJIH Hajl [0JIeM BBIUETOB MO MOLYJIIO 2.

1764. Muorounen 22 + 222 + 4z +1 pasoXUTb Ha HENPHBO-
JMMble MHOXKHTEJIH HaJ M0JIeM BHIYETOB M0 MOLYJIO 5.

1765. Muorounen z* + 23 + 24 2 pasNoXHUTb HAa HENPUBOLH-
Mble MHOXHTEJIH Hal M0JieM BBIYETOB M0 MOLYJIO 3.

1766. Muorounen x4+ 323 +222+x+4 pasnoXuTh Ha HENpHU-
BOIMMble MHOXKUTEJIH HA[ MOJIEM BBIYETOB [0 MOIYJIO 5.

1767. Pa3/10XXUTb Ha HENPUBOAMMBIE MHOXKHUTEJNH HaJ IM0JIEM
BBIUETOB 110 MOYJIIO,2 BCe MHOTOYJIEHbI BTOPOH CTEMeHH OT .

1768. Pa3ioxkuTh Ha HEMPUBOAUMbIE MHOXKHTEJNH Hal MOJEM
BBIUETOB 110 MOAYJII0 2 BCe MHOTOYJIEHBI TPETbEH CTENEHU OT .

1769. HaiitTu Bce MHOrO4JIeHBI BTOPOH CTENEHH OT & CO CTap-
UM Ko3(hduureHToM 1, HEMPUBOAUMBIE HAJ IOJIEM BLIYETOB I10
MOJYJII0 3.

1770. HaiitTn Bce MHOTOUJIEHBI TPETbEN CTEMEHHU OT X CO CTap-
muM KodduureHToM |, HEMPUBOOUMBIE HAJ TOJIEM BBIUETOB I10
MOJIYJTIO 3.

*1771. [okasaTb, YTO ecad MHOTOUJieH f(x) C LeJBIMH KO-
a(pULHeHTaMl NPUBOAUM Haj IOJieM PAlMOHAJbHBIX YHCE], TO
OH TIPUBOAMM Haj MOJIeM BbIYETOB IO JI0GOMY NPOCTOMY MOLY-
JIO p, He JeJsilieMy cTapliuii KoadduuueHt. IlpuBectu npumep
MHOTOUJIeHa, IPUBOAUMOrO HaJ MoJeM palMOHaJ/bHBIX YHCeJ, HO
HeNpUBOJUMOrO Haj I[0JieM BblYeTOB IO MOLYJ/I0 p, TAe p OeJNUT
cTaplui Ko3((OULHUEHT.
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*1772. JloxasaTb, 4To Jt00as KoHeuyHas noarpymnmna G MynbTH-
MJIMKaTUBHOM TpyNibl moJist P siBJsieTcsl UMKJAMUecKoi. Hanpumep,
MyJIbTHIVIMKATUBHAs TPyIINa NoJs Z, BbYETOB KOJbLa LesblX UH-
cesl Z 1O IPOCTOMY MOAYMIO p U rpynnsl G, KOpHEH n-# cTeneHu
u3 | ABaAIOTCA HMK/AMYecKUMHE (MocsienHee mpolle 0Kas3aTh C M0~
MOLIBIO 3alMCH KOPHEH B TPUTOHOMETPHUecKoi (popme).

*1773.! CymiecTByl0T MHOTOUJIEHEl C LeJBIMH KO3(hHIHeHTa-
MM, HENPUBOAMMBIE HAJ MOJIeM palHOHaJbHBIX UHCeJ, HO MPUBO-
JIUMble Haj ToJIeM BBIUETOB MO JI0OOMY MPOCTOMY MOAYJIIO P.

JlokasaTb, UTO TaKUM OyJIeT, Harpumep, MHorouseH f(z)=z1—
—1022+1. DTOT MHOrOYJIeH — MHOTOYJIeH HAUMEHbIIEH CTerneHu
C HeNbIMU KO(M(HIHEHTaMH, HMeIOIIMH KopeHb o = /2 + /3.

*1774. JoxkazaTb, 4TO €CJIM BCe€ 3JEeMeHTbl, KOMMYTaTHBHOTO
Kosbla R uMmeroT obWuil AennTesb @, TO 3TO KOJbLO 00/anaeT
eUHUIIEH.

1775. YkasaTb KOMMYTAaTHBHOE KOJIbLIO C €IMHHIEH, comep-
XKalee 37eMeHT a # 0 ¢ OTHUM U3 CJIeAYIOLIUX CBOHCTB:
a) a?=0;
6) IJs1 JaHHOTO LEJOro 4Yucaa n > 1 BbINOJNHEHb yCJIOBHS
a” =0, a" #0, ecin 0 < k < n.

1776. Tlyctp R — KOMMYTaTHBHOE KOJbLIO C equHHLEH €. [lo-
Kas3aTb, UTO:

a) 06paTHMbIH-3/eMeHT (T. e. JeJUTe/b eIMHHULIB) He MOXKET
ObITb JesuTeeM HYJS,

6) 00paTUMbIH 3/1EMEHT UMeeT eIMHCTBEHHBIH 00paTHBIN 3J1e-
MEHT;

B) €C/u §, € 0OPaTHMbI, TO @ AEJUTCS Ha b TOLAA H TOJNBKO
TOTHa, Koraa ad AeJUTCs Ha be;

) TrJaBHbIH Hjean (a) sjeMeHTa a U3 R TOra ¥ TOMBKO TOT/A
OTJIMYeH OT R, Korjga a HeoOpaTUM.

1777. Tlyctp R — KOMMYyTaTHMBHOE KOJbLO C €IMHHLEH e U
6e3 menutened Hyad. JlokasaTh, uTo:
a) 3JeMeHTHl a, b TOraa W TOJBKO TOTA aCCOLUUPOBAHbI, KO-
rla KaxK[Ibll U3 HUX JeJUTCS Ha APYroH;
6) raaBHble uaeadsl (a) W (b) TOrga U TOJBKO TOTAA COBMAA-
0T, KOTJia @ W b accouunpoBanbl (onpenesenue raBHOTO
Weasa naHo B 3amaue 1783).

131y sapauy yxasan asropy V. P. Illagapesuu.
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1778. Tlyctb R — KOMMYyTaTHBHOE KOJBLO C €AWHHULEN € H
R{z) — MHOXecTBO Bcex ()OpPMasNbHBIX CTEeNEeHHBIX pPsI0B
oo n R
Yoo ", oy € R.
BBenem oObIUHBIE ONEPALNH CAOHEHUA U YMHONCEHUS PAO08:

o0 o0 o0
S o™+ Bua = (an + )2,
n=0 n=0 n=0

(o) (o) (o] n
(Z oznx”) (Z 6n,x”') =3 ", e Yo=Y akfnk
n=0 n=0 n=0 k=0

ITokasatsb, yToO:

a) R(x) — KOMMYTaTHBHOE KOJIbLIO C eIHHUIIeH;

6) R(x) comepXHUT MOAKOJBLO, H30MOphHOE R;

B) ecau R He MMeeT JeJuTesel HyJs, TO 3TO BEPHO M IJs
R(x);

oo n

r) eciu R — moge, ToO Y mo Gp@™ TOTIA M TOJBKO TOTZA

OyneT oOpaTHMBIM 3J1eMeHTOM KoJbla R(z), korna ag #0.

*1779. Ilyctb R — MHOXKECTBO BCeX 4YMCes BUIA a + by/—3,
rae a U b — uesble pauuoHaibHble. [lokazats, utTo R — KOJbIO
C eIMHULIEH, B KOTOPOM PAasJI0’KeHHE Ha MPOCThble MHOXKHUTENH CY-
IeCTBYET, HO He OMHO3HAUHO. B UacTHOCTH, T0Ka3aThb, UTO B IBYX

PASNONKEHHAX 4 05 9 = (1 4 /—3)(1 — vV—3)

COMHOXKHUTEJIH SIBJISIIOTCS MPOCTHIMHU, MPUUEM 2 He acCOLHHPOBAHO
1++/-3.

*1780. [lokasaTb, UTO BCe KOHEUHbIe CYMMBl » . a; - "% C Aed-
CTBUTEJIbHBIMU @; U HEOTPULATEJbHBIMH ABOUYHO PallMOHAJbHBI-
MU' 7; OTHOCHUTEJbHO OOBIYHBIX ONEePalMi CI0XKEHNS U YMHOKEHHS
(pyHKIHH 00pas3yloT KOMMYTaTHBHOE KOJIBIO C €AWHHUIEH WU 6e3
JenuTesel Hyss, B KOTOPOM He CYIIECTBYET MPOCTHIX 3/JeMEHTOB.

1781. Bynyt qm cienyiomye MHOKECTBA TOATPYINAMU aiin-
THUBHOH T'DYMIBl, TOAKOJNbLUAMH WM HAeaJaMH yKa3aHHBIX HHXKe
KoJlell;

a) MHOXECTBO n.Z uucesl, KpaTHBIX YMCaAy 1 > 1, B KoJble

LeJBIX Uucesa Z;
6) MHOXKeCTBO Z LEJbIX YMCes B KOJble Z[z] Lenodncien-
HBIX MHOTOUJIEHOB,
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B) MHOXeCTBO n.Z[x] MHOTOUJIEHOB, KO3((MULKEHTBl KOTOPBIX
KpaTHBl YHCAY 1 > 1, B KoJIblie Z[x] Le0UHCAeHHBIX MHO-
rO4JIEHOB;

r) MHOXKecTBO N HATypasbHBIX YHCEJ B KOJIbLE LEJbIX UH-
ceq Z;

1) MHOXECTBO Z LEJIBIX YUCeJ B KOJble A LEJbIX rayCCOBBIX
ypceJ, T. €. Uces BUAA a+ bi ¢ UeJbIMH PallMOHaJbHBIMU
a, b;

e) MHOXecTBO B uuces a—+ bi, rie a = b, B KoJiblie A LENbIX
rayCCOBBIX UHCEJ;

k) MHOoxkecTBO C' uucen Buga x(1 + i) B Koaple A uesbix
rayCCcOBBIX UHCeJ, IJe x Mpoberaer Bce KOJbl0 A;

3) MHOXKECTBO Z[z]| 1eJOYUCIEHHBIX MHOTQUIEHOB B KOJbLIE
R[z] mHOrO4/IEHOB Haj MosieM R palyoHa bHBIX YHCE;

M) MHOXKeCTBO I MHOTOYJIEHOB, He COAEPKALIUX UJIEHOB C T
niisi Beex k < n, rae m > 1, B KoJble Z[z] LeJounCaeHHbIX
MHOTIOUJIEHOB;

K) MHOXeCTBO I MHOrOYJIEHOB ¢ YETHBIMH CBOOONHBIMH uJie-
HaMH B KoJiblle Z[x] LeJ0UHCIeHHbIX MHOTOU/IEHOB;

J) MHOXKeCTBO I MHOTOHYJIEHOB C YETHBIMH CTapILIMMH KO3(-
(uuHeHTaMH B KOsblle Z[x] LeJOYHC/JEHHBIX MHOroYJe-
HOB.

k

1782. Jloxaszark, uTO mepeceueHHe JI0OOro MHOXKECTBA Hjea-
JIOB KOMMYTaTHBHOTO KOJiblla R IBJIsIeTCS] HIeaJsoM.

1783. I'rasHoim udearom (a), NOPONCOEHHBIM INEMEHNOM A
Kommymamusroz2o Koavua R, Ha3biBaeTCs MUHUMAaJbHBIN Heal,
conepxKauuii a. JlokasaTb, 4YTo uieasn (a) CyliecTByeT mJs Ji060-
ro 3MeMeHTa a € R W COCTOUT U3 BCEX 3JEMEHTOB BHJA:

a) ra, roe r — J000H 3JeMeHT U3 R, ecaud R uMeet eMHULLY;

6) ra + na, Tne r — Ja0O60H dJeMeHT U3 R U n — Jw0boe

LeJIoe UHUCJI0, ecId R He HMeeT eIMHHUIIBL.

1784. Hoeanom (M), noposxdennoim muoxcecmeom M Kom-
Mymamusroeo Koivua R, Ha3biBaeTCsi MUHHMaJbHBIH Hleas, co-
nepxawuid M. Ecnin MHOKecTBO M COCTOUT U3 KOHEYHOTO YHUCJa
3JIEMEHTOB ay, . . ., as, To uaean (M) o6o3HauaeTCs TakKe yepes
(ai,...,as). Jdokasare, uto umean (M) cyliecTByeT mJsi 0600
HerycToro MHOKecTBa M € R U COCTOUT U3 BCEX KOHEUHBIX CYMM
BUJA:
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a) > ria;; vy € R, a; € M, eciu R WMeeT eUHHILLY;
6) d.ria; + Y. nsa; ri € Ry a; € M; n; — uesble uucaa,
ec/d R He MMeeT eJUHHUILbI.

*1785. Koavyom enrasHbvlx udeaso8 Has3biBaeTCss KOMMYTATHB-
HOe KOJIbLIO C eIUHHLEH 1 6e3 nenuTesNell Hyss, B KOTOPOM KaxX-
Ibli uaean — raasubii (em. sagauy 1783). JlokasaTk, 4TO KaxKo0e
U3 CJIeNYIOMNX KOJell SBJSeTCs KOJbLOM IVIaBHBIX HJeaJsoB:

a) KOJIbLO Z LENbIX YUCET,

6) KOJIbLO P[z] MHOTOYJIEHOB OT OJHOTO HEU3BECTHOTO X Hajl
noseMm P;

B) KOJbLO A LeNbIX TayCCOBBIX YHCEI.

1786. Cymmoi udeanros Iy, I3, ..., Iy kKommymamusHoeo
Koavya R HasbiBaeTCl MHOXKeCTBO I BCeX 3J€MEHTOB x U3 R,
NpeiCTaBUMbIX B BUJIE

T =T+ T2+ T
x; € I;; 1=1,2,... k.

[Muwyr I = I1 + 12+ - -+ . Ecin nas no6oro x u3 I ykasaHHoe
npelcTaBjieHne eIUHCTBEHHO, TO CyMMa [ HasblBaeTCsl npsmoll
cymmoti udeanos I;. B atom ciyuae numyt I = I +Io+4 - - 41p.
JlokasaTb, 4TO:
a) cyMMa J1060r0 KOHEUHOrO uMcjla HeasoB eCTh Hieal;
6) cymMMa ABYX MeaJoB TOLA M TOJIbKO TOrAa OyAeT MpsMOi
CYMMOH, KOT/Jia TIepeceueHne X COMEPXKHUT TOJbKO HYJb.

1787.JlokasaTb, uto ecau I = I;+I, — npsimas cymma ue-
anoB I, 12, To mpousBeneHue MOOOro 3jMeMeHTa U3 I Ha J1060H
3JIeMeHT U3 [y paBHO HYJIIO.

1788. Ilycts R = I} + Io — passoxkeHHe KOMMYTaTHBHOTO
Kosbpla R ¢ enuHMLEH e B MPSMyI0 CyMMY HEHYJEBBIX HeasoB
I, I>.

JlokasaTb, UTO ec/ii € = e1 + eg; e1 € I1; eq € Iy, TO eq, €3
O6ynyT eNMHULAMU COOTBETCTBEHHO B [1, Is, HO He B R.

1789. Ilokasatb, uto (akTOPKO/bLO Kosblia D[z] MHOTOUIE-
HOB C JIEUCTBUTEJNbHBIMU KO3 PHUIIMEHTAMHU 110 Uealy MHOro4Je-
HOB, Jessuxcs Ha 22 +1, H30MOP(HHO MOJII0 KOMIJIEKCHBIX YHCET
a + bi ¢ omepauMsIMM CIOXKEHHUS] U YMHOXKEHHS, OTpenesieMbIMU
M0 M3BECTHBIM M3 LIKOJIBI IIPaBUJIAM.
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1790. loxasatb, uto JM060e romoMop(hHOe 0TOoOpaKeHHe Mo-
a5 P B KosbLio R siBaisieTcsl UM M30MOP(HBIM OTOOpaXkeHHeM Ha
HEKOTOpOe ToJie, BXofslee B R Kak MoAKO/bLo (Tak HasbiBaeMoe
BJoKeHHe P B R), uau oToOpaxkeHHeM BCeX 3JIeMEeHTOB U3 P B
HyJb U3 R.

1791. Tlycte Z — KoJbLO LeJBIX Yucesa U R — j1000€e KoJib-
1o ¢ envHuUeH e. JlokazaTh, UTO oTOOpaxKeHHe , 1751 KOTOPOrO
p(n) = ne, ectb romomopdHoe otobpaxenue Z B R. Haiitu o6pas
©(Z) Koablia Z TpH 5TOM rOMOMOPQH3ME.

1792. Ilycte A — KOJIBLO LIeJIBIX TayCcCOBBIX yucel, I '— MHO-
’KeCTBO BCeX 4Mces a + b ¢ UeTHBIMH @ U b.

a) [lokasartb, uto I — ugean B A;

6) HalTH cMexHble Kaaccesl A mo I

B) B (aktopkosble A/l HaWTH HeJUTeNM HYJS U MOKa3aTh

3TuUM, 4to A/l He sIBJISIETCS MOJIEM.

1793. [okasatb, 4yTo hakTOPKOJbLUO A/I KoJbLa LeJbIX rayc-
COBBIX UHCeJ 10 TyaBHOMY Hpieany ] = (3) ecTb moJje U3 IeBSATH
3J1eMEeHTOB.

1794. Jlokasatb, uTo (hakTopkosbLo A/ Kosblia LebIX rayc-
COBBIX YMCeJI 10 TyIaBHOMY Hjeany I = (n) Toraa u TOJNbKO TOrAa
OyzeT moJsieM, KOTAa 1. = MPOCTOE YUCJO, HE PABHOE CyMMe IBYX
KBaJpaTOB LEJbIX YUCEJ.

1795. Ilyctb Plx,y] — KOJBLO MHOTOUJIEHOB OT JABYX HeH3-
BECTHBIX , Yy HaA noseM P, I — MHOXeCTBO BCEX MHOTOUJIEHOB
9TOro KoJsipia 6e3 cBobonHOro usena. JlokasaTb, uTo:

a) I'siBisieTcs WeanoM, HO He SIBJISIETCsl TVIaBHBIM HeajioM;

6). pakropkosblo Plz,y]/I usomopdHo nosio P.

1796. Ilyctb I = (z,2) — uieaJ, NOPOXKAEHHbIE MHOKECTBOM
U3 [IBYyX 2JIEMEHTOB & U 2, B KOJIbLE LEJOYHCIEHHBIX MHOTOUJIEHOB
Z|x]. lokasatb, uTo:
a) wunean I COCTOMT M3 BCEX MHOTOUJIEHOB C YETHBIMH CBO-
GOIHBIMH YJIeHaMHU;
6) upmeas I He SBJSIETCS [VIABHBIM,;
B) (aktopkonblo Z[x|/I u30MOP(HHO MO0 BHIUETOB 10 MO-
IyJio 2.

1797. Ilyctb (n) — upmeas, NOPOKAEHHBIH LEJIBIM UHCJIOM 1 >
> 1 B KOJblie LI€JOYHCIEHHBIX MHOrOUIeHOB Z[x]. Jlokasath, uTo
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daxtopkosbuo Z[z]/(n) usomopdHO Koably Z,[x] MHOrouIeHOB
Hal KOJIbLOM BBIUETOB [0 MOLYJIO 7.

1798. Ilycts R — KoOJbLO BCeX NEHCTBUTENBHBIX (DYHKLHH
f(x), ompeneneHHBIX Ha BCell YMCJOBOH NpPsSMOH MpPH OOBIUHBIX
OIepaLHUsX CI0KEeHHSI U YMHOXKEeHHUs], U ¢ — JeHCTBUTe/IbHOe YHC-
Jo. JlokasaTb, 4TO:

a) oroGpaxkenue ¢[f(x)] = f(c) ectb roMmoMopdHOe 0TOGpa-

JKeHHe Kosbla R Ha moJsie D NeHCTBUTENBHBIX YHUCE,;
6) AIpO roMoMOp(hH3Ma @, T. €. MHOXKECTBO I BCex 3JeMeHTOB
Kosiblia R, otobparkatomuxcs B yucjo 0, ecTb unean B R;
B) (hakTopKOJbLO R/I H30MOP(HO MOJIIO NACTBUTENbHBIX YH-
cea D.

1799. Ilycte Z, — nose BBIYETOB MO MPOCTOMY MOAYJIO P,
f(x) — MHOrouseH cTelneHH 1 U3 Kousblla Z,[x], HEIPUBOAUMBIN
Haz noJem Z, (43 Teopuu moJsiei U3BECTHO; UTO TAKOH MHOrOUJIEH
CYILECTBYET IJIst JII0OOr0 MPOCTOrO P U J1060r0 HATYPaSbHOrO 1),
I — rnaBHBIH Uaeas, NOPOXKIEHHBIH MHOrOYIeHOM f(x) B KOJbLe
Zp|z]. HDokasarb, uTo (haKTOPKOIBLO Zy[x]/I ecTb KOHEUHOE MOJIe,
M HAaHUTH YHCJIO €ro 3JI€MEHTOB,

§ 22. MOAYIM

Jlesvoim modyrem nad koavyom R HaspiBaeTcs abeseBa rpymnmna
M (06bIMHO C afIMTHBHOM 3aMKUChI0 OMEpalyK), /s 3JIEeMEHTOB
KOTOPOH OIlpeleseH0 YMHOXKEHHe Ha 3JeMeHTbl M3 R Tak, 4To
Aa € M pas mo6bx A € R, a € M, npuueM BbINOJHEHbI CleNy-
IOLIHe YCJIOBHS, aHaJOTHUHblEe CBOMCTBAM YMHOXEHHUS BEKTOpa Ha
YUCJI0 IS TMHEHHOTO MPOCTPAHCTBA:

D) X(a+Db) = Aa+Ab,  2) (A+p)a = Na+pa, 3)A(pa) = (Ap)a,

rne A\, pu € R, a,be M.
Ecnu, kpome Toro, Kosbo R obnafaet equHULEH € U

d)ea=a, a€ M,

TO M Ha3BIBAETCS YHUMAPHOLIM Aesblm modysem Had R.

TToomodyrem nesoco modyss M wad Korvyom R HaspiBaeTcs
noarpynna A rpynnsl M, 1js KOTopoi Aa € A 1Jis Mo0bIX A € R,
a € A.
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Orob6paxenue ¢ jeBoro monynsi M Ha JjeBbiit Mopyib M’ Han
ONHMM M TeM »Ke KOJbLOM R HasblBaeTcsi TOMOMOP(HbLIM, €C/H
pla+b) = pa+ b, p(Aa) = Apa nast mobsx a, b € M, A € R.

BsaumHo ogHO3HaYHOE ¥ rOMOMOpP(HOE 0TOGpaXKEHHE MOMYJIs
M na monynb M’ (Hag TeM Ke KOJIbLOM) HasblBaeTCsl USOMOPG-
nown (nnu usomopusmom), a monynu M u M’ naspiBaroTCs 130-
MOpPHOIMUL.

Daxmopmodyrem M/A sesoeo modysrs M nad korvyom R
no noomooysto A HaspiBaetcsi pakroprpynmna M /A ¢ ectecTBeH-
HBIM YMHOXEHHEM Ha 3JieMeHThl KoJblia R: A(x + A). =Mz + A.

Iopsokom O(a) (wn annysrsmopom Ann(a)) aremenma a
ne80e0 moodyarsa M Had kosvyom R Ha3biBaeTCss MHOXKECTBO BCEX
a/ieMeHTOB A € R, ngs kotopblx Aa = 0. Ecsn mopsinok anemenTa
@ COMEPXKHUT TOJIBKO HYJIb KOJIblla R, TO a Ha3klBaeTCst cB0600HLLM
anemenmom (wau anemenmom nopsidxka Hyiv). B mpoTuBHOM cary-
yae a HasblBaeTcs nepuoduueckum aremernmom (U ssemenmom
HeHYyAe8020 NopsoKa).

AHaJIoTHUHO ompenensoTCs NpaBbie MOAyAH M Hal KOJbLOM
R ¢ ymHOXeHueM a\ € M, a € M, \ € R, u cBsi3aHHbIe C HUMHU
MOHSITHS.

Ecnn B crenylouux 3agadax TOBOPUTCS MPOCTO 0 Mopyse M
HaJ KoJbLoM R, To-M paccMaTprBaeTcs AJis ONpeeseHHOCTH KaK
JIeBBIH MOAY/b Haf R, XOTS COOTBETCTBYIOILHME CBOMCTBA BEPHBI
Takxke W JJis. [IpaBoro mMonyJs Han R.

JL71s1 ynpoleHnst HEKOTOPbIe 3a1a4u (POPMYIHPOBAHEI /IS CJIY-
4asi KOMMYTaTHBHOTO KOJ1blla, XOTSl OHH MOTYT ObITb 0600111eHbl Ha
MOIY/IH HaJl HEKOMMYTAaTHBHBIMHM KOJIbLLAMH.

1800. IIpuBectu npumepsl Mopyist M Hap xoJblLoMm R, rie
cywecTBYIOT A # 0 u3 R 1 a # 0 us M, npuuem Aa = 0.

1801. IIposeputs, uto J106as abenesa rpynma G (¢ apau-
THBHOI 3aIUCBI0 OIEpalK) SIBJSETCS MOAYJEM Hal KOJbLOM Z
LeJIBIX YHCelI.

1802. JleBniit Monynb M Hap KoJabLOM R Ha3blBaeTCs mpusu-
asvHbim, ecad Aa = 0 14 06X A € R, a € M. Jlokasarb, 4To
JeBeld Monysab M Hapm KoJbLOM IR ¢ eIMHHUUEH € pasJjaraercs B
npamyro cymmy nogmopynei: M = M + My, rne M, yHUTapeH, a
My tpuBHaseH, npuueM My CONEPXKUT BCe 3JeMeHTHl a € M, 1,4
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KOTOPBIX €a = a, 1 My — Bce 3JeMeHTH a € M, 75 KOTOPBIX
ea = 0.

1803. IIpoBeputs, uto:

a) ecqM KOMMYyTaTHBHOE KOJIbLO R paccMaTpuBaTh Kak Jie-
BBI MOIYJIb HaJ CaMHUM COOOMH, TO TOAMOLYJIH ITOTO MO-
IyJIsl COBMANAIOT C HAeanaMy Kogela R;

6) ec/JH HEKOMMYTaTHBHOE KOJIbL0 R paccMaTpUBaTh KakK Je-
Bbiil (MpaBbIi) MOAy/Jb Hal caMHM COGOH, TO MOAMOMLYJH
3TOrO MOIYJS COBNANAIOT C JIEBbIMH (IIPABbIMK) HUEANAMH
KoJsbla RR.

*1804. [loxkazatb, 4YTO NPUMapHYIO 10 NIPOCTOMY YHUCAY p abe-
nesy rpynny G (sanaua 1695) MOXHO paccMaTpUBaTh KaK yHUTap-
HBIA MOJYJIb HaJ KOJIbLOM R pallMOHAJIbHBIX YUCeJs, 3HaMeHaTesln
KOTOPBIX He JeJATCS Ha P.

1805. [{ukauueckum noomoodyrem, nOPONOEHHbIM INeMeH-
mom a nesoeo modyas M Had Koavuom R, HasbiBaeTCss MHUHH-
MaJbHBIE moaMonynb {a}, comepxautu# a. Jlokasatb, 4To mJIst
Jm060ro @ € M uukjAnueckui moaMonynb {a} CyLIeCTBYeT U CO-
CTOUT U3 BCeX 3J1eMeHTOB MOAYJst M, UMEIOIUX BUI:

a) Aa, roe A\ € R, ecau M — YHUTApHBIA MOLY/b;

6) Aa-+na, roe A € Ru n — 1eoe 4yucao, ecad M — 10604

MOZLYJIb.

1806. [loxaszaTh, 4TO n-MepHOe JMHEHHOE MPOCTPAHCTBO Ha,
nosiem P siBaisietesi (Ipy TeX ke onepalysix) yHUTapHBIM MOLYJIeM
Han P, mpuueM-3TOT MOAY/b pa3Jjaraercs B MPSMYI0 CyMMY 7
LUKJIHUECKUX TIOAMOIYeH.

1807. Ilycts M — yHHTapHBIH MOAYJIb HaJ KOMMYTaTHBHBIM
KoJiblioM R ¢ epunuued e, {a} u {b} — UHKJIHUECKHE MOIYJIH,
O(a) n O(b) — MOPSIAKKA COOTBETCTBEHHO a U b.

a) JIokasatb, uto ecau {a} = {b}, 10 O(a) = O(b);

6) nokasaTh Ha mpumepe, uto ycaosusi O(a) = O(b) Hemo-

craTouHo aJsi paBeHctBa {a} = {b};

B) 10Ka3aTh, 4TO JJsisi paBeHcTBa {a} = {b} HeoGXomumo H
JOCTAaTOYHO, YTOOBl OBIIO b = «a, a = (b, Tne «, [ —
HEKOTOpbIe 3JIeMEHTHI U3 R;

r) JoKasaTh, 4TO AJs1 paBeHcTBa {a} = {b} Heo6xomUMO H
JOCTATOYHO BBIMOJIHEHHUSI YCJIOBUH: b = «a, THe aw € R #
o6parum no monyiio O(a), T. e. cMexKHbIH Kaace o+ O(a)
ecTb 06paTUMBbIH aseMeHT (aktopkosbua R/O(a).
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*1808. JlokazaTh, uTO BCSIKHE MOAMOAYJIb A LHKJIHYECKOTO
monynsi M = {a} Ham KosbllOM TJIaBHHIX uaeanoB R cam Gymer
LHUKJIHYEeCKHM.
1809. Ilyctp R — MHOKeCTBO BceX OeCKOHEYHBIX MOC/Ie10Ba-
TeJIbHOCTEH LeJbX Ynucesa @ = (ag, dg, . ..) CO CI0XKEHHEM M YMHO-
JKeHHeM Mo KoMmroHeHTaM. [IpoBepuTsb, 4To R — KOMMYTaTHBHOE
KOJIbLIO C eIUHHULEH, T. €. LIUKJIUYECKHH MOLY/b Hall CAMHUM COOOH.
Hatitu B 3TOM Mony/ie NOAMOLY/b, He HMEIOIHUH KOHEYHOH CHCTE-
MBI 06pa3yoLIKUX. DTO MOKA3BIBAET, UTO MOAMOIY/b IUKJIUIECKOTO
MOJYJISi MOXKET He ObITb LIMKJIUYECKHUM, a MOIMOAYJIb KOHEYHOTIO-
POXKAEHHOTO MOAYJSE MOXKET He ObITb KOHEUHOMOPOXKAEHHBIM.
1810. Tlycts M — mopysb Hajl KOMMYTaTHBHBIM KOJIbLIOM RR.
a) JlokasaTh, 4To ecu R He UMeeT feJuTesel HYJI5l, TO MHO-
xKecTBo A D M Bcex NepUOAHYECKHX 3J1EMEHTOB SBJISETCS
noaMonyseM Monyas M;

6) moKasaThb Ha MPUMepax, 4To JJIsi Kosiblia R C JeJUTeNs MU
HyJIsl IpelbIAylee YTBePKAeHHE MOXKeT OBITb HEBEPHO.

*1811. Ilycts M — wMopynb HajA KOJBLOM IJIaBHBIX H€aJOB
R, a u b — nepuopuyeckue sjemMenTsl M nopsakos O(a) = (),
O(b) = (B), § — naubosbiuu# o6wnit geauresb o u 3. Jlokasars,
4TO JIEMEHT a + b — Takxke nepuopuueckuil nopsinka O(a +b) =
= (), npuyem: a) v geaut aB3/§; 6) v kpaTHO (3/52.

*1812. Monyns M Ha3bBaeTCs MEPUOAUYECKHM, €CJIH BCE €ro
3JIEMEHTHBI SIBJAIOTCS neproarueckuMu. Monynb M Hax KOJbLOM
TJIaBHBIX W1€3/10B R Ha3bIBAETCS APUMAPHbIM, €CIH TIOPSIKH BCEX
3JIeMeHTOB U3 M Kak ujeasbl B R MOPOXKAAIOTCS CTENeHsIMH Ofl-
HOTO W TOTO Ke TpocToro sjementa p u3z R. Monynb M Hasbl-
BaeTcsl apamoli cymmoti cucmemo. (He 0083aTeJbHO KOHEUHOMH)
CBOMX mnoamMonyned M;, ecin KaxKAbld HEHYJE€BOH 3JeMeHT M3
M omHO3HAUHO TMPEACTABJSETCS B BHAE CyMMbl KOHEYHOTO HHC-
Jla HeHYJIEBBIX 3JIEeMEHTOB, B3SIThIX MO OJHOMY H3 HEKOTOpPHIX M;.
JlokazaTb, 4To /11060 MeproaudecKuid Moayiab M Haa KOJbLOM
TJIaBHBIX HjeasoB R pasjaraercsi B NMpsiMyl0 CyMMY TPUMapHBIX
noAMOLYJIeH.

*1813. Ilycte M — moay/ab Han koJblioM R. JlokasaTb Teo-
peMmy: mjs Toro uto6nl B M J10060# MOAMOLY/Nb MMeJ KOHEUHOE
qyucso 06pasyommx, He0OX0ANMO U I0CTaTOYHO, UTOOk B M ypo-
BJIETBOPSIJIOCH YCJ0BHE MAaKCHMAJbHOCTH /151 MOAMOAYJEH: obast



Jlonoanenue 293

BO3pacTaollas Moc/e10BaTebHOCTb noaMonyiel (He o6si3atelib-
HO pasauuHbix) My C My C ... cTabM/IHM3UPYeTCs HAa KOHEYHOM
ware. B yacTHOCTH, 3TO BepHO AJis1 MAeasoB KoJblia R, ecnn ero
paccMaTpuBaTh KakK MOAYJ/b Hal CaMHUM COOOM.

1814. Jlokasatb, uto ecau {a} u {b} — yHHUTapHBIe LUHKJINHYE-
CKHe MOLYJIH Haj OLHUM W TeM ke KOJbLOM R, MpuueM MOopsiIKu
a u b cBazanbl BrJouenneM O(a) C O(b), TO CylIecTByeT rOMO-=
mopHoe orobpaxenue {a} Ha {b}.

1815. Ilycte M = {a} — yHHTapHbIH LUKJIHUECKHH MOAY/b
HaJl KOMMYTaTHBHBIM KOJIbLOM R ¢ emunuiedt €. JlokaszaTs, uTo:

a) nopsinok O(a) aJeMeHTa a ecTh uuean B R;

6) ¢akropkosblo R/O(a), paccMaTpruBaeMoe Kak MOLYJb HaJ

R ¢ ecTeCTBEHHBIM YMHOXKEHHUEM, OIPEIeIEHHBIM YMHOXKE-
HueM B R, nzomopdHo mompysnio M.

1816. Ilyctb M = A + B — pasnoxeHnue monynas M Han
KOJIbLIOM R B mpsimylo cymmy noamonyied A u B. Jlokasatb, 4To
¢axropmonyib M/A usomopdeH, kak Moay.b Han R, moxpynwo B.

1817. Monynb M HasbiBaetcsi pacuiuperuem mooyas A npu
nomouju mooyss B, ecan A — noamonyib M ¥ (hakTOpMOLYyJib
M/A wusomopden B (M, A,’ B — MOLy/I Haj ONHUM W TeM XKe
KoJbloM R). JloKasaTk; UTO pacuiMpeHue KOHEUHOMOPOXKAEHHOTO
MOJYJIsI TIPH TTOMOII KOHEYHOTIOPOXK IEHHOT'0 €CTh KOHEYHOMOPOXK-
JIeHHBIA MOJYJIb.

1818. Jlokasatb, uTo eciu B MomyJe M BBIIOJHEHO YCJIO-
BHE MaKCUMAaJbHOCTH /s noaMonysed (cM. samauy 1813), To 3to
yCJIOBHE BBIMOJIHEHO B (hakTopmonyse M /A monyast M o nobomy
noaMonyJo A.

*1819. Ilycte A, B — nogmonynu monynst M Han KoJbLoMm R.
JokasaTb caenyioulyio TeopeMy 06 U30oMOphH3MeE:

(A+ B)/A= B/(AN B).

*1820. Ilycte M — yHHTapHBIH MOLY/Jb C KOHEUHBIM UHCJIOM
00pasyolux &1, T2, ..., Tn HAA KOMMYTaTHBHBIM KOJbLOM R C
ennHuLeH. Jlokasath, UTO eC/M ycJoBHE MAKCHMAJ/bHOCTH BBINOJ-
HeHO I MJeaJsioB B KoJiblie [, TO OHO BBINOJHEHO W /IS TTOAMO-
nyneii B monysie M (3Ty Teopemy MOXKHO 060GIIMTL HA HEKOMMY-
TaTHBHbIE KOJbLA C YCJOBHEM MaKCHMaJbHOCTH /ISl JIEBBIX HJIH
NPABbIX MEAJI0B).
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§ 23. IMHEMHBIE MPOCTPAHCTBA M NIMHEMHBIE
NPEOBPA3OBAHMS (JOBABNEHMS K §§ 10,
16-19)

1821. JloxaszaTb, YTO J/I51 BHIIIOJIHEHHSI PABEHCTBA o + [y =
= fx +ay, rie «, 3 — 4ucaa u &, Yy — BEKTOPbl, HEOOXOAUMO H
JIOCTATOUHO, YTOOBI OBLJIO WIH v = 3, UJIH T = Y.
*1822.
a) He mosib3ysick KOMMyTaTHUBHOCTBIO CJIOKEHHSI BEKTOPOB,
JI0Ka3aTh, UTO TpaBble MPOTHBONOJIOXKHBIA U HYJIEBOH 3Jie-
MeHTBl OYAYT U JIEBBIMU;
6) MoJb3ysCh MYHKTOM a), 10Ka3aTh, YTO KOMMYTaTUBHOCTb
CJIO’KEHHS! BEKTOPOB BBITEKAET M3 OCTAJbHBIX aKCHOM JIH-
HEeHHOro NpOCTPAHCTBA.

1823. [lyctb D — moJie neHCTBUTEIbHBIX Yuces # V. — MHO-
JKeCTBO BceX (DYHKLHMH, 3aJaHHBIX ¥ TPUHUMAIOLIUX MOJ0KHUTEb-
Hble 3HAaueHHsi Ha cermeHte [a,b]. OnpemesuM Cl0XKeHHE IBYX
(OYHKUMH U YMHOXKeHHe (PYHKIUHM Ha YHUCJIO PaBeHCTBAMH

fog=Trg, a® f=f, f,geV, a€cD.

a) TlpoBepuThb, YTO MpH yKa3aHHbIX ornepaiusx V sBisercs
JIMHeHHBIM NIPOCTPAHCTBOM Haj noseM D;

6) 10Ka3aTb, 4TO MPOCTPAHCTBO V H30MOP(HHO NPOCTPAHCTBY
V' BeexX MefCTBUTEIbHBIX (PYHKLMI, 3a1aHHBIX Ha CerMeH-
te [a,b], npy OOBIYHBIX OMepaLusix CA0KEHHsT HYHKUHH U
YMHOXK€HHUSI (DYHKIIMHM Ha JeHCTBUTEIbHOE YHCJIO;

B) 'HaliTH pasMepHOCTb MpocTpaHcTBa V.

1824. JloxazaTb JMHEHHYIO HEe3aBUCUMOCTb CHCTeMbl (DyHK-
mui eM, ., eM® rae A, ..., A\, — TMONApHO pa3JHUHble
JNIeHCTBUTEJJbHbBIE YHCA.

*1825. JlokazaTb JIMHEHHYI0 HE3aBUCHMOCTb CHUCTEMbl (PYHK-
uui ', ..., %, roe oy, ..., &, — TONAPHO pas3NUyHble Aei-
CTBHUTEJbHbIE UNCJA.

*1826. JloxazaTb NHHEHHYIO HE3aBUCHMOCTb CUCTEM (DYHKIHH:

a) sinz, cosz;

6) 1, sinx, cosz;

B) sinz, sin2z, ..., sinnz;
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r) 1, coszx, cos2x, ..., COSNT;
n) 1, cosz, sinzx, cos2x, sin 2z, ..., cosnz, Sinn.

*1827. JloxasaTb NHHEHHYIO HE3aBUCHMOCTb cUCTeM (DYHKIUH:

a) 1,sinz, sin’z, ..., sin";

6) 1, cosx, cosx, ..., cos™x.

1828. JloxasaTb JHHEHHYIO 3aBUCUMOCTb CUCTEM (DYyHKLHMI:
a) 1,sinz, cosz, sin®x, cos?z, ..., sin"x, cos™ x npun > 2;

6) sinz, cosz, sin® x, cos?x, ..., sin"x, cos" x npu .= 4.

*1829. TlpoBepuTh, 4TO BCe OAHOPOAHBIE MHOTOUJIEHBI CTENEHH
k oT n HeW3BeCTHBIX X1, X2, ..., Tp C NEHCTBUTEJBHBIMU KO3(-
¢puurentamu (Mu ¢ Ko3(hPULMEHTaMH U3 JHOGOrO. M0JIS) BMeCTe
C HyJIeM NPHU 0ObIYHBIX ONepaLHrsiX 00pa3yloT JHHeHHOe POCTpaH-
CTBO, U HalTH €ro pasMepHOCTb.

*1830. [IpoBepuThb, UTO BCe MHOTOUJIEHbl CTeneHU < Kk OT n
HEU3BEeCTHBIX T1, X2, ..., Ty C JACHCTBUTEJNBHBIMH KO3(DpULHUEH-
Tamu (uu ¢ KO3 PUIHEHTAMH U3 IGO0 NOMs) BMECTE C HYyJIeM
npy OObIYHBIX ONlepauusax 00pasyloT JHHeHHOe IPOCTPaHCTBO, U
HalTH ero pasMepHOCTb.

1831. Ilycts V' — nuHelHOe MpOCTPaHCTBO BCEX MHOTOYJe-
HOB OT & CTeNeHH < n, M > 1, ¢ 1eHCTBUTENbHBIMM KO3(DPHULIHU-
eHTaMH.

a) JlokasaTb, YTo MHOMKecTBO L BCeX MHOroOuJieHOB U3 V,
UMEOLUX NAaHHBIA JeHCTBUTEJbHBIH KOPEHb C, SIBJISIETCS
noanpocTpaHcTBoM V;

6) HaliTu pasmepHocTb L;

B) 10 xke i MHOkecTBa Ly, 1 < k < n, Bcex MHOrO4JIEHOB
3 V, UMeoluX k pasJUUHBIX NeHCTBUTEIbHBIX KOpPHEH
c1, ..., c (6e3 ydyeta ux KpaTHOCTH);

r) sBJSETCS JM MOANPOCTPAaHCTBOM MHOXKecTBO L’ Bcex MHO-
rousieHoB U3 V', UMeILUX MPOCTOH NelfCTBUTE/bHBIH KO-
peHb c?

*1832. JloxasaTb TeopeMy: Jis TOrO UTOOB! Be JIMHEHHO He3a-
BHUCHMbIE CHCTEMBI C OIMHAKOBBIM YMCJIOM BEKTOPOB

Ti,..., Th, (1)
Yis- - Yg (2)
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n-MepHOro mpocTpaHcTBa V,, OblIH 9KBUBAJEHTHbI (HJH MOPOXK-
Jlali ONHO U TO e MOANPOCTPAHCTBO), HEOOXOMAMMO H N10CTATOY-
HO, 4TOOBI B J11060M 0a3nce COOTBETCTBYIOLME APYT APYTY MHHO-
pbl MaTpull A ¥ B 13 KOODAHHATHBIX CTPOK BEKTOPOB 3THX CHUCTEM
OblJIM IPONOPLUOHAJbHBI.

1833. MoxasaTb, uTo J1000€ NOANPOCTpaHCTBO L n-MepHOro
JIMHEHHOro npocTpaHcTBa V,, siBaseTcs 00/1aCTbi0 3Ha4YeHUH HeKO-
TOPOT0 JIMHEHHOr0 NIpeoOpa3oBaHHUsl ¢.

1834. Jloxazatb, 4TO J060€ MOANPOCTPaHCTBO L n-MepHOro
JIMHEHHOTO MpocTpaHcTBa V,, SBJASETCA SAAPOM HEKOTOPOTO JIH-
HeHHOro Npeobpa3oBaHus .

1835. JlokaszaTh, UTO eCJid JJIs1 KaXKJIOr0 U3 MOMapHO pasJinu-
HBIX COOCTBEHHBIX 3HaYeHUH A1, Ag, ..., Ay JUHEeHHOro npeobpa-
30BaHUSA ¢ B3SITb JIMHEHHO HE3aBUCHMYIO CHCTEMY COOCTBEHHBIX
BEKTOPOB, TO CUCTeMa, COepKalllasi Bce B3STble BEKTOPbI, JHHeMH-
HO He3aBHCHMA.

*1836. Ilyctb V' — neficTBUTe/bHOE JHHEHHOE NPOCTPAHCTBO
(Msm MHEHOEe NPOCTPAHCTBO HAL TIoJieM P, XapaKTepUCTHKA KO-
TOpPOro OT/MYHa OT ABYX) UV = L + M — pas/oxeHHe Npo-
cTpaHcTBa V' B mpsaMylo cymmy noxpnpoctpaHcts L u M. Torna
JI000H BEKTOP € OLHO3HAYHO NPelCTaB/seTCs B BUIE

T =Y+ z; ye L, ze M.

JluneiiHoe npeoGpa3oBaHue ¢, ONpelesieHHOe YCJIOBUEM O = Y,
HasblBaeTcst npoexmuposanuem npocmparcmsea V wna L napaa-
aeaono- M . Tlo 3anade 1538 mpoeKTHPOBaHHS COBMALAIOT C HAEM-
MOTEHTHBIMHU NPeoOpa3oBaHUAMH, T. €. C JUHEHHBIMU Npeobpaso-
BaHUAMM, 00/IaJalOUIHMK CBOHCTBOM 2 = (. [lo/b3ysich 3THM,
JI0Ka3aTb yTBEPXKAEHUS:
a) ecsu ¢ — npoekTHpoBaHde Ha L mapasienbHo M u & —
TOXKAECTBEHHOE Npeo0pasoBaHue, TO € — ¢ — MPOEKTHPO-
BaHue Ha M mnapajnenvHo L;
6) Jlis TOro 4tobbl CyMMa ¢ = @1 + 3 JBYX TMPOEKTHPO-
BaHU# 1 U g OblIa MPOEKTHPOBAHHEM, HEOOXOAMMO H
NOCTATOYHO BBIMOJIHEHHE YCJIOBHS

P12 = P2p1 = w, (1)
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e w — HyJleBoe I1peoOpa3oBaHue; eC/ld 1 U pa — COOT-
BETCTBEHHO NPOEKTHPOBaHUS Ha L napannenbHo M u
ua Ly napannensno Mo, npuueM BbinosHeHo ycaosue (1),
TO ¢ = @1 + 2 — npoekTHpoBanue Ha L = Ly + Ly na-
pannensHo M = M| N M;

B) JJIi TOTO 4TOOBI Pa3HOCTb (© = (1 — P2 ABYX MPOEKTH-
POBaHHUH (1 U o Oblla MPOEKTHPOBAHHEM, HEOOXOOUMO U
JOCTATOUHO BbIIIOJIHEHHE YCJIOBHS

P1p2 = P2p1 = P2; (2)

€C/IH (1 M Py — MIPOEKTHPOBAHMS, OTIpelesieHHble B MyHK-
Te 6), IpUYEM BhINOJHEHO ycaoBHe (2), T0p = o1 — g —
npoektuposanue Ha L = L; N My napanneasHo M =
= M, + Lo;

r) 1Js TOro 4YTOOBI TPOM3BENEHHE ¢ = Q1P ABYX MPOEK-
THPOBAHHH (1 U 2 ObLIO MPOEKTHPOBAHHEM, JOCTATOUHO
BBITIOJIHEHHE YCJIOBHS

Prp2 = P2101; (3)

eC/IM 1 U (3 — IPOEKTHPOBAHHS, OTIpeieJeHHbIe B My HK-
Te 6), IpuYeM BbINOJHEHO ycaoBue (3), To ¢ = @iy —
npoektupoBaue Ha L = L; N Ly napannensHo M =
= M+ M, (3necs cymma He obsizatenbHo npsimast). [lo-
Ka3aTh Ha mpuMepe, 4To ycsosue (3) He sBAsETCH HEOOXO-
JMMBIM 1J1s1 TOTO, YTOObl NPOM3BeJeHHE NPOEKTHPOBAHHH
(1 M Pz OBLIO MPOEKTHPOBAHUEM.

*1837. JlokasaTb, UTO ecJiu JJisi Tpeobpa3oBaHusl ¢ eBKJHUI0Ba
npoctpaHcTBa V' B cebs CyIIECTBYET CONMpsizKEHHOe TpeoOpasoBa-
HUe ©*, T. e. mpeoGpa3oBanue, 06Janaiiee CBOACTBOM (&, y) =
= (x,py) s JOOLIX BEKTOPOB &, Yy U3 V, TO ¢ U ©* nuHed-
Hbl. B yacTHoCTH, cUMMeTpUUYecKoe H KOCOCHMMETpPHUECKoe Ipe-
00pa3oBaHUsl MOXKHO OMNPENeNHUTb COOTBETCTBEHHO PaBEHCTBAMH
(px,y) = (x,0y) u (pz,y) = —(x, py) 6e3 TpeGoBaHHSs JHHEH-
HOCTH.

1838. Haiitn paccrosinue Mexny AByMs MJ0OCKOCTAMH Pj:
x = ag + tia; + teas u Po: x® = by + t1b1 + tobe,
e ag = (2,1,0,1), a; = (1,1,1,1), as = (1,0,0,1),
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b = (1,—-1,-1,0), by = (1,1,0,—1), bo = (1,1,2,3) u koop-
[MHATHl BEKTOPOB [aHbl B OPTOHOPMHPOBAHHOM Oasuce.

1839. [urvbepmosuim npocmparcmeom Ha3bIBA€TCsI MHOXKe-
ctB0 V' BceX 0GeCKOHEUHBIX MOCJeI0BATEbHOCTEN JeHCTBUTENb-
HbIX unces € = (ay, as, ... ), A KOTOPBIX CXOMHUTCS Psijl U3 KBaj-
patoB Y .- a?. Takue Moc/ef0BATEIbHOCTH HA3bIBAIOTCS BEKMO-
pamu (v mouxamu) mpoctpancta V. CjloKeHHe BEKTOPOB,
YMHO2KE€HHE BEKTOpa Ha YHUCJAO0 U CKaJFgpHOE YMHOXKEHHE BEK-
TOPOB OMpeessoTcs 00bIUHbIM 00pasoM. KMeHHo, ecin & =
= (a1,a2,...) n y = (by,ba,...) — BEKTOPHl U ¢ — YUCIO, TO

Tty = (a1+b1,a2—|—b2,...), cxr = (cal,cag,...), (w,y) = Zaﬂ),
i=1

JloxasaTb, 4TO:

a) V aBasietcsi 6eCKOHEUHOMEPHBIM eBKJIMIOBbIM POCTPaH-
CTBOM,;

6) ecan L* — opToroHa/jbHOe JOTIONHEHHE K MOANPOCTPaH-
ctBy L us V (sanaua 1364), 1o pasenctso V = L + L*
BEpHO 1151 KOHEeUHOMepHoro Lj;

B) 1OKas3aTh Ha MpuMepax, uTo paBeHctBa V. = L + L* u
(L*)* = L (cm. 3apaun 1364, 1365) MoryT 6bITh HeBepHbI
17151 6eCKOHEYHOMEPHBIX MOAMPOCTPAHCTB U3 V.

1840. Ilycts V,; = Ly + Lo — pasjokKeHHEe n-MEPHOTO €B-

KJWJ0Ba MPOCTPAHCTBA B MPSMYI0 CyMMY ABYX IMOANPOCTPAHCTB,

T u L3 — opToroHajbHble IOMOJHEHHS, COOTBETCTBEHHO Lp U
Ly, ¢ — orpaxenue V,, B L napannenbHo Ly. JlokasaTb, 4TO
npeobpa3oBaHue ¢*, CONMpsKEHHOE ¢, ABJSETCS OTpaKeHueM V,,
B L} mapaniensHo Lj.

1841. HaiiTu Bce usomerpuueckue (MM OPTOrOHa/NbHbIE) TTPe-
00pa3oBaHMs, COXPAHSIOUIME Ha MeCTe HYJeBOH BEKTOp: a) Ha
MJIOCKOCTH; 6) B TPEXMEPHOM MPOCTPAHCTBE.

*1842. Hatity reoMeTpUyecKHi CMBICJ JTHHEHHOTO Tpeodpaso-
BaHHUS ¢ TPEXMEPHOTO €BKJNI0BA MPOCTPAHCTBA, 3aIaHHOTO B Op-
TOHOPMHUPOBAaHHOM 6a3uce e, es, €3 MaTpHULeH

3 1 V6
4 4 4
— 1 3 _ V6
A 4 4 4
_V6 6 1
4 4 2
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*1843. BbisicHUTb reoMeTPUYECKHH CMbICJ KOCOCHUMMeTpHue-
CKOTro npeo6pa3oBaHus (¢ €BKJAMA0BA NPOCTPAHCTBA AJS CAyuaes:
a) mpsiMoi; 6) MIOCKOCTH; B) TPeXMepHOro npocrpancrsa. [loka-
3aTh, UTO B TPEXMEPHOM MPOCTPAHCTBE ¢ CBOAUTCS K BEKTOPHOMY
YMHOXKEHHIO BCeX BEKTOPOB CJ/leBa Ha OIMH U TOT K€ BEKTOp a,
T. €. 9T = a X .

*1844. lokasaTb yTBepxKJeHHe: AJS TOro uToObl JIMHEHHOE
npeoGpasoBaHue ( eBKJINI0BA PocTpaHcTBa (He 00si3aTesbHO KO-
HEYHOMEPHOTr0) OblJI0 KOCOCHMMETPHUYECKHM, HEOOXOAMUMO H- 10-
CTATOYHO, UTOOB OHO MEPeBOIUJIO KaXK[blil BEKTOp B BEKTOD, Op-
TOTOHAJIbHBIH C HHM.

§ 24. NIMHEMHBIE, BUIMHEMHBIE U KBAZIPATHYHbIE
®YHKLIMM U dOPMbI (IOBABJIEHME K § 15)

*1845. JlokaszaTb, uTo AJs M10601 HEHY/IEBOH JUHEHHON (PYHK-
uud [(x), 3afaHHOH B mM-MEPHOM JIMHEHHOM mpocTpaHcTBe V,,
CYlLIecTByeT KaHOHWYeCKHH 0asuc, B KOTOPOM 3Ta (DyHKLHS 3a-
MHCbIBAaeTCsl B KAHOHHUECKOM Buze [(x) = x1, Toe 1 — MepBas
KOOpP/IMHATA BEKTOpa & B 3TOM 0asuce.

1846. [lokasatb, 4yTo HeHyneBast OunuHeiHas hopma b(x,y) =
= szzlaijxiyj TOTa 1 TOJNBKO TOTIA pacrnajaeTcsi B MPOU3Be-
IeHue IBYX JuHedHbX dopm b(x,y) = l1(x)la(y), roe li(x) =
= >y bixi, la(y) = 377 ¢jy;, KOTIA ee paHT paBeH elMHHULE.

1847. Jlokazarb, uto Ou/anHelHast pyHKUMs b(x,y), laHHAas B
NeHCTBUTEBHOM n-MepPHOM MPOCTpaHcTBe (WK B m-MepHOM Mpo-
CTPAHCTBe Haj ToJieM XapaKTePUCTHKH, He DABHOH IBYM), TOraa
U TOJIBKO TOTIA SIBJISIETCS CHMMETPHYECKOH, KOrla OHA MMeeT Ka-
HOHUYeCKHUH 6asuc, B KOTOPOM OHa 3amUChiBaeTcss OWUJIMHEHHOU
bopmoit KaHoHHUeCKOTO BUAA: b(x,y) = A\x1y1 + Aoxays + -+

*1848. JlokazaTb, 4TO eCJH MNPOMU3BEEHHE MABYX JHHEHHBIX
QyHKUME, 3a1aHHBIX Ha JuHeiiHOM npocTpaHctBe V (He 06si3a-
TEJbHO KOHEYHOMEDPHOM), TOXIECTBEHHO paBHO HyJIW, T. e.
l1(x)la(x) = 0 mas go6oro © € V, To X0Tsi Obl OIHA M3 ITHX
(pyHKLMH TOXKAECTBEHHO pPaBHA HYJIO.

*1849. JlokazaTb, 4YTO ecaHd CHMMeTpHYecKas OWNHHEeHHas
¢ynkuust b(x,y), 3amaHHas B JuHeldHOM npocTpaHctBe V (He
00513aTe/IbHO KOHEYHOMEPHOM), pachafiaeTcsi Ha JBe JHHeHHble
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¢byukuun: b(x,y) = l1(x)l2(y), To oHA mpenCTaBAseTCs B BH-
ne b(xz,y) = M(=x)l(y), rne A — uuca0, OTIHUHOE OT HYJs, U
l(x) — nuneitHas QyHKUUS.

*1850. JloxkasaTb, 4To GUIMHelHAsA (PYHKLHS B n-MEPHOM Jlek-
CTBUTEJbHOM MPOCTPAHCTBE TOTAA U TOJbKO TOrLA MMeeT paHr 1,
KOT/la B HEKOTOpPOM 6asnce OHa 3amluchiBaeTcsl (POPMOH BHAA:

a) +21Yy1, ecad QyHKUHUS CUMMeTpUUecKas;
6) 1y2, eciu QYHKUHUS HECUMMETPUUECKAS.

*1851. JlokasatTb, 4TO HeHYJeBas KOCOCUMMeTpHUUecKas (pyHK-
uMsi Ha JuHedHOM mpoctpaHcTBe V' (He 06513aTe/bHO KOHEUHO-
MepHOM) He MOXKeT pacrnajgarbCsi B POU3BeNeHHe NBYX JHHEeHHbIX
(PyHKLUH.

*1852. Ilyctb l(x) — HeHyJseBas NuHeHHas (PYHKLUWS Ha JIH-
HeitHoM npoctpanctee V' (He o6si3aresibHO KOHeuHOMepHOM). Jlo-
Ka3aTb, 4TO:

a) sapo S ¢yHkuuu [(x), T. €. MHOXKECTBO BCEX BEKTOPOB
x € V, nas koropeix [(x) = 0, ecTb MaKCHMaJbHOE JIH-
HelHOe TOANPOCTPAHCTBO, T. €. S He CONEpKUTCH B MOM-
npoctpaHctee I', oTiau4HOM oT S u V;

6) mJs T060ro BEKTOpa @, He Jiexallero B S, no6oi BeKTOp
T OIHO3HAYHO MPENCTaBJseTCs B BUIAE T = Y + aa, TIe
yeS.

*1853. JlokazaTb, YTO ecy ABe JHHeHHble PYyHKUUH [1(x) u
lo(x) Ha quHelHOM npocTpaHcTBe V' (He 06513aTe/IbHO KOHEUHO-
MEpPHOM) HMEIOT OfHO M To xe aapo S, To l1(x) = Ma(x), rne
A — UHCJO0, OTJIUUHOE OT HYJS.

*1854. Ilpumenss meton FKoOH BBIUKCJIEHHS YTJIOBBIX MHHO-
pOB, onpenenuTb ap(UHHBIHA KJacC NOBEPXHOCTeH B TPEXMEPHOM
POCTPAHCTBE:

a) 3+ 223 — 22 + 23179 + 221 + 235 = 0;
6) x? 4+ 23 + 2w120 + 22123 + 221 + 1 = 0.

1855. JloxaszaTh, UTO ecjid KBaJapaTH4Hasi (popma ¢ MaTpulel
A TIONIOKUTEJIBHO OTIpefieieHHa, TO U KBaJapaThdyHas gopma
a) ¢ obparHo#i maTpuueid A~L;
6) cO B3aMMHOH MaTpuIell A MOJOKHUTEIbHO ONpeeeHHa.
*1856. Ilyctb f(x) — kBagpaTHuHasi (PYHKLHS Ha n-MepHOM
NeHCTBUTEbHOM JHWHEHHOM mnpocTpaHcTBe V,,. Bexkrtop xo
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HasbiBaeTCst u3omponHoim, eciu f(xg) = 0. JlokasaTb, 4TO ec/u
pyukuus f(x) — 3HaKomepeMeHHasi, T. €. CYUIECTBYIOT BEKTOPbI
1, T2 Takue, uto f(x1) > 0, f(x2) < 0, To cyuecTByeT 6asHc,
COCTOSIILMH U3 U30TPOMHBIX BEKTOPOB. YKA3aTh METOJ OCTPOEHHS
Takoro 6asuca.

“1857. Hszomponuoim (Wnu Hysesvim) KOHYCOM KBAOpamud-
Hoil ¢yHukyuu f(x) HasbiBaeTCS MHOXKECTBO K BCeX HM30TPOIL-
HbIX BeKTOpOB (3amaua 1856). Jlokasarh, 4TO H30TPOMHBIH KOHYC
KBa[IpPATUUHON QYHKIMH f(x) HA n-MEPHOM IEHCTBUTENbHOM TIPO-
crtpaHcTBe V,, TOT[a M TOJBKO TOrAa GyfeT MOANPOCTPaHCTBOM,
koraa f(x) 3HakomocTosiHHa, T. €. uau f(x) > 0 15 BCex @, Hu
f(x) <0 nas Beex x.

*1858. Ilyctb f(x) — kBampatHyHasi (YHKIHS Ha n-MEPHOM
NeHCTBUTEIbHOM JIMHEHHOM MPOCTpPaHCTBe Vi, 1 — paHr, p U ¢ —
MOJIOKUTENbHBIH U OTPULIATEbHBIH HHIEKChl UHEPLHH 9TOH (PyHK-
uuu. Jlokasath, 4TO MakCHMaJjbHasi Pa3MePHOCTD JHHEHHBIX MO
NPOCTPAHCTB, BXOAAUIMX B M30TPONHbif Konyc K (samaua 1857),
paBHa:

a) min(p,q), ecau f(x) HeBbipoxkaenHa (1. e. r = n);
6) n — max(p,q) = min(p,q) +n —r, ecau f(x) — aobdas
(BbIPOXK IeHHAsT UJIH HEBBIPOXK IEHHAsT).

*1859. Ilyctb f(x) — kBagpatvuHas (DYHKLHS C TeMH XKe
CBOWCTBaMH, KaK W'B TpeAblAylIeH 3agade. JlokasaTb, 4TO Makcu-
MaJsibHast pa3MepHOCTb JIMHEHHOT0 MHOT006pasusi P, BXOAsIIero B
MOBEPXHOCTL BTOPOTo MOpPsiiKa S, 3alaHHy0 ypaBHeHueM f(x) =
=1, paBHa:

a)..min(p, q), ecan f(x) HeBbIpoXaeHHa (T. e. r = n);
6) min(p—1,q)+n—r =n—max(p,q+1) B obmem cyae.

1860. TTosnb3ysich 3apauamu 1858 u 1859, HaliTH MakcuMalib-
HYI0 PasMepHOCTb JHHEHHbIX MHOrooGpasuii, comepkalluxcs B
CcJIe/lyIOlIMX MOBEPXHOCTAX BTOPOro nopsaka (eciu pasMepHOCTb
MPOCTPAHCTBA HEe yKas3aHa, OHa CYMTAeTCs PaBHOE HauGOsblIEMY
HOMepY KOOPAMHAT; Pa3MepHOCTb MYCTOr0 MHOr0OO6pashs CUMTa-
eTcs paBHOU —1):

a) 2%+ 23 — 23 = 1 (onHOMOIOCTHBIH THIEPGONOUN);

6) 2% — 23 — 23 = 1 (aBynonocTHbI# rUnep6oJIoua);

B) x? —x3 — 13 =0

r) mae =1;
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1) z179 = 1 (B TpeXMepHOM MPOCTpPaHCTBe);
e) T1x2 = 0;
X) 2172 = 0 (B n-MepHOM mpocTpaHCcTBe);
3) xf —a2 =1,
w) o3 —ax3— . —22 =1,
K) 23 +---+a22 | —22 =1,
N z?+ad-22-2i=1,
W) Y, (1R = 1
*1861. Jlesoim sdpom (Unv 1e6vLm HYyACBbLM NPOCMPAHCMBEOM)
OusnnHeliHol GyHKUUH b(x, y), 3a1aHHON Ha JHHEHHOM MPOCTpPaH-
ctBe V, HaswpIBaeTCss MHOXKECTBO L{) BCeX BEKTOpPOB & € V, nnd
KoTopbiX b(x,y) = 0 as1s1 Bcex y € V. AHa/MOrMYHO. ONIpeIesIsieTcst
npasoe sapo L.
JlokasaTb, 4TO:
a) JeBoe W MpaBoe sifipa — MOANPOCTPAHCTBA;
6) B n-MEPHOM NPOCTPAHCTBE JIEBOE W MpaBoe SAApa MMEKT
OIMHAKOBYIO pa3MepHOCTb 1 — r, Tae r — paHr b(x,y),
T. €. DaHTI ee MaTpULbl B KaKOM-HUOYAb Oasuce.

1862. HaiiTu Gasuchl JeBOro u mpagoro saep (HysmeBwix mpo-
crpanets) L u L{ (3amaua 1861) nas OuanHeiHo# (opmbl
b(x,y) = T1y1 +271y2 +372y1 + 622y 1 nOKazath, uto Ly # LY.

*1863.

a) JlokasaTk, uTO JJIi CHMMETPHUYECKOH M KOCOCHMMeTpHUe-
CKOH OWJIMHEHHBIX (PyHKLHH JeBoe PO COBMNAJaeT ¢ npa-
BBIM;

6) TPUBECTH MpUMep OUNMHEHHON QYHKIMH B 12-MEPHOM PO~
CTPaHCTBe, KOTOpPasi He SIBJIsIeTCS HU CHMMETPHUYECKOH, HU
KOCOCHMMETPHUYECKOH, HO 1J1 KOTOPOH JleBoe siIpo COBMa-
JlaeT C MpaBbIM.

*1864. [loxaszaTb, 4YTO HeHYJeBas KOCOCHUMMeTpHUUeckas OUJu-
HelHas PyHKIHS B TPEXMEPHOM MPOCTPAHCTBE MPENCTABJSETCS B
Bune b(x,y) = a(x)b(y)—a(y)b(x), roe a(x) u b(x) — nuHelHbIE
(DYHKIUHU.

*1865. Ilycts b(x,y) — Ouaunedinas ¢yukuus u L —
k-MepHOe TIOANPOCTPAHCTBO B N-MEPHOM IIpocTpaHcTBe V.
O60o3Haunm yepe3 L™ MHOXKECTBO BCeX BEKTOPOB y € V,, TaKux,
uto b(x,y) = 0 nas Bcex « € L. Jlokasarb, uTo:
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a) L* — moanmpocTpaHCTBO;

6) ecau b(x,y) HeBbIpoXKeHHA (T. e. paHT paBeH n), TO pas-
mepHocTs L* paBHa n — k;

B) ecau b(x,y) uMeer paHr 7 < n, To pasMepHocTb L* 60Jib-
ue WM paBHa max(n — k,n —r).

*1866. Ilyctb b(x,y) — HeHyJseBas KococUMMeTpuyecKas Gu-
JUHeHHasl (PyHKLUHUS B M-MePHOM JIMHEHHOM INpPOCTpaHcTBe V.
JlokasaTb, 4TO CylIecTBYeT 6a3uc, B KOTOPOM b(x,y) 3amuiiercs
OuHeHOU (hOpPMOH CJ/lefyIollero KaHOHHUeCKOro BUAA!

b(x,y) = x1y2 — Toy1 + 23Ya — Tay3 + -+ + Tok— 1Yok — L2kY2k—1,

1<k<n/2

Halitn kaHOHHYeCcKUi BUA KOCOCUMMeTPHUeCKON OUNIHHEeHHON
dopmbl (3amaua 1866) 1 HeBbIPOXKAEHHOE MPeOGpPa3OBaHUe HEus-
BECTHBIX, K HeMy NpHUBOJsLIee, A/ CIelyIIUX (OopM:

1867. b(x,y) = z1y2 — xoy1 +2(T1Yys — T3y1) — T1Ys + Tay1 —
— 3(x2y4 — Tay2).

1868. b(w, y) = T1Y2—T2Y1 —|—2($1y3 —.233:(]1) +4(J)2y4 —.134:(]2).

*1869. Ilycts f(x) — kBampaTHuHash (YHKLHS B n-MepPHOM
eBKJIMJ0BOM npocTpaHcTBe V. JlokasaTb yTBepKIeHHe:
Ilns toro uto6H Konyc K ¢ ypasHenuem f(x) = 0 (sa-

nada 1857) comepka/s OPTOHOPMHMPOBAHHBIA 6a3UC TPOCTPAHCTBA
V.., He0OXOAMMO U JOCTATOUHO, UTOOKI CJlefl MaTPHUIlbl A HyHKIHH
f(x) B onHom (a 3HAYMT, ¥ B JIO60M) OPTOHOPMUPOBAHHOM OasHce
Ob1s1 paBeH HyJ0. CHOPMYIHPOBATh COOTBETCTBYIOIIEE YTBEPXKIE-
HHMe Ha MaTPUYHOM SI3bIKE.

§ 25. AMDHUHHBIE (TOYEYHO-BEKTOPHBIE)
MPOCTPAHCTBA

Onpedenenue.? Tlyeth naHo MHOxecTBO 4l 37eMeHTOB A, B,
C. .., Ha3bIBaeMbIX TOUKaMH, U JIMHEHHOEe POCTPaHCTBO V| (Han
noJieM NeHCTBUTE/IbHBIX YHCEJ WJM Haj JIoObM nojsem P) ¢ aJe-
MeHTaMH &, Y, Z, ..., Ha3blBaeMbIMH BekTOopaMu. [lycTb, nanee,

2[IpuBeneHHOE 31eCh Onpefenerre ahGUHHOr0 MPOCTpaHCTBa B3sATO (¢ HEGOMD-
WHMK M3MeHeHHsiMK) 3 kKuuru: Egumor H. B. Beicuias reomerpus, — 4-e usn. —
M.: ®usmarrus, 1961, § 179.
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KaXk10# yropsiioueHHoi nape Touek A, B (pas/IHUYHBIX MJIK COBMA-
JAIOIKX) MOCTABJEH B COOTBETCTBUE €IMHCTBEHHBIH BEKTOP T =
= A—é NpUYeM [/ 3TOTO COOTBETCTBHSI BBIMOJHSIOTCS CJELYIO-
L[1e [Be aKCHOMBI:
[) i mo6oi Toukn A M JIGOr0 BEKTOpa & CyIIECTBYeT
eIMHCTBEHHAs TOUKa B Takasi, 4To AD = x;
I1) nas nw06wIX (He o6sI3aTeNbHO pa_y,{mq%) Tpex ToueK A,
B, C umeet mecto paBeHctso AB + BC = AC.

MuoxecTBo 4l BMeECTe ¢ TaKMM COOTBETCTBHEM Ha3BIBAETCS
a@puHHbLIM NPOCMPAHCMBOM.

Ecau V = V,, ecTb n-MepHOe JHHeHHOe MPOCTPAHCTBO, TO U
1 HasblBaeTcsl n-MepHbIM a(UHHBIM [IPOCTPAHCTBOM M 0003Ha-
yaetcs yepes il,. Ecan V' 6eckoneunomepHo, 10 U 4l Ha3piBaeTcs
6eckoHeuHOMepHbIM. Ecain JiHelHOe mpocTpaHcTBo V' siBjsieTcs
€BKJIMJ0BBIM, TO U TOUEUYHO-BEKTOPHOE MPOCTPAaHCTBO il Ha3bIBa-
eTcsl eBKJIMI0BBIM. B aToM calyyae paccTosHHe MeXJy TOUKaMH A
u B paBHO JIHe BEKTOpa AB n yroa ABC' paBeH yriy Mexnay
BEKTOpaMU BA u BC.

Sameuanue. Jloboe JHHEHHOe MPOCTPAHCTBO V' MOXKHO paccMaT-
puBath Kak addunHoe. Ilpu 3Tom MHOxecTBO i coBnagaer ¢ V, Tak
YTO BEKTOPbI paCcCMaTpHUBANOTCA TaK2KE€ KaK TOYKH. FOBOPHT TakK»XxKe, 4To
BEKTOp & 3a/laeT HEKOTOPYIO TOUKY adduHHOro npoctpancTBa. Conocras-
JleHHe YIOpsiIOUeHHOH Mape TOUEK BEKTOPa, YKa3aHHOE B ONpeLesIeHHH,
B NaHHOM CJiy4yae.COCTOWUT B TOM, UTO yHOpHILO‘-IeHHOI;'I rnape To4yek x, y
u3 V cooTBeTcTBYeT BeKTOp 2 = y — x. OTcloga no « u z 0QHO3HAU-
HO oIpenessieTcs Yy, 4YTO AO0Ka3blBAET aKCUOMY I. Akcuoma II CBOAHUTCA K
OueBHHOMY paBeHCTBY (Yy—x)+(z—y) = z—x. Takoe oToxAECTBIEHHE
TOYeK W BeKTOPOB MPUHSATO B §§ 16-19 3Toil KHUTH.

[rockocmoro agpgpunnoco npocmparcmsa iU, npoxodsueti
uepe3 mouky A u umerowjel HaAnPasALOUWUM NOONPOCMPaH-
cmeom L, HasbiBaeTcsi MHOXKeCTBO 7r BcexX Todek M u3 &, nns
KoTopeix BekTop AM mnpunamnexxkut L. Pasmeprocmoro naoc-
Kocmu 7t Ha3blBaeTCsl Pa3MepPHOCTb ee HaMPaBJISIOIIEro MOATMPO-
crpanctBa L. OnHOMepHbIe TJIOCKOCTH HA3bIBAIOTCS NPAMbIMU, A
n — 1-MepHble MJIOCKOCTH 1-MEPHOT0 NPOCTPAHCTBA — 2UNEPRAOC-
KOCMAMU.

JIBe MJIOCKOCTH 7r1 U 7o HA3BIBAIOTCS NAPAALCAbHOIMU, B CUM-
BoJIaX 1 || 72, ecaM oHM He mepecekaioTcs (T. e. He HUMeKOT
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06IIMX TOYEK) M HaNpaBJjsiollee MOANPOCTPAHCTBO OAHON M3 HHUX
CONEPXKHUTCS B HAMpaBJSIONEM [OANPOCTPAaHCTBe APYyroi (uau
COBMANaeT ¢ HUM).

Ecsn BbIGpaTh HEKOTOPYIO HauaslbHYH TOUKY Oiﬂ, TO JIIO-
6ast Touka M opHO3Ha4yHO ompenensercs Bektopom OM u obpar-
Ho. BekTop OM nasbiBaercs paduyc-sexmopom touku M. I1noc-
KOCTb 7r, TPOXOAsLLas uepe3 ToUuKy A W MMerolias HanpasJsio-
1ee MOANPOCTPAaHCTBO L, COCTOUT U3 BCeX TO‘iQK_}M, pajyChi-
BEKTOPBl KOTOPBIX ompezenstorcss U3 paseHctBa OM = QA+ x,
rie * € L. Eciu cyuTath TOYKaMu BeKTOpbl U3 V, TO_TJIOCKOCTD
ompefesisieTcsl U3 paBeHCTBA W = xo + L, roe xp = OA. Takum
0o6pa3om, B 3TOM CJiyyae MOHSITHE TJIOCKOCTH COBMANaeT C MOHS-
THeM JInHelHoro MHoroo6pasus u3 § 16. [lnockoceTtH, npoxonsiine
yepe3 Touky O, OyLyT COBNAAATb C MOANPOCTPAHCTBAMHU.

AddunHas cucTemMa KOOpPAMHAT n-MepHOro ap@pUHHOTO Mpo-
ctpaHcTBa i, coctout u3 Toukn O € i, Ha3blBaeMOH HauaioMm
Koopouram, 1 6asuca ej, ez, ..., €, COOTBETCTBYIOLLETO JHHEH-
Horo mpoctpaHctea V,,. Koopdunamamu mouKu M € $,, Hasbl-
BAIOTCSI KOOPAMHATHI ee paanyca-Bektopa OM B naHHoM 6Oasuce,
T. €. UWCJA T1, X2, ..., Lp, YAOBJIETBOPSIOLINE PABEHCTBY

—
OM =wz1e1 + x9es + -+ -+ xn€,.

[lycTh k-MepHas MJOCKOCTb 7& JAeHCTBHTENBHOrO 7-MePHOr0
ahUHHOrO IPOCTPaHCTBA MPOXONHUT Uepes TOUKy A ¢ KoOpaHHa-
tamu 9,29, ..., 2) ¥ uWMmeer ompejesisolIee MOANPOCTPAHCTBO

L ¢ 6431ucoM W3 BEKTOPOB, 3alaHHbIX UX KOOpAHHATAMH
¢, = (i, ch, . ..c) (1=1,2,...,k).

Torna koopauHaThl /060K TOukH M € 7 ONpenesstoTCs paBeH-
CTBaMHU

1 koo
x; =20 +tieh -+ tpeh (i=1,2,...,n). (1)
DTH paBeHCTBA HA3BIBAIOTCS NAPAMEMPUECKUMU YDABHEHUSMU

naockocmu . Ilapamertpsl t1, ta, .. ., t; IPUHUMAIOT JI00blE OeH-
CTBUTEJIbHBIE 3HAUEHUA.
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Ty »Ke TIJIOCKOCTh 7r MOXKHO 3aJ1aTh n — k JHHEHHO He3aBUCH-
MbIMHU YpaBHEHHUAMH BU LA

Z%‘%‘Zbi (i=1,2,...,n—k). 2)
j=1

3nech b; = > | ;2 U ONHOPONHbIE YPABHEHHS Y | a;jTj =
=0 (G =1,2,...,n— k) 3anaior noanpoctpanctso L. YpaBHeHusI
(2) Gynem Ha3biBaTh OOLIMMH yPABHEHUSIMH MIOCKOCTH 7T

YpaBHenuss mnpsiMoii, mpoxonsuleii yepes aBe ToukH  A(xl,
29, .20 u By, 8, ..., yY), umeor Bun

=2 +t(y) — ) (i=1,2,...,n). (3)

3nech ¢ mpoberaeT Bce NEHCTBUTEJbHBIE UNCIA.

Ompeskom AB Ha3bIBaeTCsI MHOXKeCTBO ToueK M, KoopAauHa-
Thl KOTOPBIX MOsyyaioTest u3 paseHcTs (3) npu yesosun 0 < ¢ < 1.
Touka M, pensimiasi otpesok AB B on—mex—mnﬁ)é —1, onpene-
JIseTcsl B BeKTOpPHOU (opme ycaoBueM AM = AM B uau B Koop-

IMHATax 2000
2 = 711+Ay1 (i=1,2,...,n).

*1870. B adppuuHHOM npocTpaHCTBe JaHbl YeThlpe Pa3/HuHbIe
touku A, B, C, D. Touku K, L, M, N penst orpe3ku AB, BC,
CD, DA B 0qHHAaKOBOM OTHOILLEHHH o # —1. Jlokasatb, 4TO:

a) ecau ABCD — napansenorpamm, 10 KLMN — napad-
JIEJIOrpamMM;
6) eciu KLMN — mapanienorpaMM W m # n, TO H

ABCD — napaJuiesiorpamm.

1871. JloxaszaTb, YTO Mape COBMABILIHUX TOYEK COOTBETCTBYET
—_—
HysneBo# BekTOp, T. . AA = 0.

— —
1872. [oxasarb, uto AB = —BA.

1873. Iloxasatb, uTo Jto6asi MIOCKOCTb 7r aPUHHOTrO Tpo-
CTpPaHCTBa caMma siBJjseTcsl ap(UHHBIM NPOCTPAHCTBOM, pas3Mep-
HOCTb KOTOPOT'O paBHa Pa3MepPHOCTH Tr.

1874. JloxaszaTb, 4TO MJIOCKOCTb 7, POXOASIIAS YePe3 TOUKY
A ¢ HampaBJ/ISIOLIKAM MOANPOCTPAHCTBOM L, He 3aBUCHT OT BbIGOpa
Ha Hell TOUKH A, T. e. COBMAJAeT ¢ MJOCKOCTbIO 7, NpoXoAsLed
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yepe3 Touky A’ U3 7r, ¢ TeM »Ke HanpaBJsOUMM MOAIPOCTPaH-
ctBoM L.

HaiiTn napameTpuyeckue ypaBHeHHUs MJOCKOCTH, 3a1aHHOH 00-
IUMU YPaBHEHUSIMHU:

1875. w1 +x2 — 2x3 + 314 =1,
1 + 2w9 — x3 + 234 = 3,

T, — To — 4x3z + dry = —3.

1876. 2x5 — 2o + x3 + 224 + 325 = 2,
6x1 — 322 4+ 223 + 4x4 + S5 = 3,
621 — 3x0 + 4x3 + 824 + 1325 = 9,
4y — 2x9 + 13 + 14 + 225 = 1.

Haiitu o6liue ypaBHeHUs IJIOCKOCTH, 3aJlaHHOH MNapaMeTpu-
4YeCKHMH ypaBHEHHAMH:
1877. xy =2 +1t1 + 1o,
To =142t + 1o,
T3 = —3 + t1 + 215,
T4 =3+ 3ty + ta,
x5 =1+t + 3ta.

1878. z1 =1+ 11 + 1o,
Ty = 2+ to,
x3 =5 —t1 + 3to,
Ty =3+ 2t; — 1o,
rs =14 3t; — 2ts.

1879. Jloxaszatb, uTo 4epes J0Oble IBe pa3jHuHble TOYKU A,
B aduHHOro NMpoCTpaHCTBA MPOXOAUT eIMHCTBEHHAS MpsMast.

1880. [loxaszatb, uto uepe3 Jiobble Tpu Touku A, B, C ap-
(PMHHOTO MPOCTPAHCTBA, He JieXKalllie Ha OHOW MPSIMOH, TPOXOAUT
eIMHCTBEHHAsA IBYMepHast MJ0CKOCTb.

1881. [lokasaTb, uTo uepe3s Jobble k + 1 Touek Ag, Ay, Ao,
..., A apdunHOTO POCTpAHCTBA, He Jexaiiue B (k— 1)-mepHoi
TMJIOCKOCTH, MPOXOANT eIHHCTBEeHHAsl k-MepHas MJI0CKOCTb.
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1882. Ykasarb Bce cjyuyad B3aWMHOIO PacIOJIOXKEHHS Tpex
pasJIMYHBIX MJIOCKOCTEH TPEXMEPHOrO MPOCTPAHCTBA, 3afaHHBIX
OOIIMMH YPaBHEHHUSIMHU:

a1z + b1y +c1z = dy,

as + boy + c2z = da,

aszr + bzy + c3z = ds,
¥ 7151 KAXKJIOTO Caydasi 1aTh HeOOXOMMMOe U JO0CTaTOUHOe yCAOBHe
C MOMOLIIO OHATHS PaHTa MATPHILbI.

1883. C mowmoliblo MOHATHS paHra MaTpHLbl OXapaKTepuso-
BaTb BCe CJydyau B3aMMHOI'O PacHoJIOKEeHHS OBYX MPSIMbIX TPeX-
MEPHOT0 MPOCTPAHCTBA, 3aJaHHBIX OOLIMMH ypaBHEHUSIMU

a1 x4+ b1y + c1z = dy, asx + by + coz = da,
asx + b3y + c3z = ds, aqx 4+ bay + c4z = dy.

1884. C nomolibio NOHSITHSL paHra MaTPHILbl ONIUCATh BCE CJY-
Yyad B3aUMHOTO pacloJ/oKeHHs OBYX ABYMEpPHBIX MJIOCKOCTEH ye-
TBIPEXMEPHOr0 NMPOCTPAHCTBA, 3alaHHbIX OOLIMMH YPaBHEHHUSMH

4
Zaijxj :bi (Z: 1,2) (1)
j=1
Hu 4
Zaijxj = b, (’L = 3,4) (2)
j=1

1885. Onucarb Bce ciydyad B3aUMHOIO DPACIIOJIOXKEHUS IBYX
TUIIEPIIOCKOCTeH n-MepHOro a@UHHOTO MPOCTPAHCTBA, 3alaH-
HbIX OOLIMMH YpPaBHEHHSMH

a1x1 +asros +--+apx, =c U byxi +boxo+---+byx, =d.

*1886. [loxkazaTb, uToO ec/au MepeceyeHHe 7 MHOXKeCTBA (ko-
HEYHOr0 MJIM GEeCKOHEUHOro) MIOCKOCTel 7, appUHHOrO mpo-
CTPaHCTBA HEIMYyCTO, TO 70 SBJSETCS MJIOCKOCTbIO.

1887. JlokasaTb, 4TO ABE€ IJIOCKOCTH 71 = a1 + L1 U 7o =
= ag + Ly TOrma M TOJIBKO TOT[a MepeceKkaloTcsi, KOraa BeKTOop
a; — ay TPUHALJIEXKUT nognpoctpancTsy Ly + Lo.
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*1888. JlokasaTb, 4TO MJIOCKOCTb 7r1 N-MepHOro ah(UHHOrO
TNPOCTPAHCTBA, OTJAWYHAS OT TOUKH, TOTa M TOJbKO TOTAA NapaJ-
JieJibHa J1060H He TNepecekalollell ee MJIOCKOCTH 7ry, KOTAa 7q
SIBJISIETCS THIIEPIIOCKOCTBIO (T. €. HMeeT pasmMepHOCTb 1 — 1).

*1889. JloxasaTb, 4TO ABe MepeceKarolluecs TUIepII0oCKOCTH
01 U T2 n-MepHOro a(UHHOTrO NPOCTPAHCTBA TOTAA H TOJNBKO TO-
TIa napaJjJesbHbl, KOrJa OHHM JieXKaT B MJOCKOCTH 703, UMEIOIIeH
pasMepHOCTb Ha eIUHHULY GoJbllylo, yeM GoJbllas U3 pa3MepHO-
CTEeH 7r1 U To.

*1890. [loxazaTb, 4TO J00ble HemepeceKarolnecs JI0CKOCTH
1 U T M-MEPHOro a(PHUHHOrO MPOCTPAHCTBA MOXKHO MPOBECTH
napaJijieibHble THIEPIIOCKOCTH ) U 7rh.

1891. Ilycts w1 = a1 + Ly u o = az + Lo — Henepeceka-
[olLIMecs TMJOCKOCTH KOHEUHOMepPHOro ay()MHHOTro MpOCTPaHCTBA.
Haiitu nsockocTh 7r3 HaUMeHbIIEH Pa3MEPHOCTH, COIEPKALILYIO
7T1 Y NapaJjyleJibHYI0 Tro.

1892. JloxasaTb, YTO €CJH MJIOCKOCTb 79 a(PpUHHOrO Mpo-
CTPaHCTBa NapaJyesbHa KaXKA0W U3 MJIOCKOCTEH 7T, U INepeceye-
HHUe 7 MJI0CKOCTeH 7T, HeMycTo, TO 7 eCThb MJIOCKOCTh, NapaJJelib-
Had 7.

1893. Bripasuth yc/0BHe napaiesbHOCTH IBYX IJOCKOCTEH
n-MepHOro apPUHHOTO MPOCTPAHCTBA, 3aJaHHBIX OOLIMMH ypaB-
HEHHSIMH, C TTOMOIIBIO TIOHSITHUS paHTra MaTpPHIBI.

1894. TunepnsiockocTb, 3afaHHas oOLMM  ypaBHeHHEM
S, a;z; ='b, pasbuBaeT n-MepHoe aGUHHOE MPOCTPAHCTBO Ha
JIBa MOJIYTIPOCTPAHCTBA, COCTOSIIINE U3 TOYEK, KOOPAHHATHl KOTO-
PBIX  YOBJIETBOPSIIOT OLHOMY M3 HEPAaBEHCTB » . | a;x; > b WK
Yo, aix; < b. Jlokasatb, 4TO Kax[10€ M3 3THX MOJYNPOCTPAHCTB
SIBJISIETCS BBITYKJIBIM MHOXKECTBOM.

*1895.3 MHororpaHHuK P 3ajaH Kak BbIIYKJOe 3aMblKaHHe
CHCTEMbl TOUEK UYeTbipexMepHoro ad@uUHHOro NMPOCTPAHCTBA, 3a-
JIaHHBIX KOOPAMHATaAMH

0(0707050)7 A(1507050)7 B(O71)O7O)’ 0(1715070)7
D(0,0,1,0), E(0,0,0,1), F(0,0,1,1).

33anaun 1895-1898 ykasan asropy . b. BunGepr.



310 Jlonoarenue

a) HamucaTh cHcTeMy JIMHEHHBIX HEPAaBEHCTB, 3aJAMOIIHX
MHOTOT'PaHHUK P;
6) HaiiTu BCe TpexMepHble IPaHK 3TOTO0 MHOTOrPAaHHHKA.

1896. Pewinth 3amauy, aHaJoTHYHYIO NpeAablAyllel 3anade,
IJIST TOUEK:

0(0,0,0,0), A(1,0,0,0), B(0,1,0,0),
C(0,0,1,0), D(1,1,0,0), £(1,0,1,0),
F(O? 171?0)7 G(1? 171?0)7 H(O?()?O? 1)

1897. Haiitu BepiinHbl U (hopMy MHOTOTpaHHHKA P Tpexmep-
HOT'0 TIPOCTPAHCTBA, 3aaHHOTO CUCTEMOH HEPABEHCTB

1 <1, w2<1, z3< 1 w2 +a3 21,

1
r1+txz =2 —1, @wrt+az>2-—1

1898. Haiitu dopmy u BeplIMHBl CEUEHHUH UeThlpeXMepHOro
Ky0a, 3aJaHHOr0 B OPTOHOPMHPOBAHHOH CUCTEMe KOOpAUHAT Hepa-
BeHcTBaMu 0 < z; < 1,4 = 1,2, 3,4, NJI0CKOCTIMHU:

a) @1+ T+ aztas=1,

6) 1+ zotws+ a4 =2

B) @1 +ag+az =1

I‘) Ttz = a3+ 234 = 1.

*1899. B TpexmepHoM ad(puHHOM MpocTpaHcTBe il3 Hapx TMo-
nem ' Zs u3 nByx ajneMeHtoB 0 u 1 Haiitu: a) YUCJO BCEX TOYEK;
6) UMCJ0 BCEX MPAMbBIX; B) UMCJO BCEX IJIOCKOCTEH; T) UHMCJIO
TOUEK, JIeXKalMX Ha OJHOH MPSIMOH; 1) YMCJO MPAMBIX, TPOXO-
ISALMX Yepe3 OHY TOYKY; ) YHCJIO TOUeK, JieXKallkX Ha OIHOH
MJIOCKOCTH; ) YHCJIO MJIOCKOCTeH, MPOXOASIIMX Yepes OfHy TOY-
KY; 3) UMCJIO MPSAMBIX, JeXKallMX Ha ONHOH MJIOCKOCTH; H) YHKCJIO
MJI0CKOCTEH, MPOXOAALIMX Yepe3 OfHy MPAMYIO; K) YHUCJIO MPSMBIX,
napaJieibHbIX NAHHOH MPSIMOH; J1) YMCJO MJIOCKOCTEH, mapaJ-
JIeIbHBIX [IaHHOH TMJIOCKOCTH; M) YMCJIO MPSIMBIX, MapasiesbHbIX
JIaHHO# TJIOCKOCTH; H) YHCJIO TIOCKOCTEH, MapasieJbHbIX 1aHHOM
MPSIMO; 0) YKCJIO TIPSIMBIX, CKPEILIMBAIOIIMXCS ¢ TaHHOH TPSIMOH.



Jlonoanerue 311

§ 26. TEH3OPHAS AJTTEBPA*

[IpuBenem ocHOBHBIE TOHSTHS W CBOHCTBA, KOTOpbIE Tpearo-
JIaraloTcsl U3BECTHBIMU M3 KypCOB JeKIHMH. JlokazaTesnbCcTBa HEKO-
TOPBIX U3 YKa3aHHbIX CBOHCTB INpejJ/aralTcs B KauecTBe 3aad B
3TOM mnaparpade.

[lycTs B n-MepHOM JuHedHOM mpocTpaHcTse V,, (nedicTBu-
TeJIbHOM, KOMIIJIEKCHOM MJIM Hal HEKOTOPBIM moJieM P) naHbl 1Ba
Oasuca ey, €a, ..., e, U €}, €5, ..., el . DT Gasuchl CBsi3aHbI
paBEHCTBaMMU:

!/
el =cle; +cley + -+ cle,,

ey =cles +c3es + -+ chen,

el =clel +clex+ -+ ey,
WU B COKpALIeHHOH 3amucu
I k .
e =clex (i=1,2,....,n). (1)

3pmech W HHUXKe MO MHIAEKCY, CTOSILIEMY KaK CBepXY, TaK H CHH3Y,
npefnoJsaraeTcs CyMMHPOBAaHHe B Mpefesax oT 1 1o n.
Beepem martpully nepexojia

1 1 1
i oc3 ... C
2 2 2
C C PP 64
C = 1 2 n |,
n n n
€1 Ca Cn

10 cTOAOLAM KOTOPOH CTOST KOOPAMHATHI BEKTOPOB BTOPOro 6asu-
ca g mieppom®. Torna popmyast (1) B MaTpuuHOil GopMe 3amuuIyTCs
OJHUM PaBEHCTBOM

(e}, e5,...,el) = (e, ea,...,e,)C.

4Pan samau srtoro maparpada ykazan H. B. E¢umosev u JI. A. CxopHsiKo-
BbIM B CBSI3H C KypcoM «JIuHeliHasi anre6pa u reoMeTpusi», UMUTABIIMMCS UMM Ha
MeXaHHKO-MaTeMaTH4yeckoM (akynabrere MIY ¢ 1964 r.

B gacTHOCTH, OmpenesieHHe TEH30PHOrO MPOM3BENEHHS] U NPUMeHeHHe K HeMy
noHsiTHsl cBepTKH (cM. BBeleHHe B 3anauy 1918) Baarw us kypca H. B. Edumosa.

SEcqi MaTpuily mepexofa mHCaTh He MO CTOIOLAM, a [0 CTPOKAM, TO (hOpMYy-
JIbl, MCNIOJB3YIOLHe MAaTPUUHOE yMHOXKeHHe, uaMmenstcs, (opmyab xke (1), (2) u
JIpyTHe, He UCIOJb3YIOLIHe YMHOXKEHUST MaTPHULL, OCTAHYTCSI MPEKHUMH.
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KoopnrHaThl BEKTOpa & B MepBOM 6ashce BLIPA3ATCSH depes
KOOPAHHATH TOTO JKe BEKTOpa BO BTOPOM Gaskce TPH MOMOIIH
crpok Matpuipsl C' no dopmynam: xF = cFa't, k= 1,2,...,n.
Otciona KoopavHaThl 2'° BeIpasaTcs uepes =¥ B BuJe

P =digk i=1,2,... n. (2)
Beenem marpuiy
& @ o...odn
po|d & oap)|
dldi ....... dz

Mo cTO/I6LAM KOTOPOH CTOSAT KO3((MUUHMEHTbL B BbIpaXKeHUAX I’
uepes z¥. Torma dopmyssl (2) B MaTpuuHOil hopme 3amuIIyTCs
PaBEHCTBOM

2 m 1,2 n
(" 2, 2™ = (a0, 2%, ..., 2a")D.
Tak kak, ¢ apyroil croporsl, (zt,z2,...,2") = (2’1, 2%,. ..,
2™)C*, To maTpuibl C' W D' CBsI3aHbl PaBEHCTBOM

D= (C*)1. (3)

3nech ¥ HUXKe 3BE3J04YKOH 0003HAuUeHa TPaHCIOHMPOBaHHAs Mart-
puua. Ecin ofe marpuusl C' u D nucaTb U3 KO3(PQPULUEHTOB
dopmya (1)1 (2) He no cTo6UaM, a O CTPOKAM, TO 3TH MaTpH-
Lkl 3aMeHATCS Ha TPAaHCIOHMPOBAHHbIE M paBeHCTBO (3) He H3Me-
HUTCS.

3aKoH U3MeHeHMsl, aHaJOTHUHbIE M3MeHeHHIo 6asuca 1o dop-
mynam (1), HasblBaeTCa KOBAPUAHMHbIM, @ 3AKOH H3MEHEHHS 10
bopmynam (2) — kommpasapuanmuoim. Bennaunsl (nnu npyrue
00beKThHl), CBi3aHHbIe ¢ 6a3HCOM M M3MeHSIOIIMecs KOBapHaHTHO,
Ha3bIBAIOTCS KOBAPUAHMHbLMU ¥ 0003HAUAIOTCS HUKHUMH HHJIEK-
caMH, a M3MEHSIOIIMeCs KOHTPAaBapHAHTHO HA3bIBAIOTCS KOHMpPaQ-
8apUAHMHbIML U 0O03HAUAIOTCH BEPXHUMH MHIEKCAMH.

Ten30pom B n-MepHOM JIMHEHHOM MPOCTPAHCTBE Ha3biBAaeTCs
TaKoe COOTBETCTBHE, NPH KOTOPOM KaXKIOMY 0asucy MpOCTpaH-

J1J2---Jq

CTBa COOTBETCTBYIOT ’/lp+q yHuceJi ailiz...ip , OTMEUEHHBLIX p HHXK-

HUMHU U g BEPXHUMHU UHAEKCAMH U U3MEHSAIONIIUXCA C USMEHEHHUEM
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6asuca KOBaDMaHTHO MO HHXKHUM H KOHTPAaBapDMaHTHO MO BepX-
HUM HHJeKcaM. DTH uMc/la HasblBAKTCS KOOPOUHAMAML MeH30-
pa B JaHHOM Gasuce, a UUCJIO P+ ¢ — BAACHMHOCMbBIO MEH30PA.
ToBOPAT TaKKe, UTO JAHHbIH TEH30p SBJASACTCH P PA3 KOBAPUAHM -
HOLM ¥ q PA3 KORMPABAPUAHMHbLM, UK men3opom muna (p,q).
Ilo onpeseseHyio TeH30pa ero KOOPAMHATH B ABYX 6asucax
e, e,....,e, U €, e5 ... €

rn

CBAISAHHBIX PAaBEHCTBOM (1), CaMHU CBsI3aHbl PABEHCTBOM

/j1j2~~~jq _ klkz kp jl j2 jq l1l2~~~lq
Qigyin’ = Civia - Cir Al o difay (4)

(il,...,ip, jl,...,jq=1,2,...,’n).

3mech, KaK OOBIUHO, MO BCEM HHIEKCAM ks U [y TpearoJsaraercs
CYMMHpPOBaHHe B npelenax ot 1 go n.

TeH30p MOXHO OTpeneNuTh HHAYe, KaK reoMeTpUUeCKHH 00b-
€KT, CBSI3aHHBIH C JIMHEHHBIM TmpocTpaHcTBoM V. Ilas atoro
paccMaTpUBAIOT COTpPsiKeHHOe mpocTpaHcTBo V. Ero BekTOpamu
SIBJISIIOTCS JIMHelHHble (PYHKUUH (x), 3afaHHble HAa NaHHOM Ipo-
cTpaHcTBe V,, NpU OOBIYHBIX ONEpalMsAX CJAOKEHHUS ABYX (PYyHK-
UME ¥ yMHOXKeHHs1 (DyHKIKK Ha urcio. [IpoctpancTo V), Takxke
n-MepHO, NpUUeM Kax oMy 06asucy ej, es, ..., €, NPOCTPAHCTBA
V,, COOTBETCTBYET eNMHCTBEHHBIH 6asuc el, e, ..., e" conps-
XKEHHOTO TpoeTpaHcTBa V., HasbiBaeMblil conpscentoim (Wi
g3aumHbLM)- 6asucom sl JaHHOTO 6asuca mpoctpaHcTsa V., W
CBSI3aHHBIH ¢ HUM paBeHCTBAaMH

e'(e) =0 (i,j=1,2,...,n), (5)
roe 6; — cumMBos Kponekepa, paBublii 1 npu ¢ = j u O rpu ¢ # j.

Ecau 6asuc e; npeobpasosan no popmyaam (1), To conpsixen-

HbIl 6asuc e’ mpeo6pasyercs Mo Gopmysam

el=die* (i=1,2,...,n).
Mexay BCeMH TMOJUJIHHEAHBIMU (QYHKIUSAMHA

F(wlyw%"'va; 50179027"'790(1)
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OT p BeKTOpPoB U3 V,, H ¢ BeKTOPoB W3 V', W BCeMU TEH30paMH
tdna (p,q) Ha V,, MOXHO yCTaHOBHTb CJIelyIOllee B3aUMHO Of-
HO3HayHOe COOTBETCTBHE, M30MOP(HOE OTHOCHTE/LHO Olepalui
CJIO2KeHHS, YMHOXKEHHUS U YMHOXKEeHHS Ha UHCJIO.

[TomunuuedHo# (GyHKUHH, HAIMCAHHOH BBIIIE, COOTBETCTBYET
TeH30p, KOOPAUHATE KOTOPOro B 6asuce ey, es, . .., €, IPOCTPaH-
ctBa V,, onpelesnsroTCs paBeHCTBAMH

Jij2--dq _ . . . J1 pl2 J
e it = F(ei, iy €5,; €1 €2, e (6)

(il,...,ip, jl,...,jq:].,Q,...,’n).

J1j2-:dq

HaoGopor, tensopy ¢ koopaunartamu a; ;;";* B Oasuce ei,
€s, ..., €, COOTBETCTBYET MOJUIHHEeHHAsA - DYHKIKS, ONpeneeH-
Hasi PaBEHCTBOM

. 1,2 q\__ Jig2---Jq i1 0o i 1,2 q
F(x1,@2,.,Zp; © 0" )—(114“-2___131):101 Ty TP UG UG,
(7)
rne xl, z2, ..., 27 — KoOpaMHATB BeKTOpa T, B Oasuce ej,
e, ..., e, uul, ub, ..., ul — koopnuHaTe BekTOpa ' B CO-
npsi;keHHOM Gasuce el e, ..., e".

[Tpu sTOM 3HauU€HHe MONUINHEHHOH (PYHKLUHH Ha NaHHBIX BeK-
TOpax He 3aBHCHT OT BbIGOpa COMpsiKeHHbIX 6asucoB B V, u V.

BBHy YKa3aHHOIO COOTBETCTBHUSI TEH30Pbl HA MPOCTPAHCTBE
V', MOXKHO' OTIPEIeNIUTh HE3aBHCHMO OT 0Ga3nca Kak MOJHIHHER-
Hble (YHKIHM OT BEKTOPOB MPOCTpaHCTBA V,, U COMPSIKEHHOTO
npocTpaHctea V..

[Ipocmpancmeom ¢ ksadpamuunorl MeTPUKOH HA3bIBAeTCs
n-MepHOe IeHCTBUTe/bHOE JUHEHHOe NPOCTpaHCcTBO M, B KOTO-
pOM 3a1aHa HEBBIPOXKAEHHAS] CHMMeTpHUecKasi OunrnHeHHas QyHK-
unsi g(x,y), HasbiBaemas MeTpuueckoit ¢yHkuued. Ecau coor-
BETCTBYIOILAs el KBagpaTHuHasi GYHKUHS ¢(&, ) MOJ0KHTETbHO
ompefesieHa, TO MPOCTPAHCTBO C KBAJPAaTHYHON METPHKOH sIBJs-
eTCsl eBKJMIOBBIM NMPOCTPAHCTBOM U GyHeT 0603HAYaThCsl yepe3
E,,. B atom cayuae Bmecto g(a,y) Oynem mucaTb mpocto (x,y)
M Ha3blBaTh 3HauyeHHe 3TOH (PYHKLMH CKaNsiPHBIM MTPOM3BELEHHEM
BEKTOPOB T U Y.
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B npocrpancree M, kaxpomy 6asucy ej, ez, ..., €, CO-
OTBETCTBYeT €NUHCTBEHHBIH B3aUMHBIA 6asuc el, e2, ..., e,

CBSI3aHHBIH C JaHHBLIM 6a3MCOM PaBEeHCTBAMH
i — §7 s
gle,el)y=2¢6 (i,j=1,2,...,n). (8)

Kaxxnbiii BekTOp @ M3 mpocTpaHcTtBa M, pasnaraercs 1o 6a-
sucaM e; u €', 1. e. * = x'e; = x;e’. [Ipu usMeHeHuu 6asuca e;
no popmynam (1) KoopauHaTel &’ B 9TOM 6ashce M3MEHAIOTCS MO
dopmynam (2), T. e. KOHTPaBapUAHTHO, U HA3BIBAIOTCA KOHMPABA-
puanmroimy Koopouramamy. B To e Bpemsi B3aUMHEBIN 6a3uc
e’ npeoGpasyetcs 1o GpopMyaam

el=die* (i=1,2,...,n), 9)
a KOOPIAMHATBI T; B 3TOM 06asuce — 1o (hopMyiam
x,=cre, (i=1,2,...,n), (10)

T. €. KOBAapUaHTHO, U Ha3bIBAIOTCS KOBAPUAHMHMHbIMU KOOPOUHQ-
mamu.

[Ipu ¢ukcupoBanHoM Bekrope y € M, dyHKUHA @ (x) =
= g(x,y) sABJsIeTCS JUHEHHOH QyHKUMEH OT &, T. €. 3JEMEHTOM
conpsikeHHoro npocrpaHersa M. CooTBeTcTBHE Y — 0y () 51B-
JsieTcst u3oMopHbIM 0ToGpaxeHueM M, Ha M. OToXAeCTBss
3JIEeMEHTBl 9THX IIPOCTPAHCTB, COOTBETCTBYIOLIME APYT APYTY MPH
9TOM H30MOpP(H3ME, MOKEM CUHTATh, UTO MPOCTPaHCTBO M., co-
NPSI’KeHHOE IIPOCTPAHCTBY C KBaApaTHYHOH MeTpukod M, coB-
nagaet ¢ M ,,. B yacTHOCTH, 3TO BepHO /15 €BKJIH0BA IPOCTPAH-
crBa K.

B npoctpaHcTBe ¢ KBagpaTuyHOl MeTpUKoi M, OLHY U Ty XKe
MOJUJIMHEHHYI0 (YHKLHIO OT 7 BEKTOPOB U3 M, MOKHO paccMmar-
pUBaTh KakK TeH3op tuna (p,q), rne p+qg=rup=0,1,2,...,7.
Jns aToro, BEIOpaB OfHO W3 BO3MOXKHBIX 3HAaYEHWH AJIS p, OTpe-
JeJisieM KOODAMHATHl TeH30pa B JaHHOM 0asuce e; 1o (GopmyJ/am,
anasornunbiM (6), rie e — B3auMHbIi Gasuc, CBA3aHHBIA ¢ 6a3u-
coM e; hopmy.iamu (8). O6patHo, o naHHOMY TeH3opy Thna (p, q)
3HaueHHUe COOTBETCTBYIOLIEH NOMUINHENHON (PYHKIUN HA OaHHBIX
BEKTOpPax onpenensercs Gpopmynoi, ananoruunoi (7). [pu 3Tom B
dopmynax (6) u (7) mom !, ©?, ..., p¢ HaLO NOHUMATh BEKTOPHI
U3 TOTO e npocTpaHcTBa M, .
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B uactHoCcTH, MeTpudecKoid QyHKUHH g(x,y) COOTBETCTBYIOT
J1Ba TeH30pa C KOOpAHHATaMH

gij = g(ei, e;) (1,7 =1,2,...,n); (11)
gij = g(e', e’) (i,j=1,2,...,n), (12)

Ha3blBaeMble COOTBETCTBEHHO KOBQAPUAHMHLIM U KOHMPABAPU-
AHMHLILM MEMmPUYecKumMy mer3opamy. DTH TEH30pbl COOTBET-
ctBeHHo trna (2,0) u (0, 2). Kpome Toro, To#i xe pyHKLMH g, y)
COOTBETCTBYET TpeTHH TeH3op Thna (1,1), KOOpAHHATEL KOTOPOrO
onpenensiores popmysiamu (8) u He 3aBUCAT 0T BEIGOpa Gasuca e;.

3HaueHUs] METPUUECKON (DYHKIMU ¢(a,y) ONPEAENSIOTCS JI0-
600 U3 Tpex (popMmyJ:

g(x,y) = ¢"ziy;, (14)
9(z,y) = &y’ (15)

B uacTHOCTH, B €BKJHMIOBOM MDPOCTPAaHCTBE aHAJOTMYHO BbI-
YHCJISIeTCsl CKaslsipHOe TPoM3BefieHue (X, y).

[TycTb B €BKJHMIOBOM NPOCTPAHCTBE PacCMaTPUBAIOTCS TOJb-
KO OpTOHOpMHpoBaHHble 6a3ucel. Torna marpuua C' u3 Koapdu-
unentos (opmys (1) oproronanbha, us pasenctsa (3) mosmyuaem
D = C, marpuubl u3 Kospduuuentos popmya (1) u (2) 6yayr
B3aMMHO TPAHCIIOHHPOBAHHBIMH, B3aUMHBIH 0a3uc COBManaeT ¢
MCXOIHBIM; KOBAapHAHTHblE KOOPAMHATBI COBMANalOT C KOHTpaBa-
DHAHTHBIMH M MaTpHLbl METPHYECKHX TEH30DPOB g;; H ¢* mpe-
BpaLalOTCS B €IMHUUHYIO MaTpully. B aToMm caydae Bce TeH30pbl
THIOB (P, ¢), COOTBETCTBYIOLIHE JAaHHON MOJNHUIMHENHOH (DYHKIHH
OT p+ ¢ apryMeHToB, coBnafamT. OTIHYHe KOBAPHAHTHBIX U KOH-
TpaBapUaHTHBIX BaJeHTHOCTEH TeH30pa TepsieT 3HaueHue. [loarto-
My BCe HHIEKCbl MOXKHO MHMCaTh CHU3Y, COXPaHss HYXHble 3HAKH
CYMMHPOBaHHS.

[Tyctb B eBKIMOOBOM npocTpaHcTBe E,, naH mno6oii 6asuc eq,
es, ..., ey; 0003HAUUM yepe3 ¢ omnpeje]nTe/]b MaTpuubl G =
= (g;j) KOBaPHAHTHOIO METPUUYECKOrO TeH30pa B JaHHOM Oasuce.
Tak Kak g(x, ) — NOJOKHTEJBHO ONpefeseHHas KBaJpaTHUHas
¢dhysxuus, To g > 0.
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Juckpumunanmuoim mensopom (Kosapuarnmrvim) eskiudo-
sa npocmparcmea E, HasbiBaeTcs Takoe COOTBETCTBHE, MPH KO-
TOPOM KasKIOMY 6asHCy COOTBETCTBYeT cHcTeMa uuces (Koopmu-
HaT TeH30pa), 3aJaHHEIX (OPMyIaMH

Eirig.in = (—1)°V/9, (16)

roe S — 4YHUCJI0 HMHBEPCHUH B MepecTaHOBKe i1, 12, ..., ip U
€iyiy..4, = 0, €CJIM XOTs1 OBl IBa M3 HHAEKCOB OIMHAKOBHI. B dacT-
HOCTH, €12..n = /g > 0.

KoopauHathl IUCKPUMHUHAHTHOTO TeH30pa MPH Mepexose K Ho-
BOMYy 06asucy C TOH »Ke OpHeHTallued MeHsIoTCs, Kak y n pas
KOBapHaHTHOTI'O TeH30pa, a MpH Mepexose K 6a3ucy ¢ MpoTUBOINO-
JIOXKHOW OpHeHTaluel NOMOJHUTEbHO MEHSIOT 3HaK.

AHaJloTHUHO ompesiesiieTCss KOKMPABAPUANMHbLL JUCKpUMU-
Hanmmubill mensop izin,

Opuenmuposanrovim 06vemom napaisesenuneda ), nocmpo-
EHHOE0 Ha BEKMOpax xi, xo, ..., Ly npocmparcmsea E.,,, Hasbl-
BaeTCs YMCJIO, ONpeje/leHHOe B JaHHOM 0asuce (popMyJon

Ve(1, @a, ..., 2,) = /gdet(x1, T2, ..., ), (17)

rae /g > 0wu dgt(wl, To,...,&Ty) — ONPENeUTENb U3 KOOPAUHAT
BEKTOPOB X1, X2, ...; &p B AaHHOM 6asuce. C MOMOLIbIO OHC-
KPUMHUHAHTHOIO TeH30pa OPHEHTHUPOBAHHBIH 00beM BbIpaXKaeTcs
(opmy.oi

Vi(Ty, Toy .. @) = iy i Tk L e (18)

tn o

rae xj — S-9 KOOpJMHATa BEKTOpa x; B JaHHOM 0asHuce.
OpueHTHPOBaHHEIH 06BeM 06paIiaeTcst B HY/lb TOTAA U TOJb-
KO TOTZa, KOrJa BeKTOPhl &; JIMHEHHO 3aBUCUMBL. Jl/1g JIMHEHHO
HE3aBUCHMbIX &; €ro abCo/loTHasl Be/JM4YMHA paBHa 00beMy Ia-
pasesieniunesa () U OH MOJOXHTENEH WX OTPULATENEeH, CMOTPS

10 TOMY, SIBJISIETCS JIK CUCTEMA BEKTOPOB &1, L3, ..., &Ly ONUHA-
KOBO WJIM MPOTHBOIOJIOXKHO OPHEHTUPOBAHHON ¢ 0A3HUCOM €1, €a,
., en.

26.1. TeH3OpHOE NpoM3BefeHHe

[Tyets V u V' — nBa JMHEHHBIX [IPOCTPAHCTBA HAJ OJHUM U
TeM ke mojiem P. PaccMoTpuM ymopsimodeHHbe maphl €’ BEKTO-
poB, re © € V, ' € V', u hopMasibHble KOHEUHbIe CyMMBbl TaKHX
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nap ¢} +- - - +xpx). Onpenesum oTHOLIEHHE SKBUBANTEHTHOCTH
3THX CYMM M0 MpaBuJaM: 1) [1Be CyMMbl, OTJHYAKOLIHECs JHILb
MOPSIZIKOM CJIaraeMblX, SKBHUBaeHTHbI; 2) napel (ax)x’ u z(ax’),
rie « € P sKBUBaJeHTHbI; 3) napa (T + y)T’' 3KBUBaJeHTHA CyM-
me nap xa’ + yax’' u napa x(x’ + y') sKBUBaJeHTHA CyMMe Map
xzx’ + xy’.

JIBe CyMMBI 3KBUBAJIEHTHBI, €CJIH OT OJHOH U3 HUX MOXKHO T1e<
peiiT K IpYrofi myTeM MPUMEHEeHHs! YKa3aHHBIX MPABHJ KO BCeH
CyMMe HJIM €€ YaCTH B KOHEUHOM UHcJje. DTO OTHOIIEHHE SKBUBA-
JIEHTHOCTH peyIeKCHBHO, CHMMETPHYHO H TPaH3UTHBHO. [ToaTomy
BCE CyMMBI pa30UBAIOTCS Ha KJ1aCChl 9KBHUBAJEHTHHIX CyMM. [1ycTh
T — MHOXeCTBO 3THX KJaccoB. Beemem B 1" onepaiifin CJI0KeHH s
M YMHOXKEHHsI Ha 3JIeMEHTHI 0Jist P uepe3 onepalyd Haj Mpej-
CTaBUTENSIMU KJacCOoB. Cymmorl IBYX CYMM HA3bIBAETCS CyMMa,
noJlyueHHasi IPUITHCKOK K MepBOH CyMMe CJIaraeMbiX BTOPOH CyM-
MBl. ¥MHOMCeHUe CyMMBbl Ha o € P onpefesdM Kak yMHOXeHHe
Ha « MepBHIX 3JIEMEHTOB BCeX Map. jIaHHOH cymMmbl. Hampumep,
a(zz’ +yy') = (az)z’ + (ay)y':

MtuoxectBo T' Py 3THX ONMEPALHSX SBJSETCS JHHEHHBIM MPO-
cTpaHcTBoM Hap mojeMm P. OHO Ha3bIBAETCS MEH30PHbIM NPOU3-
sederuem npocmparcms V. u V' u o6osnadaercs uepes V x V.
Ecnu V u V' koneunomeprsl, 10 1 V' X V' KOHeUHOMEpPHO U ero
pasMepHOCTb paBHa NpoM3BejeHHI0 pasmepHocTeit V' u V. Eciu
e, e, ..., e, — basuc V u e, e, ..., e, — 6asuc V', 10
CHUCTEMa KJIACCOB SKBUBAJIEHTHBIX CYMM, COIEPXKALIUX YMOPSiI0-
YeHHbIe Maphl

ee. (i=1,2,....,n; j=12...,n), (19)

aBsieTcs 6asucom npoctpanctBa V' x V' (em. samauy 1918).

AwnanornuHo ompepesisieTcsi TeH30pHOE MPOU3BEAEHUE JH0OOT0
KOHEUHOTO MHOXKEeCTBa JIMHEHHBIX TPOCTPAHCTB.

Tensopsl Tvna (p,q), 3agaHHble Ha MpocTpaHCTBe V,,, MOX-
HO paccMaTpUBaTh KaK BeKTOpbl mpocTpaHcTBa T, sIBJsIOLIErocs
TEH30PHBIM MPOU3BEIEHHEM ¢ IPOCTPAHCTB V,, M p COTPSIKEHHBIX
npoctpancts V.. Jlast atoro Gepem 6asuc e, €s, ..., €, BV, 1
COTpsi?KeHHBIN 6a3uc el e ... ,e,B V. Torna ynopsiioueHHble
CHUCTEMbI

o ilgia i
ej e, ...e;ele?. e, (20)
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Tle BCe MHJEKCHl U3MEHSI0TCs OT 1 10 p, cocTaB/sioT 6asuc mpo-
crparctBa T. Bekrtop ¢ u3 T Bhpa)kaeTcst yepes 3TOT 6asuc B
BUJIE

§— gird

Ja, . i ia i
=55, i €h€j, - -€j,e e . e,

Ero KoopaunaThi, T. €. uMcaa ;. %, GyIyT KOOPAMHATAMH TeH-
sopa tuna (p,q) B Gasuce ej, ez, ..., €, B CMbIC/JE MEPBOLO
onpeeseHus TeH30pa.

1900. [Jokasath, uto nanas Jwoboro 0Oasuca ey, ..., e,
N-MepPHOTO JIMHEHHOTO MPOCTPaHCTBA V/,, CYLIECTBYET €ANHCTBEH-
HBIH COTpSUKEHHBIH 6asuc el, ..., " CompsiKeHHOro. MpoCTpaH-
ctBa V7, T. e. 6a3uc, CBSI3aHHbI C JaHHBIM 6a3HCOM YCJOBHSMH
el(e;)) =467 (i, j=1,2,...,n), rne §] — cumson Kponexepa.

1901. Jluneiinasi pyHKUHS () HA N-MePHOM JHHEHHOM Mpo-
cTpaHcTBe V,, ABJSETCS KOBAPUAHTHBIM TEH30POM, T. €. TEH30POM
tuna (1,0).

a) Haiitu ero xoopauHate a; B JlaHHOM 0asuce e;.

6) IlokasaTh, uTO 4MCIA a; SBJAIOTCA KOOPAUHATAMH ()

KaK BEKTOpa COMPSIKEHHOro npoctpanctea V) B Gasuce
€', conpsikeHHOM 6asHcy e; npocTpaHcTBa V.

1902. KoopauHaThl -BekTOpa & B HaHHOM 6asuce n-MepHOro
JIMUHEHHOTO MNPOCTpaHCTBa V', OINpenessioT KOHTpaBapHaHTHBIN
TeHsop, T. e. TeHsop tuma (0,1). 3amucaTh 3TOT TEH30p B BHE
NOJUIHHeHHOI (DYHKLHY.

1903. [ycts p(x) = ajx! + azx? + - -+ + a, 2™ — nuHeiHas
(opma oT KoopaMHAT BeKTopa « € V,, B 6asuce e;. [lokasare, uto
kosduuments a;a; (i, j = 1,2,...,n) KBagpata 310 (GopMbl
LAI0T IBaKIbl KOBAPUAHTHBIH TEH30P.

1904. Hazosem mampuuyetl 08ancoso. KOBAPUAHMHOEO MEH30-
pa a;; B 1aHHOM 0asHce MaTpHLy

a1 ai2 AT
A= a21 a22 a2n
an1  an2 Gnn

Ha#ith 3axkoH n3MeHeHHs] MaTpulbel A TpH nepexofe K HOBOMY
6asucy.
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1905. Hasosem mampuyeti 0sascOo. KoumpasapuaHmmo2o
men3opa a' B naHHOM Ga3uce MaTPHILY

all CL12 . aln
21 22 2n
a a Lo a
A =
anl an2 a™m

Haiiti 3akoH M3MeHeHHst MaTpulbl A Npu mepexone K HOBOMY
6asucy.

1906. ITycts o) — tensop Tuna (1,1) B n-MepHOM JMHHEHHOM
npoctpaHctBe V,,. Cuntas i HOMepOM cTosbLa, @ j — HOMEpPOM
CTPOKH, MOJNYYHM MAaTPHLY H3 KOOPAMHAT 3TOrO TeH30pa

1 1 1
a% ag e ag
A= |9 & an
al ay .. ap

Haiitu 3akoH u3MeHeHHs MaTpullbl A NpU nepexole K HOBOMY
6asucy.
1907. ‘
a) Ilokasartb, uto cumBosn Kponexepa 5f naeT BO Bcex 0a-
3ucax n-MEpPHOTrO JIMHEHHOTO MPOCTPAHCTBA TEH30p THIA
(1,1).

6) 3amWcaTb TOT TEH30p B BUJE MOJUIMHEAHOH (YHKIHH.

*1908. Ilyctb a;; — JABaKAbl KOBAPHAHTHLIH TEH30D B
n-MepHOM mpocTtpaHcTBe. JlokasaTs, UTo:
a) ecau marpuua A TeHsopa a;; B OJHOM 0a3Hce HEBbIPOXK-
JleHHa, TO OHa W B JII0OOM 0asuce HeBBIPOXKIEHHA;
6) saeMeHTHl ) MaTpuubl, 00paTHOH At MATpULbl A TeH-
3opa a;; (B cayuae, Korna A HeBbIPOXKIEHHA), 06PA3yOT
NBaXK1bl KOHTPaBaPHAHTHBIN TEH30P.

1909. [lycte Az — nuHeiiHoe mpeoGpazoBaHue U ¢(x) —
JuHeHHas (GYHKLUHS HAa n-MEpPHOM JIMHEHHOM MpocTpaHcTBe V.
[Tokasatb, uto ¢yHkuus F(x;¢) = @(Ax) ecTb TeH30p THMA
(1,1), maTpuLa KOTOPOro B J060M Ga3nce COBMAAET C MaTpPULEH
JIMHeHHOro npeobpa3oBaHus Ax B TOM ke OasMuce.
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1910. [loxaszaTb, YTO 3/€MEHTHl MATPHULBl OUNHHEHHON (DyHK-
unu F(x,y) B n-MepHOM JIMHEHHOM NPOCTPAHCTBE 06pPa3yIOT TeH-
3op tuna (2,0), T. e. 1BaXKabl KOBAPHAHTHBIH.

1911. JloxasaTb, 4TO 3Je€MEHTBl MaTpULbl JUHEHHOTO Npeod-
pazoBaHHs B JaHHOM 6asnce o6pasyioT TeHzop tuma (1,1).

1912. TlycTb B n-MepHOM JIHHEHHOM MpocTpaHcTBe V,, NaHbl
D BEKTOPOB &1, L2, ..., Lp. BBINHUIIEM KOOPAHHATbl 3THX BEKTO-
POB B HEKOTOPOM Ga3uce MO CTPOKAM MAaTpPHUILbI

6)

B)

r)

1 2 n
a; ai ... aj
1 2 n
ay ap 5
1 2 n
a Clp CLp

i1 i2 ip

a;y ay ay

71 io ip

o : a Q. a

1119...10 2 2 2 .. .

a P (lla227 7Zp_1’27 7n)

a’' a2 ar

P P

ABJSIOTCA KOOPAMHATAMH P Pa3 KOHTPaBapUaHTHOTO TeH-
3opa, T.-e. Tensopa tuna (0,p) B naHHOM Gasuce. DTOT
TeH30p HasbiBaeTcs p-gexmopom (npu p = 1 — sexmop,
npu p = 2 — 6usexmop).

ﬂOKaSaTb, 4YTO p-BEKTOp TOrAa U TOJbKO TOrAa paBeH HY-
JI0, KOT/ia NaHHbIE BEKTOPB T1, T, ..., T, JUHEHHO 3a-
BHUCHUMBbI (B YaCTHOCTH, TIPU p > n BCe P-BEKTOPbI PaBHBL
HYJII0).

ﬂOKa?ﬁaTb, uyTO [OBe JUHEHMHO He3aBHCHMble CHCTEMBI U3
P-BEKTOPOB Ka)kfas TOTAA M TOJNbKO TOTJA SKBMBAJIEHT-
Hbl, KOTJIa COOTBETCTBYIOLIME UM D-BEKTOPBI Pa3/IHyatoTCsl
MHO2KHUTEJIEM, OTTUYHBIM OT HYJIA.

[ToxasaTb, 4TO eciy MOHMMATh MOJ TEH30PaMH IOJHJIHU-
HeliHble (QyHKuuH (cM. BBefieHHe K 3ToMy naparpady),
TO p-BEKTOp, 3a[aHHBIA BEKTOPaMH T1, T2, ..., T, NPO-
cTpaHcTBa V,,, MOXHO ONpEleJUTh KaK NOJHIUHEHHYIO
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(GYHKLHMIO OT p-BeKTOPOB !, ¢?, ..., ©P compssKeHHOro
npocTpaHcTBa V', 3alaHHyI0 PaBEHCTBOM

%01(581) @2(901) s PP()
1 9 e (z2) @ (x2) ... PP(22
R R
1
o (xp) ¢ (xp) o (xp)
1913. BbISICHUTD, KaK H3MEHSIFOTCSI KOOPAMHATEI TEH30pa THIIa
p,q) Tpu mepexone oT Gasuca ey, ..., e, K 0asucy ej, ...,
e/, TIOJYUeHHOMY M3 MpeIblAyLIero MyTeM AaHHOH MOACTaHOBKU
w(i) = ki (i = 1,2,...,n); 370 3HAuuT, 4TO €] = €r(; (i =
=1,2,...,n).
1914. Ha#itn KoopauHaTH B aHHOM 0asuce ej, ..., €, TeH-
3opa tumna (n,n), 3afaHHOT0 PAaBEHCTBOM
1 2
@1(5'31) 902(901) ()
o ) . " o
Flar,... x 8017”.78071):(»0( ) ¢ (x2) @" (x2)
o' (xn) O (mn) " (xn)
1915. Tlycte F(x1,. 0, @n; @Y, ..., ") — nonuauHelHas
(bYHKIHST, KOCOCHMMETPHUUECKAsi KK 110 apryMeHTaM &1, . .., &y,
TaK ¥ Mo aprymeHtam o', ..., ©". JloKasaTb, UTO ee 3HaueHHus

yepes KOOPAMHATEL B JaHHOM 0a3uce BbIpaxKarTcs (hopMysnoh
F(1,...,xn, 0. 0" =det(z)det(p)-F(ey,....en; €',....e"),

rae e’ < Gasuc, conpskeHHbli 6asucy e;, det(x) — ompenenu-

Teslb M3 KOOPIAMHAT BEKTOPOB X1, ..., T, B Gasuce e, ..., e,
u_det(p) — onpenennTeb U3 KOOPAMHAT BEKTOPOB ', ..., ©" B
6asuce el, ..., e".

1916. Ilycte pman TeHsop TtHma (p,q) B BHJAe MOJUJIHHEHHOH
pyukunn F(z1,...,xp; @b, ..., 99). Ero ceepmroil no Home-
pam k < p, I < ¢ Ha3bIBaeTcs cymma

1

n

.1 -1 1 I+1 1
EF(wl,...,wk,l,ei,wkﬂ,...,wp, Oy T e T o).
i=1

[Tokasatb, UTO CBEPTKA He 3aBHCHT OT 0asuca U sIBJISETCS TeH30-
pom tuna (p — 1,q — 1). [pennonaraeres, 4to p,q > 0.
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1917. JlaHbl cMMMETpPHYECKHH TEH30p @;; M KOCOCHMMeTPH-
yecku# TeHsop b, HaliTh X MoNHYI0 CBepTKY a;;b™.

*1918. Jlis M3yueHHs TEH30PHOTO MpousBeseHus (cMm. BBeme-
HUe K 3TOMy maparpady) ymIoOHO MCIOJIb30BaTh MOHATHE CBEPT-
KH B cJefyioleM cMmbicie. JIJist MpOCTOTH paCCMOTPUM TEH30PHOE
pou3BeNeHHe ABYX JHHeHHbIX mpocTpaHcTs: T =V x V' rne V
u V' — nuHeiiHble MPOCTPaHCTBA Hal ONHUM H TeM e nojem P

Csepmxoti cymmol 1Ty + -+ + xpx), M€ T; € V, x, €V’
(i=1,2,...,k), c BeKTOpOM ¢ mpocTpancTBa V™, CONpsizKeHHOro
npocTpancTBy V, HasbiBaeTcs BEKTOp aix) + -+ + aup), € V',
rie a; = p(x;) € P (i =1,2,...,k). AHajsoruuto onpeaesnsieTcs
CBEpTKa TOH e CyMMbl ¢ BekTopoMm ' € V': oma sBasiercs
BEKTOPOM H3 V.

a) JlokasaTh, 4TO ec/M [Be CYMMbl YKa3aHHOTO Bbillle BH-
a8 5KBUBAJIEHTHBI, TO UX CBEPTKH PaBHBI. DTO MO3BOJSET
onpenenuth cBepTky p(t) € Vst € T, o € V™.

6) Jas Toro 4toGbl napa xx’ Oblaa sKBMBaseHTHa nape 00,
rne 0 u 0' — HyJeBble BEKTOPbl COOTBETCTBEHHO U3 V 1
V', HeoBX0MMMO M J0CTAaTOYHO BHIMOJNHEHHE MO KpaiiHek
Mepe OIHOrOo U3 ycjoBui @ = 0, ' = 0.

A ! / ! !
B) Ecau Tixy +0- + xpxy ~ 00" ¥ BEKTOPH X7, ..., Ty

JIMHEHHO He3aBHUCHMEI, TO
51312-"::13k=0.
r) Kinaccel 3KBHBaJIeHTHBIX CYyMM, COJepKallHe MNaphbl eie;
(i=1,2,....n;5=1,2,...,n'), rne ey, ..., e, — 6asuc
Vwuel, ..., e;/ — fasuc V', obpasytoT 6asuc 1.

1919. [loxasaTb, uUTO TeH30pHblEe NPOWU3BENEHUS JHHEHHBIX
NPOCTPAHCTB BCEX MHOTOUJIEHOB OT Z M BCeX MHOIOYJIEHOB OT
y ¢ Koa(pduuueHTaMH U3 1oJs P ecTb NPOCTPAHCTBO BCeX MHO-
TOUJIEHOB OT JIBYX HEM3BECTHBIX T, Y C KO3(PPHULHEHTaMU H3 P.

1920. [Tokasath, 4TO TEH30PHOE MPOU3BEIEHHE POCTPAHCTBA
MHOrouJIeHOB f(x) cremeHd < n W MPOCTPAHCTBA MHOTOYJIEHOB
g(y) crenenu < s ¢ KoapduureHTaMu U3 moJssi P ecTb MpocTpaH-
CTBO MHOTOUJIEHOB h(x,y), CTE€NeHb KOTOPHIX < 1 M0 & U < § 110
Y, C Koa(ppuureHTamu U3 noas P.
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1921. JloxaszaTb yTBEp:KAEHHUS:

a)

6)
B)
r)

n)

1151 J11060r0 6asuca e; n-MepHOTO eBKJMA0BA MPOCTPaH-
crBa E,, (au nmpocTpaHcTBa ¢ KBaApaTHYHOH METPHUKOE
M) cylecTByeT elIMHCTBEHHBIH B3aMMHBIH 6asuc e’ npo-
crpatctsa E,, (coorBetcTBerHo M), CBSIBaHHBIH ¢ AaH-
HbIM 0asucoM paseHcTBaMu (e;,el) = 67 (i, j = 1,
2,...,n) (cootBercTBeHHO paBeHcTBaMu (8) U3 BBeneHUs
K 3ToMy naparpady);

B3aMMHBIH Gasuc BblpaXkaeTcsi uepes JAaHHbIH Gasuc 1o
bopmynam e’ = g%, (i =1,2,...,n);

NaHHbI{ 6a3uc BhIpa)kaeTcsl yepes B3aMMHBIH 10 (Gopmy-
naM e; = gine® (i =1,2,...,n);

MeTPHUECKHe TEeH30pbl ¢;; M ¢*/ CBS3aHBl PaBeHCTBAMH
9iag’* =6] (i, j =1,2,...,n);

ecM 0603HaYMTh MaTPHILBl METPUUECKHX TEH30POB Uepes
G = (gij)} n G = (¢¥)}, a onpegenntend 3THX Mart-
pri — uepes g = |gylt wog1 = [g¥|7, 10 GG1 = E,
991 = L.

1922. JloxasaTb, 4TO KOBapHAHTHbIE U KOHTPABapUaHTHbIE KO-
OpAMHATBl OJHOTO U TOTO 2Ke BeKTOpa B JaHHOM 0as3uce eBKJ/HI0BA
MPOCTPAHCTBA CBSI3aHbl PABEHCTBAMHU:

a)
6)

T = Gio® (0=1,2,...,n);
=g, (i =1,2,...,n).

1923. B mpsiMOyroJ/ibHOU 1eKapTOBOH cHCTeMe KOOpAMHAT Aa-
HBI JIBa BEKTOpa

a)
6)

B)
r)

n)

e; = (1,0), ez = (cosa,sina), sina #0;

TIPOBEPUTD, UTO 3TH BEKTOPHl 00pa3yloT 6a3uc;

HalTH KOBapHaHTHEIH MeTPUYeCKHH TeH3op g;; B Oasuce
€1, €1, B
HalTH KOHTpaBapUaHTHbIH MeTpHuecKUH TeHsop ¢g*/ B Oa-
3Uce e, eq;

HalTH BbIpaXKeHHe BEKTOPOB B3aUMHOro Gasuca e', e ue-
pes 0asuc eq, ez U HX KOODAMHAThl B MCXOMHOH NpsSMO-
YTOJIBHOH CHCTeME;

HAMKCaTh BbIPaXKEHHe CKaJSIPHOrO MpousBeneHus (x,y)
JBYX BEKTOPOB uepe3 UX KOOPAMHAThl B Oasuce e, €s;
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e) HafiTH JUCKPUMHHAHTHBIA TEH30D €;; B 0asuce eq, es;

»K) HamMcaThb BbIDa*KeHHe OPHEHTHPOBAHHOK MJIOLLAH Tapas-
JieJlorpaMMa, MOCTPOEHHOr0 Ha BeKTOpax x, Y, 4epes JUC-
KPUMHHAHTHBIA TEH30D €;; U Uepes ONpeleUTeNb U3 KO-
opauHat B 6asuce ej, es.

*1924. TlycTb ey, e; — 1060 6asuc MIOCKOCTH, g%/ — KOH-
TPaBaDHAHTHBIM METPUUECKHUH TEH30P U €;; — AMCKPHUMHHAHTHBIH
TeH30p B 3TOM 6asuce. [lo 1aHHOMY BeKTOPY T = x'‘e; MOCTPOEH
BeKTOp Y = y'e;, rae y' = ge;jpz". BhisicHuTb, B Kakoil Mepe
BEKTOP Y 3aBHUCUT OT BrlOopa 6asuca M KakoBa reoMeTpHuecKas
CBSI3b BEKTOPOB T U Y.

1925. B ueTbipexMepHOM €BKJIHUAI0BOM MPOCTPAHCTBE JaH JBa-
XIbl KOHTpaBapHaHTHBIH TeHsop a’!. Kak usmeHsioTes ¢ H3MeHe-
HHeM Gasuca BeNHuuHbl b; = €;pa™ (i, j=1,2,3,4)?

*1926. [lyctb B HeKOTOpOM 6asuce n-MepHOTO eBKJUI0BA MPO-
crpaHcTBa E,, 1aH TeH30p a;j; THNA (3,0), gij U g — MeTpuue-

ckue TeHaopel. Onpenenanm TeHsop a,’ Tina (1,2) paBeHCTBaMH:

ay = g"g"Pagsr (i, j, k =1,27...,n). Bepasutb a;j; uepes a’ .
1927. TpexmepHOe eBKJ/IHUI0BO IPOCTPAHCTBO ONpeaeeHO MeT-
1 3 1
pUuecKHM TeH3o0poM ¢ Matpuueit |3 10 1 |. Halltu anuubl
1 1 6

1
OTPE3KOB, OTCEKAeMbIX Ha OCAX KOOPAHMHAT IMJOCKOCTbIO %4—%4—
3
+L=1.

9

*1928. MeTpuKa TpeXMepHOTo eBKJINUI0BA MPOCTPAHCTBA 3a1a-

1 11
Ha METPHYeCKMM TEH30pOM g;; ¢ Mmatpuueid (1 6 3 |. Haii-
1 3 2

TH mowane S TpeyroibHuka ¢ BepunHamu A(1,0,1), B(2,1,1),
C(3,1,2) u BeicOTy h, onyuieHnyto U3 C' Ha AB, eciu KoopanHa-
Tbl ¥ TEH30p HaHbl B OHOM M TOM e 0Oasuce.

*1929. TpexmepHoe eBKJMAOBO MPOCTPAHCTBO 33aHO METpH-

1 2 1
4YeCKUM TEH30pOM g;; ¢ matpuueit [ 2 5 3 |. Haiitu ocHoBaHKe
1 3 3

nepreHauKyaspa PQ), onyiieHHoro u3 Touku P(1, —1,2) Ha mJoc-
KocTb ot + 22 4+ 223 +2 = 0.
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*1930. B ueTblpexMepHOM eBKJMJI0BOM NpocTpaHcTBe E4 na-
Hbl TPH BEKTOpA &, Y, Z H MOCTPOEH BEKTOP U C KOBAPHAHTHBIMH
KOOPIMHATAMU u; = €ijmaly*z! (i = 1,2,3,4), rue €;j5 — Auc-
KPMMHHAHTHBIH TEH30p B TOM ke 6asuce (4eTblpexMepHbIi aHaJor
BEKTOPHOTO MPOU3BejeHHus, cM. 3anauy 1938). JlokasaTs, 4To:

a) BEKTOP W OPTOTOHAJIEH KaXKJIOMY U3 BEKTOPOB T, ¥, Z;

6) ecau BEKTOPH T, Y, z JHHEHHO He3aBUCHMbI, TO AJHMHA
|u| BekTOpa w paBHa TpexmepHoMy oObemy V(x,y, z) na-
paJijiesienunena, MOCTPOEHHOTO HA &, Y, Z; €CJIU XKe T, Y,
z JHHEHHO 3aBUCUMBI, TO u = 0.

1931. Haiiti nosiHyio CBePTKY ¢;;9*/ METPHUYECKHX TEH30POB
n-MepHOro eBKJNIO0Ba mpoctpaHcTBa F,,.

1932. Omnpenenum  KOHTpaBapUaHTHBIN . AUCKPUMHHAHTHBIU
TEH30p M-MEPHOTO eBKJWOOBa mnpoctpaHcTBa FE, dopMmyniamu

ghtzin = (=1)°\/g1, rne g1 = [g”|} ' s — uucsio uuBepcuii
B NEPeCTaHOBKe 71, 12, ..., ip, U €12 "' =0, ec/au X0Td OBl 1Ba
U3 UHIEKCOB i1, %2, ..., i, CoBHamatoT. JlokasaTb, 4TO:

a) OPHEHTHPOBAHHBIA 0ObEM MapasseJienuena, MoCTPOEHHO-
ro Ha BEKTOPAaX i, T2, ..., T, (CM. BBeJIEHHE K 3TOMY
naparpady), BbipakaeTcsi paBeHCTBAMH:

Ve(xr, ®a, ..., xyn) = Vordety (1, o, ..., @) =

_ 7.,17712.,...77;71 1 2 n

=€ T Tiy - Ty
rae deti(xy1,x9,...,x,) — ONpeleNUTe]b U3 KOBAPHAHT-
HBIX KOODAMHAT BEKTOPOB X1, T2, ..., Ty H T; — @4

KOBapHaHTHasli KOOpAWHATa BEKTOpA I,

11,02, 0in — 40101 i202 inQn, .
6) € =g g - g ealaa23~~~$a7l’

. T . . A1,002,...,&n
B) €iryizyein = Jira1Jisas -+ lipa, € .

1933. BoluucauTh CBepTKY HOUCKPUMHHAHTHBIX TEH30pOB
€ijk€F TpeXMepHOro eBK/IHI0Ba MPOCTPAHCTEA.

1934. B 6asuce e;, ey, es TpexMepHOro NeHCTBUTEIbHOTO
NPOCTPAHCTBA JaH KOBADHAHTHBIA MeTPHUECKHUH TeH3op g ¢ Mart-
puLei

G:

O~ =
[N NI
TN O
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a) TlpoBepHThb, UTO MPOCTPAHCTBO EBKJIUJIOBO;

6) Haifith MaTpuiuy (7 KOHTPAaBAaPUAHTHOTO MeETPHYECKOrO
TeHsopa g';

B) HalTM KOHTpaBapHaHTHbE KOOPAMHATHI €HHHYHOTO BEK-
TOpa HOPMAJM K TJIOCKOCTH, 3aJaHHOM B TOM e Gasuce
ypasnenuem 3zt + 222 — 323 — 5 =0

*1935. JloxaszaTb, 4TO KBapaT OPHEHTHPOBAHHOTr0 0ObeMa mna-
paJijieJienurena, MoCTPOEHHOTO Ha N BEKTOPax n-MepHOTO €BKJIH-
JI0OBa MPOCTPAHCTBA, PaBeH OMpefeauTe 0 ['pama 3THX BeKTOPOB.

1936. [IycTb B n-MepHOM €eBKJHIOBOM MPOCTPAHCTBE AaHBI
TUMEePIIOCKOCTh 7T, 3a/aHHas ypaBHeHHeM ajx! + <.+ a,z™ +
+b=0, u Touka M(z},...,z}).

a) TlokasaTb, 4TO BEKTOP P C KOBAPMAHTHBIMH KOOPAMHATAMU

ai, ..., Gn NepHeHIUKYJsapeH K IJIOCKOCTH Tr;

6) paccrosiue d oT Touku M 10 TJIOCKOCTH 7r BbIPaXKaeTcs

(hopmy.ioit

g = lazg -+ anag + 0]
Pl
*1937. Ha#itu paccrosiiue ot Toukd M (xg, yo) Ha €BKJIHI0BOH
MJIOCKOCTH 10 MpsIMOH-ax + by + ¢ = 0, ec/iM KOOPAHHATHI JaHbl B
6asuce

e; ={1,0}, ez ={cosw,sinw}, sinw #0

(koopMHAThl BEKTOPOB 6a3uca AaHbl B MPSMOYTOJbHOM 1€KapTo-
BOH CHCTeMe KOODIHHAT).

*1938. IlycTb €555 — AMCKPUMHHAHTHBIH TEH30p TPEXMEPHOr0
eBKJIMI0BA MPOCTPAHCTBa, x', ' — KOHTpaBapHaHTHBIE KOOPIH-
HaThl BEKTOPOB &, Y B HEKOTOpoM 6asuce. [lokasaTb, 4YTO BEKTOP
Z, KOBapUaHTHbIe KOOPAHUHATEI KOTOPOTO B TOM Ke (Gasuce 3aiaHbl
dopmynamu z; = g;82%y% (i = 1,2,3), sBAseTcs BEKTOPHBIM
TNPOM3BEIEHNEM T U Y.



OTBETbI

ONPELEJIUTEIIU

1. 1. 2. -2. 3. —-1. 4. 0. 5. 0. 6. —1. 7. 4ab.

8. —2v°. 9. 1. 10. sin(a — B). 1. cos(a+3)."12. 0. 13. 1.

14. 1. 15. —1. 16. 1. 17. 0. 18. ab—c* — d*./19. (a — D)%

20.0. 21. a®>+ b2+ +d% 22.2=3; y=—1.

23.x=5;y=2 24.2=2/3;y=1/3. 25,2 =2,y = —3.

26. z = cos(f — a); y =sin(B — a).

27. x = cosacos 3; y = cos asin (3.

28. Cucrema HeornpezeseHHa, GpopMy/bl Kpamepa He naioT BepHOro
OTBeTa, TaK Kak [0 3TUM (popMynaM & U y pasHbl 0/0, T. €. MOTYT NPHUHH-
MaTb IMIPOW3BOJIbHBIE 3HAYEHHS, TOTAa KaK OHH CBsA3aHbI COOTHOIUEHHEM
2z + 3y = 1, oTKyZa N0 3HAUEHUIO OJHOI'0 HEU3BECTHOIO ONpele/IsieTcs
€/IMHCTBEHHOE 3HAaUYeHHE JPYTroro.

29. CucreMa NpOTHBOPEUHBA.

30. IIpu a # b ypaBHeHHe omnpefesieHHO, IPU @ = b # ¢ — TPOTHBO-
peuuBo, NMpu a = b = ¢ — HeomnpeseeHHO.

31. Ilpn o = km, roe k — 1esoe 4ucso, ypaBHeHHe IPOTHBOPEUHBO,
NPH OCTaJbHBIX 3HAYEHHUSAX (v — ONpeJeseHHO.

32. Ipu o = 2km, rue k — 1esoe 4yKcs0, ypaBHEHHE TPOTHBOPEUHBO,
npu o = (2k + 1) — HeomnpeneseHHO, IPH OCTAJbHbIX 3HAYEHHSIX v —
OIpeNleeHHO.

33. [lpu v+ # km, rne k — 1eJsioe UKC/I0, ypaBHEHHE OMpeleseHHO,
npu o+ 3 = 2km u npu o+ B = (2k1 + 1)m, o = kom, rie k1 u ko —
eJible Yncia, — HeompeneseHto, mpu o + 3 = (2k1 + 1), a # komw —
MPOTHBOPEYHBO.

34. Ilpu a # 0 cuctema onpenenenHa, npu a = b = 0 HeonpezeJseH-
Ha, npu a = 0 # b — npoTHUBOpeuuBa.

35. Tlpu ac — b®> # 0 cucrema ompeseseHHa, npu ac — b2 = 0 —
HeomnpesieseHHa. [IpoTHBOpeunBo# OHa OBITb HE MOXKET.

36. Ilpn a # £6 cucrema onpezeseHHa, Npu a = 6 — HeonpeseseH-
Ha, NIpu a — 6 — MPOTHBOPEUYHBA.

328
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37. Ilpu ab # 90 cucrema ompenesneHHa, npu a = 6, b = 15 —
HeonpeneneHHa, npu ab = 90, Ho a # 6, b # 15 — npoTHBOpeYHBa.

39. Vkasanue. Y6enutbcsi, 4To B (hopMyJie pelleHHH KBaapaTHOrO
ypaBHEHHs MOJKOPEHHOE BbIpaKeHHE MOJIOKHUTENBHO.

40. Pewenue. TlycTb faHHBIE TpexdseH SIBJASETCS MOJHBIM KBajpa-
ToMm, T. e. ax® 4 2bx + ¢ = (px + ¢q)*. CpaBuuBas K0o3(hBUIKEHTH TPH
ONMHAKOBBLIX CTeMeHsX x, HaXoiuM a = p°, b = pq, ¢ = ¢°, oTKyna
ac — b* = p?¢* — (pq)?® = 0. IlycTs, obpatHo, ac — b* = 0. Torna

az’ +2bx+c= 1 (a®2°+2abz+ac) = 1 [(az+b)*+(ac—b*)] = é(am+b)2
a a

€CTb TOJIHBIH KBaJipaT, TaK KakK W3 KOMIIJIEKCHOIO 4HCJa 1/a MOXKHO H3-

BJI€eUb KBaﬂ,paTHblf/)I KOpeHb.
ax+b

42. Pewenue. Eciu orF7 = q pu MOGOM .10 ax + b = q(cz+d),
a = qc, b =qd u ad — bc = 0. O6patHo, ecin ad — bc = 0, To npu
c#0#dnveem ¢ =2 =g, a=qc, b=qd Ilpu c = 0 # d Gyzer
a = 0 u, nosarasd q = %, cHOBa uMeeM-a = qc, b =qd. [lpu ¢ # 0 = d
MoJy4MM TO XKe camoe, nosaras q = <. [ostomy 22Eb — q(;z—:j) =gq
npu 006X .

43.40. 44.-3. 45.100. 46.—5. 47.0. 48.1. 49.1. 50.2.

51. 4. 52. —8. 53.6.54.20. 55.0. 56.3abc —a® —b> — 3.

57. a® 4+ b* + ¢ —3abc. 58.0. 59.22% — (a+ b+ c)z® + abe.

60. (ab+ bc+ ca)r +abc. 61. 1+a”+ 3% +~2. 62.1.

63. sin(B — ) + sin(y — a) + sin(a — B).

64. cos® a4 cos®> f+cos’y =1. 66.—2.

67. zyz+2(ace—bef+adf +-bde) —x(e®+ f2) —y(*+d?) — z(a*+b?).

68.0. 69. 3. 70. 3i\/3.

72. Ykasawnue. Bee 1ecTb UJ€HOB ONpPENEIUTENST HE MOTYT PABHSATh-
¢sl +1, Tak Kak torma [MPOM3BEICHHE TPeX HJIEHOB: 11422033, 0120230431,
@13a21G32 OBLJIO OBl PABHO MPOU3BEIEHHIO TPEX OCTAJNbHBIX UJIEHOB, B TO
BpeMsl KaK MepBOe M3 3TUX MPOU3BENEHHI PABHO MPOH3BEIEHHIO BCEX
IEBSITH 3JIEMEHTOB OTPENEJUTENIs, @ BTOPOE — TOMY K€ TPOU3BENEHHIO
NIEBSITH 3JIEMEHTOB C MPOTUBOMOJNOXKHBIM 3HaKOM. Jlasiee, yOeaUThCs, UTO
onpeieIUTe b OTJIHYEH OT b U UTO
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73. Ykasanue. ITokazaTb, 4TO BCe TPH MOJNOKHUTENbHBIX YJ€HA, BXO-
ISIIHX B ONpeNenTe b, He MOTYT PaBHATbCS 1, U ydecTb, UTO

[
_ O =

1
1 =2
0

4. x =3, y=—-2,z=2.

7. x2=y=z=1.

76. x =1, y=2, z=—1.

7. x =2, y= -3, z = —2.

718. x = —a,y=0b, z=c.

Yxasanue. Tlonoxuts 7 = ', % =y Z=2"

79. x = be, y = ac, z = ab.

80.x =a, y =2b, z=3c

Yxazanue. Kaxpnoe U3 ypaBHeHHH pa3fefiuTb Ha abc U TOJNOXKHUTDH
z y _ =

7 / /
S=T, =Y, 2 =2.

o=

__ atb+c. _ a+b52+cs. _¢ a+b€+c€2
81. z = T Y = S = 3 .

Ykasanue. DTy cucteMy MOXHO pewath 1o ¢opmynam Kpamepa.
[Ipoue cHavyana CI0XKHUTb BCE ypaBHEHHs, 3aTeM CJIOXKHTb INOCJE YMHO-
JKEHHS BTOPOT'O YPABHEHUs Ha €2, a TPETbEro Ha €, U, HaKOHell, CJIOKUTD
rnocjie YMHOXKEHHsI BTOPOTO YPaBHEHHs Ha €, a TPeTbero Ha 2. Mcrnosb-
30BaTh COOTHoOWIeHHe 1 4 + &% = 0.

82. Cucrema HeompeesieHHa, TaK KaK TPEThe YPABHEHHE eCTh CyMMa
JABYX OCTaJIbHBIX H, 3HAUMT, sa060e peuieHrne ABYX MEPBBIX ypaBHeHI/If/’I
YHOBJIETBOPSIET W TpeTbeMy. [lepBbie 1Ba ypaBHEHHS] UMEIOT GECKOHEUHO
MHOTO peLIeHHH, HalpuMep & U y BblpaxaloTcs uepes z Tak: ¢ = 10z+1,
y = Tz. JlaBasi z MPOMU3BOJIbHOE 3HAYEHHE, HANEM 3HAUEHHS] T U Y.

83. Cucrema Heornpeze/ieHHa.

84. Cucrema npoTHBOpEUHBa, TaK Kak, ec/1d Obl IPU HEKOTOPBIX UHC-
JIOBBIX 3HAUEHMSIX HEU3BECTHBIX BCE ypPaBHEHMS CHCTEMBI 00palllajuch B
paBeHCTBO, TO, BbIUWTAs TMEPBOE€ PABEHCTBO M3 CYMMbl IBYX OCTaJIbHBIX,
Mbl NOJMY4YHJIH Obl CHOBA paBeHcTBO. Ho nosyuaercs 0 = 4.

85. Cucrema npoTuBopeuusa.

86. Ilpu a® # 27 cucrema ompefeseHHa, mph a® = 27 NpoTHBO-
peuuBa.

87. Tlpu 4a® — 45a + 58 # 0 cucrema onpenesenHa, npu 4a® — 45a +
+ 58 = 0 npoTHBOpeuHBa.

88. Ilpu ab # 15 cucrema onpeleneHHa, npu a = 3, b = 5 Heormpe-
neJleHHa, TIpu ab = 15, HO a # 3, b # 5 NpoTHBOpeuHBa.
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89. Ipu ab # 12 cucrema omnpenesneHHa, npu a = 3, b = 4 Heorpe-
neJsieHHa, pu ab = 12, HO a # 3, b # 4 NpoTHBOpPEUHBaA.

99. Vkasanue. PaccMoTpeTh ONpenesUTeNb, B KOTOPOM IepPBble J1Be
CTPOKM He TIPOMOPIHOHANBHB (B YaCTHOCTH, HM OJIHA M3 3THX CTPOK
He JI0JKHA CONepkaTh TOJBKO HYJH), a TPeThsl CTPOKAa paBHa CyMMe
MePBbIX ABYX, T. €. Ka)K/Ablil ee 3/1eMeHT paBeH CyMMe COOTBETCTBYIOLIHUX
3JIEMEHTOB TIE€PBBIX IBYX CTPOK.

100. 0. 101. 0. 102. 0. 103. 0. 104. 0.
105. 0. 106. 0. 107. 0. 108. 0.

109. 0. [IBe ToukH (x1,y1) U (T2,y2) MJIOCKOCTH JiexKaT (Ha OLHOH
NPSAMOKM C TOUKOHM, HeNfilled OTPe30K MeXKJ1y HHMH B JJaHHOM OTHOLIe-
HUH A.

110. 0. Ykaszanue. K mepBoil cTpoke NpHOABUTL BTOPYIO U TPETHIO
1 BOCIIO/Ib30BaThes (hopMynoi Buera.

120. Yxazawnue. K TperbeMy cTOJOLY ONpenesnuTess, CTOSILIETO B
JIeBOH 4acTH paBeHCTBa, NPUOaBUTb BTOPOH, YMHOXKeHHbIH Ha a + b + ¢,
M BbIUECTb NEePBbIH, YMHOXKeHHbIH Ha ab + bc + ca.

123. 5. 124. 8. 125. 13. 126. 18, 127. -1 y28, (i
129. w uHBepcuil. [lepecraHoBka ueTHa npu n, paBHOM 4k,

4k + 1, u HeueTHa mnpu n, paBHOM 4k + 2, 4k 4 3, rne k — mboe
HeOoTpHLATebHOE UHCIIO.

130. w uHBepcui. [lepecranoBka yetHa npu n = 4k, 4k+3 u
HeueTHa npu n = 4k 41, 4k+2, rae k — /1060e Lie/10e HeOTpULlaTeIbHOE
YHCIIo.

131. w nunBepcuil. [lepecranoBka yetHa npu n = 4k, 4k+ 1 u
HeueTHa npu.n = 4k+2, 4k+ 3, rae k — no6oe Les0e HeoTpULATEbHOE
YUCJIO.

132, @ uHBepcuil. [lepecranoBka yerHa npu n =4k, 4k+3 u
HeueTHa npu n = 4k+1, 4k+2, rie k — mno6oe 1es0e HeOTpULATEbHOE
YHUCIIO0.

133. 3n(n — 1) unsepcuit. [lepectaHoBka yeTHa MpH JOOOM N.

134. n(3n—2) unBepcuil. UeTHOCTDb MEPECTAHOBKH COBIAIAET C UeT-
HOCTBIO M.

135. n(5n + 1) unBepcuit. [lepecTaHoBKa YeTHA MPH JIOOOM n.

136. B nepecranoBke n, n—1, n—2, ..., 3, 2, 1. Uucno uusepcui
B Heil papHo C?2 = @

137. k—1. 138. n— k. 139. C2.

140. Ina n = 4k, 4k 4+ 1 onunakoBa, a aaa n = 4k + 2, 4k + 3
MPOTHBOMOJOKHA. 31ech kK — J11000€ 1[e/10e HEOTPULIATENTbHOE YHCJIO.
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141. Pewenue. bepem nBa /00bIX 37€MeHTa a;, a; B JaHHOW Mepe-
craHoBke (i < j).

Ecau B naHHOH mepecTaHOBKe 3TH 3J€MEHThl 00pasyioT MOPsiioK, TO
¥ B UCXOIHOM PacCIOIOXKEHHH a; CTOUT PaHblle a;, U HHAEKCH 4, j OyAyT
06pa3oBbIBaTh MOPsIIOK. EC/H e B 1aHHOH MepecTaHOBKE 3JEMEHTHI a;,
aj 00pasyoT HHBEPCHIO, TO B UCXOJHOM PACIOJOXKEHHH a; CTOUT PaHblie
a;, TI03TOMY HUX MHJEKCHI j, i TaKxkKe 00pasylT HHBEPCHIO.

[TosTOMY MHBEpPCHH JaHHOH MEpecTaHOBKU B3aWMHO OJHO3HAUHO CO-
OTBETCTBYIOT WHBEPCHSIM TEPECTAHOBKH MHIEKCOB 3JIEMEHTOB TPH HOP-
MaJIbHOM PaCroJIOXKEHNH ITHX JIEMEHTOB, ¥, 3HAUHUT, YHCJIO TeX U IPYTHX
WHBEPCHH OMHAKOBO.

142. Ykasanue. B mepecraHoBKe a1, a2, ..., an NEMEHT b mepe-
BOIMM Ha INepBOe MeCTO, B MOJYUEHHOH NepecTaHOBKe ba MEpeBOAHUM Ha
BTOpPOE MECTO W T. II.

143. Hanpumep: 2, 3,4, ..., n, lumun, 1,2,..., n—1. Yxazanue.
[Ipu nokasatesbCTBE WUCMOJIb30BATh TO, YTO OJHA TPAHCIO3HIIUS MOXKET
YMEHBIIUTD YHCJIO 3JEMEHTOB, CTOSIIMX B MEpecTaHoBKe mpagee (neBee)
HUX MecTa B HOpMaJIbHOM DACIOJIOXKEeHHHU, He GoJiee UeM Ha eIUHHMILY.

144. Ykasanue. B nepecraHoBKe afi, a2, ..., Gn 3JEMEHT b; CMexK-
HBIMH TPaHCIO3HIUSIMU I€PEBECTH HA MePBOE MECTO, B MOJYUEHHOH Mepe-
CTaHOBKe 3J1eMEeHT bo CMEXKHBIMU TPAHCIIO3ULUSIMU MIEPEBECTH HAa BTOPOE
MECTO M T. .

145. C2 — k.
146. %n!Cﬁ. Yrasanue. Bocrosib30BaThCs MpeAblAyllel 3afaueil.
147. Ykasanue, CMeXHBIMH TPaHCIO3ULHSIMHU TepeBecTH | Ha mep-

BO€ MeCTO, 3aTeM 2 Ha BTOpO€ MECTO U T. . y‘-IeCTb, 4YTO OOHA CMexXHad
TPAHCNO3UIUA U3MEHSAET YHUCJIO I/IHBepCI/Iﬁ Ha equHHLY.

148. Ykasanue. PaccMoTpeTb psij MepecTaHOBOK, HAYMHAIOLIMNCS C
MIePeCcTaHOBKH 1,2, ..., n, NOJYUYeHHbIH CAEIYIOLUM PSAOM TPAHCIO3U-
OMi: CHauasla eMHULY [IePeBOAHM Ha I0C/eJHee MeCTO, [IepecTaBsis ee
C KaxJbIM YHUCJIOM CIIpaBa, 3aTeM ﬂBOﬁKy TEM 2Ke MyTeM IepecTaBJ/sgeM
Ha TpeArnoc/iefHee MeCTO U T. 1., MIOKa He MPHUAEM K IepecTaHOBKe 7,
n—1,...,2 L

YTBepKIeHHe MOXKHO TaKxKe 10Ka3aTb HHIYKIHEH 1o ducay k.

149. Pewenue. 115 BbIBOLA PEKYPPEHTHOTO COOTHOLIEHHUS 3aMETHM,
4TO €C/M B MepecTaHOBKe C k HHBEPCHUSIMH YHCIO 7 + 1 CTOMT Ha mo-
CJIefIHEM MecTe, TO Bce k HHBepcHH oOpasylorcs uncnamu 1,2, ...,m, 1
TaKUX MepecTaHoBoK OyneT (n,k); eciu n + 1 CTOMT Ha Mpeanoc/aenHeM
MeCTe, TO OHO 00pa3yeT OfHY HHBEpCHIO, a uucaa 1,2, ..., n o6pasyioT
k — 1 uHBepcHH, 1 TakMUX MepecTaHOBOK OyneT (n,k — 1) u T. 1.; HaKo-
Hell, ecau n + 1 CTOUT Ha NepPBOM MecTe, TO OHO 0Opa3dyeT m MHBepCHH
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(10 BO3MOXKHO sumb ipH k > n), a uucna 1,2,...,n ob6pasywoT k — n
MHBEPCHH, U TaKUX MepecTaHoBOK OyneT (n,k —n).

Pacrnionarast uucsa (n, k) B Tabidue Mo CTPoKaM C JAHHBIM 71 U 10
cTonfuaM ¢ JaHHBIM K, M3 PEKYPPEHTHOI'O COOTHOLIEHHS BHIHMM, UTO
Kaxjaoe uucao (n+ 1)-i cTpoku paBHO cyMMe n + 1 4ynces mpeasiayiel
CTPOKH, CUMTasi UX BJIEBO OT UMCJA, CTOSIIETO HAJ HCKOMBIM YHCJIOM
(BKksfouast W uMcsia, paBHble HYJI0). BbimuchiBas Asist ynoGCTBa OTCUETA
MecT TaKyKe W HyJjeBble 3HaueHus (n,j) mpu j > C2 ¥ yuyuTbiBas, YTO
(1,0) =1, (1,4) = 0 npu j > 1, nonydaem rtabauiy 3HaueHuit (n, k):

k |
"lo 1 2 3 4 5 6 7 8 9 10 1l 1213 14 I5]
1t 0000000000000 O0 0
2|1 1 0 0 0 0 0 000 0.0 00 0 0
3/1 2 2 1.0 0 0 00 0 0°00 0 0 0
41 3 5 6 5 3 1 0 0 010 0 0 0 0 0
5 1 4 9 1520 2 2015 9 4 1 0 0 0 0 0
6|1 5 14 29 49 71 90 101 10190 71 49 29 14 5 |1

Hanpumep, unc/io nepecTaHOBOK LIECTH 3/1EMEHTOB C CEMbIO HUJIH BO-
ceMblo HHBepcusamMu paBHo 101.

150. Yxazanue. Bo Bcex .nepecTaHOBKaX 3aMEHHUTb AaHHOE PacIoJIo-
JKeHUe Ha 00paTHoe.
151. (142) (35). Hdexpement paseH 3. [logcraHoBka HedeTHas.
152. (163) (25) (4). [TopcraHoBKa HeueTHasl.
153. (182)(3) (467) (5). [oncraHoBKa ueTHast.
154. (15)(2864) (397). [logcraHoBKa YeTHasi.
1565. (123456789). [ToncTaHoBKa YeTHasI.
156. (14) (25) (36). IToncraHoBka HeueTHasi.
(1

157. (12) (34) ...(2n—1,2n). dekpemeHT paBeH n. UeTHOCTDb NOA-
CTaHOBKHM COBMAjlaeT ¢ YETHOCTBIO UHCHA 7.

158. (13) (2) (46) (5) ... (3n—2,3n)(3n—1). [leKpeMeHT paBeH n.
YeTHOCTb MOACTAHOBKH COBMAJAeT C YETHOCTBIO YHC/IA M.

159. (1,3,5,...,2n —1)(2,4,6,...,2n). [lekpeMeHT paBeH 2n — 2.
IloncranoBka 4eTHasl.

160. (123) (456) ...(3n — 2,3n — 1,3n). [ekpemMeHT paBeH 2n.
[ToncraHoBKa yeTHast.

161. (1,4,7,...,3n—2) (2,5,8,...,3n—1) (3,6,9,...,3n). dekpe-
MeHT paBeH 3n — 3. UeTHOCTb MOACTAHOBKH MPOTHBOIOJIOXKHA YETHOCTH
qucIa n.
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162. (1,k+1,2k+1,... ,nk—k+1) (2,k+2,2k+2,...,nk—k+2)
.oy (k,2k,3k,...,nk). dekpemeHT paBeH nk — k. [TonctaHoBKa 4eTHast
npH 4eTHOM k U NpH HeueTHbIX k U n. M HeueTHa npu k HeyeTHOM U n

YETHOM.
2345 12345
163. {5 3 4 9 1)' 164. (3 51 4 2)'
123456789
165'741632589)'
123 4 2n —1 2n
166. (2 1 4 3 2n 2n—1>'
123 4 2n—1 2n
167. (2 345 ... 2n 1>'
168 123456 3n—2 3n—-1 3n
"\3 12645 ... 3n 3n—-2 3n-1)"
12 34 12345 12345
169. (1 34 2)' 170. (3 125 4)' g1 (1 2 3 4 5)'
123 4 123 4.5
w2 (337 5) (350 40)
176. A. Ykasanue. Bocronb3oBaTbest Npenblayliell 3afadei.

177. ToxpecTBeHHas MOACTaHOBKA F.
178.X:(1 2 3 4 5.6 7>'
7 1 2 3-4 5 6

181. Ykasarnue. PacnosiokuTb yucsa nepBoi CTPOKM MOACTAHOBKH B
BO3pacTalolleM MOpsiaKe U OT TOXKIECTBEHHOH MOICTAHOBKH MepPeHTH K
JIaHHOM TIyTeM pfJia TPAHCIIO3ULIMH BO BTOPOH CTpPOKe.

182. Vkasanue. Ilnsi nokasaTesbCTBa CYLIECTBOBAHUS PA3JIOKEHHS
Ha TPAHCIO3ULHHK B YHUCJ/E, PABHOM NEKPEMEHTY, YMHOXKUTb MMOACTAHOB-
Ky Ha TPaHCMO3HLHIO YHCeJ, BXOASIIMX B OLMH LHKJ, U HCIOJNb30BATh
3anauy 180. [lnsi noxkasartesnbcTBa MUHHMa/JAbHOCTH YMCJA TPAHCIIO3ULME
3aMeTHM, 4YTO NPHU YMHOXKEHHH Ha OAHY TPAHCIO3HLUHIO NEKPEMEHT He
MOKeT yBeJHUUTbCs GOJblIe YeM Ha eIMHHULLY.

183. Vkasanue. Eciu P = P P> ... P; — n060e pasjioXeHue TMoi-
CTaHOBKH P Ha TPAHCIO3UIMH, TO HUCIOJAb30BATH PABEHCTBO P =

a a oo a
= (" "™ "> -P1P>...Ps v 3anauun 179 u 182.
al a2 . QAn,
184. Pewenue. Ecnin X — mnopcraHoBka, nepecTaHoBouHast ¢ S,

To SX = XS, orkyna X718X = S. Paznoxum S Ha WHKJIB S =
= (12)(34) = X '(12)XX ' (34)X. HerocpeCTBEHHBIM BHIUUC/IEHH-
eM y6exaaemcs, uto X 1 (12)X ecTb CHOBa LMK JIHHBI 2, TIOJyUeHHbBIH
u3 urk/aa (12) 3ameHoit umces | ¥ 2 TeMH, KOTOpPble UM COOTBETCTBYIOT B
noxcTaHoBke X . DTo ke BepHO M must nukiaa (34). Takum o6pasom, mom-
cTaHoBKa X JIOJI’KHA TEPEBOAUTh LHUKJBI U3 S B LUKJbI TOH XKe JJIHHEI,
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a B CHJIy €IMHCTBEHHOCTH pasjoxkeHHs S Ha LUKJBbl, LHKJBI JUOO0 mepe-
XOISIT KaxKAblH B cebs1, MO0 ONUH B APYyroi. Tak Kak KaxIblH LUKJ AJH-

HBI [1Ba MOXKHO 3amucarhb AByMsi criocobamu: (12) = (2

TO BCe MOJACTAHOBKH, NePecTaHOBOUYHBIE C S, OyAyT:

&
(5

=N NN

185.

(i
(5

186.

187.

188.
189.
190.

191.

192.
193.
194.

195.
196.

197.

198.
199.
200.
201.
202.
203.
204.
205. 0.

3 4 1 2 3 4 1 2 3 4
3 47 \1 2 4 3)7 \2 1 3 4)°
3 4 1 2 3 4 1 2 3 4
1 2)” \3 42 1) \4 31 2)’

Hckomble MMOACTAaHOBKH:

2 3 45 1 2 3 4 5 1
2 3 4 5)’ (1 4 3 2 5)’ (3
2 3 45 1 2 3 4 5 1
4 5 2 1)’ (5 2 1 4 3)’ (5

=N NN

1), (34) =

W N =N

= W ot Ww

Ykazanue. Ilokazate, 4To HUKaKoe U3 yuces 1,2, ...
MOZKET MepelTH B HYJb U Pa3Hble YHCJA NMEPeXOoAsiT B pasHble.

(1 2 345 6 7 8)

5 1 6 2 7 3 .8 4)°
Bxomut co 3HakKoM MHHYC.

Bxonut co 3HaxkoM; mioc.

He sB/sieTcs 4/ieHOM onpenesuTesNs.
Bxonut co 3HakoM MHHYC.

He sBasieTcs 4jieHOM onpemesuTesNs.
Co 3Hakom (—1)""1,

n

Co 3HakoMm (—1
(n=1)(n—-2) 1)(11 2)

)"
Co snakom (—1)
)" = (= ) -

Co 3nakom (—1
i1=5 k=1
1=6, k=2

11024032043 + 413021032044 + Q14023032041 .

10z* — 52°.

Co 3HaKOM ILIIOC.
CZ

n

Co 3HakoMm (—1)

a114220433 ...0nn.
n(n—1)
(1) 2 -amaamn-1...Gn1.

(43),
3 4
4 3)°
3 4
2 1)
4 5
4 1)’
4 5
2 3)°
,m—1 He
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207. Kopusamu 6ynyT 4uncaa ai, az, as, ..., an.
Yrasanue. Vlcnonb3oBaTh yTBEPXKAEHHE, YTO MHOTOUJIEH CTENEHH 7
He MOXKeT MMeTb 0oJjlee 4eM 7 Pas3/IM4HbIX KOpHeH.

208.2=0,1,2,...,n— 1.
209. An—k+4+1,n—i4+1-
210. An—i+l,n—k+1-

211. Ecau n 4eTHO, TO YMCJIO 3JEMEHTOB Ha UYeTHBIX M HEUeTHBIX

MecCTaxX OAMHAaKOBO W PaBHO %nQ. Ecnmu n He4YeTHO, TO YHUCJIO 3JIEMEHTOB
1

Ha 4eTHbIX MecTax paBHO 5(n” + 1), a Ha HeueTHbIX —1(n® — 1),

212. Omnpepenutens yMHOXKHTCS Ha (—1)

n—1

213. Onpenenuress yMHOX)UTCS Ha (—1)"(~1D/2

214. Omnpepenuresb He U3MEHUTCS.

215. Ompenenntens He U3MeHHTCS. Ykasauue. JlaHHoe mpeobpa-
30BaHH€ MOKHO 3aMEHHUTb ABYMs CHMMETPHUAMU OTHOCUTEJbHO TOPHU30OH-
TaJbHOH M BEPTHKAJbHOH CPEAHMX JIMHHUH W CHMMETPHEH OTHOCHTENbHO
[JIaBHOH [MaroHaJu.

216. Ykasanue. TpaHCIOHMPOBATb OMpPENETHUTENb.
217. Ykasanue. TpaHCIOHMPOBATH ONpPENETHUTENb.
218. n = 4m, roe m — ueJoe.

219. n =4m + 2, rae m — ueJsoe.

221. Onpenenuresb ymMHOXKHTCS Ha (—1)".

222. OmnpenennTesb He UBMEHUTCS. ¥KkasaHue. PaccMoTpeTb 00U
YJleH OTpenesUTe s,

223. Vkasanue. PaccMOTpeTb CyMMYy HHEKCOB BCEX 3JIeMEHTOB, BXO-
JSIUX B OOIIMH UJIeH ONpelesuTess.

224. Yxasanue. Bocrosb3oBaThes MpeablAyILed 3agaued.
229. Onpezenurenb 06paTUTCS B HYJIb.

230. Omnpenenntenb 00paTUTCS B HyJb, €CJH OH YETHOrO MOPSIIKA,
W yIBOUTCH, €C/IM HeUeTHOro. ¥xasanue. Pa3noxuTb Ha cyMMy ompeje-
JuTesel M0 KaxKAOMY CTOJOLY.

2
231. Onpenenutens ymMHoxuTes Ha (—1)Fn,
232. OmnpenenuTesb paBeH HYJIO.
233. Uucso Takux onpenenuteseil papHo n!. Ix cymma paBHa HyJI0.

234.0. 236.8a + 150+ 12¢ — 19d. 237. 2a — 8b + ¢ + 5d.
238. abcd. 239. abed. 240. xyzuv. 243. 0.

244. Ykaszanue. YMHOXKHTb BTOPOH CTOJIOEI OTpeneuTeNs B JeBOH
4acTH paBEHCTBA Ha Yz, TPETHH cTosOELl Ha Tz W 4YeTBEepPThi Ha xy.
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245. Ykasanue. Hcnonbdys dopmynsl Buera, mpeoGpasosaTb m-i
cronbel.

246. Yrkaszanue. Vcnonbsys dopmynsl Buera, npeobpasoBatbh n-ii
crosber; 1 mepeHecTH ero Ha (¢ + 1)-e mecro.

247. Ykaszanue. Pa3noxHUTh 10 MePBOMY CTOJOLLY.

253. Ykasanue. Pa3noxuTe Mo TpeTbeH CTPOKe.

256. Ykasanue. CBecTH K Tpenblayllel 3anaue.

257. —8. 258. —3. 259. —9. 260.18. 261. 18. 262. 4.

263. 90. 264.27. 265.17. 266. —6. 267. —10. 268. 100.

269. 150. 270. 52. 271. 5. 272. 10. 273. 1. 274. 100.-275. 1.

276. 1/35. Ykasanue. DieMeHTbl Ka)KAOH CTPOKH MPHUBECTH K 00-
1[eMy 3HAMeHAaTeNI0 U BbIHECTH €ro 3a 3HaK OMpeesUTes.

n(n—1)

277. 1. 278. 9V10(v/3 — v/2). 279. n!. 280.n(—1) 2

281 1,'1(1}2 — a12)(x3 — (1,23) . (J}n — anflyn).

282. (—1)"""V/2p1by, ... b,. 283.2n 1.

284. (ap + a1 +az+ - +an)z"™.

285. x172 ... Ty (% + ;_2 + o F “—") Yxazanue. VI3 i-ro cTon6-

Tn

112 BLIHECTH 3a 3HAK OTPENEIUTENISL L; ¥ K KaXKAOMY CTOJIOIY MPUGABHUTh
BCe CJIeYIOLIHeE.

286. 1.

287. n(—1)""%.

288. (—1)" ' (n <1)?""2. Vkasanue. U3 Kaxmo#i CTPOKH BBIYECTb
MpebIAYILYIO, 3aTeM. [TOCTeHUH CTo/16el] MPHOABUTb K OCTaJMbHBIM.

289. (z — L)(z —2)...(x —n+1).

290. (—-1)"(z — 1)(z — 2)...(x — n).

291. ag(z — a1)(z —a2) ... (z — an).

292. (z—a—-b—c)(z—a+b+c)(zx+a—-b+c)(zx+a+b—c).

293. (2% — 1)(z® — 4).

294. 2222, Yxasanue. TlepectaBys jBe mepBe CTPOKH M JBA Tep-
BbIX CTOJIOLA, 10Ka3aTh, UTO ONpPEeNeNUTeNb He H3MEHUTCS MPH 3aMeHe
Ha —z. [IpoBepuBs, uto npu x = 0 onpenenuTe]b o06pallaeTcss B HYJb,
J0Ka3aTh, 4TO OH AenuTcs Ha z2. Te 3Ke paccy’kIeHHsS MPHBECTH AJS 2.

295. aib, [[17, (ait1bi — asbiy1). Ykasanue. Tlomyuntb cooTHO-
weHve D, = b::l (anbn—1 — an—1bn)Dn_1.

296. apx122T3 ... Tn + QIY1T2T3 ... Ty, + A2Y1Y2X3 ... T + - +
+any1y2ys . . . Yn. Ykasanue. [lonyuntsb cooTHoleHHe Dy i1 = zn Dyp+
+ any1Y2 - - - Yn. ONpPEIeIUTENb MOXKHO BEIUMCTHTL HHAUE PA3JIOKEHHEM
10 TepBOH CTPOKE.
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297. —a1a2...an<i+i+~~+i>.

al ag an
298. a1as...an—a1a2...0n—1+0102 ... Qpn_2—"" '+(—1)"_1a1+
+(-1)™.
299. 7+ 1. 300.2"*' —1. 301. 2T
303.5-2""'—4.3""1 304. a"“—ﬂ"“ _
305. 2" 4 (a1 +az + - - + an)z” =
YKkazanue. DneMeHTBI, CTOsILIMe BHe TVIABHOH AHMAroHaJH, MpeacTa-
BUTb B BUe a; = 0+ a;.

306. (v1 —a1)(z2 —a2)...(xn — an)(l +

+ —9n
Tn —0an

Yrazanue. Tlonoxutb x; = (x; — ai) + a;.

302.9 — 2" *1,

et TR

r1— al r2—ay

307. (a1 —z1)(a2 —x2) ... (an — Tn) — @102 .. . An.

Yxazanue. Tlonoxuts B seBoM BepxHeM yray 0= 1 — 1 u npexcra-
BUTb OIPELENUTENb B BUJAE CYMMbl IBYX ONpPEeASIHTENeH OTHOCHTENbHO
NepBOH CTPOKH.

308. (mi—albl)(mz—(mbz) . (mn—anbn)(1+ % + % 4.4

300. (n— 1)L 310. bibu. b 311, (—1) 22— 2).
312. (—1)" " 'nl. 313. ™+ (-1)"T'y". 314. 0.

315. (1) (n 1)1, 316. (—1)"L(n —1).

317. (2n — 1)(n —1)""*. 318. [a + (n — 1)b](a — b)"*
319. 1. 320.1.°321. (z —a1)(z —a2)...(x —an).

322. apz” +aiz” 4+ +an. 323. ety a1

(@-12 ~ o-1
324. 20— 2o 3250 [, (1 — ama).
326.(21) "5 ag — ar +az — - + (—1)"au)].
327. (—1)" " '(n—1)2"2 328. 112131 ...l =1"2""13""2  n.
329 HZ:lk!' 330.Hn>i>k>1(a:i—xk). 331 Hl<i<k<n+1(ai—ak).
332. 2" [T, 555, cos £iteh gin L1k,

nn-1) PitPr iy Pi— Pk
iter i
333.2 H1<Z<k<nsm 5ok sin FEER

334. Hn>i>k>l(mz —xg).

n(n—1)
i Pt PR G PPk
2 |
335 2 1,002,0 - .. An—1,0 1<i<k<n Sin ) Sin ) .

336. m Hn>z>k>l(wz xp). 337. (—1)"112!...n!

338. [y o [lsinks (i — mk). 339. 113150, (2n — 1)L,

340 H1<i<k<n+1(aibk — akbi). 341 H1§i<kgn sin(ai — ak).

342. araz ... an [ ¢, pep i1 (TiYk — Trys), TAE @i — KO3 dHLMEHT
npu x' B MHOrounene f;(x,y).
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343. ()" [T, = [Lsisks(@i — o) [Z?:l %}v rae
f@)=(zr—z1)(x—x2)... (T — zn).
Ykasanue. PasjioxKUTb OMpPefeUTENb M0 MEPBOMY CTOJIOLLY.

344. (zr + 22+ -+ 20) [[siops: (T — 2k).
Yrasanue. Onpenennrens

2

1 a1 oz ... a

1 zo 22 Ty
2

1 x, z, Ty

1 z 22 zZ"

BBIYHCIHUTD IBYMsI CIOCOOAMH: Pa3JIOKEHHUEM M0 MOCJAeNHeH CTPOKe U KaK
onpenesutesb Banmgepmonna. B 0G0oMX BbIparkeHHsIX MPUPABHATH KO-
(DULHEHTH! TIpU 2t
1 1 1
345. z12o .. xn<— + =4+ 4+ —) Hn>i>k>l(wi — ).

xq To Ty
346. (3" Ta1Tas - Tay ) [T kst (T =2k), T1€ cymma Gepercst
10 BCEM COUETAHHUSIM 1 — S UHCEJ (1, (2, . .., Qn—s U3 UHCeT 1,2, ... n.
347. [1z .. xn— (21— 1) (22— 1) .o (@n — D] [ [sin 051 (i — k).
Ykasanue. i-ii 31eMeHT l-ro cTONIONA MIPEACTaBUTh B BUAe 1 = x; —
— (1 — 1) ¥ MpeACTABUTh ONpeeNTENb B BUE PA3HOCTH JBYX OIpese-
JUTesel.
348. 2z172 . . wn—(z151)(22—1) .. (@ =D, 5 i0 s (Ti— k).
Yrasanue. Tlpunucats nepsyto ctpoky 1, 0, 0, ..., O u nepsbi
cToN0eL, U3 eIHHHL, MePBbIH CTO/I0El BBIUECTb U3 OCTAJbHBIX, EAMHUILY
B JIEBOM BepXHEM YILJIy MPeNCTAaBUTb B BUIe 2 — 1 U NPeNCTaBUTh OIpe-
IeJIUTe/b B BUJE PA3HOCTH ABYX OINpeJeJHTeNell OTHOCUTENbHO NePBOi
CTPOKH.
n=1 i Pt Pk i Pi— Pk
349. 2" [, ¢, g sin F5EE sin H5EE,
Ykaszanue. Bocrosmb3oBaTbess TeM, 4TO cos ke BbIpaxkaeTcst depes
oS (. B BUJe MHOTOUJIeHa co cTapiuuM uieHoM 2°~! cos® ¢ (310 MOXKHO
BLIBECTH H3 (opMyJbsl Myaspa u paencta 1+ C7 + Cp + .- = 287 1),

350. 2"("_1)singolsin4p2...sinaanKKkgn (sin%sin%).
Yrasanue. JlokasaTb, 4TO sin k¢ MOXHO NPeACTABUTL B BUJE MPOU3-
BeJIeHUs Sin ( Ha MHOTOUJIEH OT COS ¢ o cTapiinM uenom 251 cos® 1 ¢

351. (a+b+c+d)(at+b—c—d)(a—b+c—d)(a—b—c+d).

Yxkasanue. Bocrnonb3oBaTbCsl METOLOM BBIIE/IEHHS JHHEHHBIX MHO-
JKHTeJIeH.

352. (a+b+c+d+e+f+g+h)(a+b+c+d—e—f—g—h)x
x(a+b—c—d+e+f—g—h)(a+b—c—d—e—f+g+h)(a—b+c—
—d+e—f+g—h)la—b+c—d—e+f—g+h)(a—b—c+d+e—f—
—g+h)(a—b—c+d—e+ f+g—h).
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353. (z+a1+az+ - +an)(z—a1)(z —a2)...(z—an).

Yxasanue. TIpuMeHUTD BblleJeHHE JMHEHHBIX MHOXHTEJEH WM U3
Ka)K[I0H CTPOKM BBIUECTh MPEABIAYIIYI0 M 3aTeM K KaxIOMy CTOJOLY
npuOaBUTb BCe MOCJENYIOLIHE.

354.0 npu n > 2: D1 =a1 — bl; Dy = (a1 — ag)(bl — b2)

355.0mpun > 2; Dy =1+ z1y1; D2 = (21 — x2)(y1 — y2).

356. 0 npu n > 1.

Yxasauue. Pa3noxuTh Ha CYMMY OMpeeNHTe el OTHOCUTENBHO KaXK-
Joro crogbua.

357. 1+ 37 ((ai +bi) + E1gi<kgn(ai — ar)(be — bi).

358. (—-1)" [1 —n=3 L iy + Z1gi<kgn(xi — k) (Yi — Yk)|-
Yxasanue. [IpuMeHUTDb pe3ysbTat 3agauu 355.

359. 2" +2" 'Y (ai—bi)+a"? Y icicken(@i —ak)(bi —by).
Ykasanue. PasjioxuTh ONpefesdTesb Ha CYMMY [ABYX OIpeNeJH-

Tesiedl OTHOCHTEJIbHO KaXKIOro CTOJ6A W TPHMEHUTh pesyJbTaT 3aja-
yu 354.

860. 212> .o (1427, %0 ).

361. (a® — b*)". Vkasarue. BElBecTH peKyppeHTHOe COOTHOIIEHHe
D2n = (a2 — bQ)DQn_Q.

362 H?zl(aia2n+17i — bib2n+17i). 363 n;:l.

364. 0, eciu n npu AesneHdr Ha 6 gaet B octaTke 2 WaHM b; 1, ecan
n IequTcs Ha 6 WM aeT B OCTaTKe eUHHUILY; — 1, €CJIU n TpH JeJNeHHH

Ha 6 naet B octaTKe 3 #au 4. OTBeT MOXKHO 3amucaTh HHaye Tak:
3 5 7
—3C511+9Ch 11 —27ChH 11 + ...
2'n
Yxazanue. TlpuMeHUTb MeTON PEKYPPEHTHBIX COOTHOLIEHWH, pa3o-
OpaHHBII BO BBEIEHHWH K HacTosilleMy naparpady.

1
C
Dn e n+1

365. Vkaszanue. TlonyuuTb pekyppeHTHOe CcoOOTHolleHue D, =
=D, 1+ D,_o.

366.5" " — 4"t

367. M, rae i = 4/—1, T. e. ecau n HeuerHoe, T0 D, = 0,
eciu n getHoe, To D, = (—1)"/2.

368. 2[1+ (—1)"].

369.
Dn = 2171 [Chiia™ +Coa" % (a® — 4)+
+Chia" M @® —4)? + O] 1a" % - 1)+ ] =
=ad"—Ch_1a" T CE " e (D) CE _am T
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Ykasanue. TlepBoe BeIpakeHHEe TMOJydaeTCs HENOCPEICTBEHHO Me-
TOIOM DEeKYPPEHTHBIX COOTHOLIEHWH; BTOpPOE JIErKO 10Ka3aTb MEeTOHOM
MHIYKIHH, HCO/b3Ys cooTHomenune CFf + CPTh = CP 1

n+1
370.
1 n n—
Dn:27[0711+1a —|—C,3L+1a 2(a2+4)++
+Cii+11 A ) ] =
=a"+Cp 1a" P Ch T A CF pdm T
371.
n n—2 ’I’L(’I’L — 3) n—4
2cosna = (2cosa)” — n(2cos a) + T(Q cosa)" T —
— A\ (n —
_n=49)(n=5) 3)'(77, 5) (2cos )" O £ =
[n/2] n
= ;(—l)kn_ kC,’i_k(2 cos )",

e uepe3 [n/2] obo3HaueHa LeasgyacTb yucaa n/2.

YKkasanue. PaBeHCTBO cOS o JaHHOMY OINpeNeIUTeNI0 10Ka3aTh HH-
NyKLIUeH 1o n.

Tanee, ecin D,, — ompefenuTesb faHHoi 3afauu, a DO — onpene-
JIUTeJb 3amaun 369 ¢ 3ameHolt a Ha 2cos«, T0 Dy, = D% — cosaDS _
To, uTo KO3(PULUHEHTE B MOJYyUEeHHOM BBIPa’KEHHH COS N Yepe3 Ccos o
GyayT LeJbIMH, cneuyeT U3 JIerKo MpoBepsieMoro pasencTsa —2-CF_,
= CF_,, —CFZ1" | v ns toro, uTo BCe usleHbl, KPOMe MOC/IEIHEro, Coaep-
2KaT MHOXKHUTEJIb 2, a HOCJIeILHI/II/I YJIeH He COLEPXKHUT 2 cos o JHIIb npu
YEeTHOM 17, HO Toraa k = n/2 u 3TOT 4JieH paseH 2.

372. sinna = sinaf(2cos oz)’“1 — Ch_5(2cos)" ™3 4+ C%_5 x

n
x(2cosa)"™® —...] smaz[ ] CF _p1(2cosa)" 271 e [252]
€CTb LleJ1ast 4acTb YMcIa "T

373. Ykasanue. TIpuMeHUTb MeTO] PEKYPPEHTHLIX COOTHOLIEHHH.

374. 1+ 2? + 2t + - 2™

375. (—1)"(nm /2ty

376. (—nx)" ! [a + W]

Yxasanue. U3 Ka)KLLOﬁ CTPOKH BBIYECTb CJEAYIOLLYIO, BCe CTOJI6leI
npubaBUTh K TOCJAENYIOMEMY, K TpeAnocaefHell cTpoKe NPHOABHTb BCe
HpElIbIlIyHlI/Ie U 3Ty CTpOKy HpH6aBHTb KO BCeEM l'lpeIlbIIlyHJ,l/IM.

377. (1 —z™)" L.
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378. 1M ULMPKYJNSHTB  Pa3MYalOTCS  JHIIb  MHOXHTEJEM
(_1)(7172)(7171)/2.

379. 1.

—k ~1

Ykasanue. Tlonb3ysice pasenctsom (5) = (%) + (7Z;), BbiuecTs
U3 Ka)KJ0ro cToJ0la NMpefblAyIini, a 3aTeM M3 KaxI0H CTPOKH Mpelbl-
AYyLyIO.

380. 1.

YKasanue. Bocro/sb30BaThCsl yKa3aHHeM K Ipejblayllel 3ajsaye.

381. 1.

Yxazanue. VI3 KaxI0H CTPOKH BBIUECTb MPEAbIAYILIYIO.

382. 1.

Yxazanue. V13 KaxX10H CTPOKH, HAYMHASI CO BTOPOH, BBIUECTD Tpe/bl-
NYLLYIO, 3aTeM U3 KaXKAOW CTPOKH, HaYMHAas C TPeTbel, BblUeCTb NpPeMbl-
NYLLYIO U T. 1.

383. (—1)

Yxazanue. V3 xaxporo cronbua, HaudHas CO BTOPOTO, BbIYECThb
npeﬂbmyumﬁ, 3aTeM K3 KazKaoro CTOJI6LLa, HauuHasa C TpeTbeI‘O, BbIYE€CThb
NpeAbIAYLIUH U T. A. B mosydeHHOM OompenesuTese TO e caMoe Npoje-
JaTh AJS CTPOK.

384. 1.

Yxasanue. Bocnosib3oBaThesi ykazaHueM K 3agaue 382.

n(n+1)
2 .

m+n)/m+n—1 m4n—p+1
385 (n+1)( n+1 )( nt1l )
. p+n\(p+n—1 n+1
(71+1)( n41 "‘(n+1) 1
Yxazanue. Tlonbaysicb COOTHOIIEHHEM (Z) = %(z:l), BBLIHECTH 3a
3HAK ONpeJe/INTe/Id, U3 NepPBOH CTPOKH MM, U3 BTOPOK m + 1 U T. 1., U3
rocieniedt m 47, M3 MepBOro CToAGUA , U3 BTOPOrO iy M T. M., W3

rnocJieHero ;)—%% C MOJIY4E€HHBIM OIlpeaeJ/iuTeseM Mpoae/aTb aHaJa0TUu4-

Hble Ipe06pa3oBaHUs U T. 1., IOKA He MPHAEM K ONpeie/MTe/I0 TOTO XKe
THNA, YTO W B NpeAblAyLled 3aaue.

386.n

Yxkasanue. VI3 KaKJ10H CTPOKM BBIUECTb NPENBbIAYILYIO, Pa3J0XKHUTh
Mo 3JieMeHTaM IMepBOro cToJsbla, B MOJydeHHOM ONpeaesuTesNe U3 Tep-
BOTO CTOJI0IlA BBIYECTb BTOPOH, NMPUOABUTh TPETHH, BbIUECTh YeTBEPTHIH
u T. 1. [IpeactaBuTh onpenenuTtesp B BUAE CYMMbl ABYX ONpeneUTeNel
W nokasarb, 4to D, = Dyp_1 + 1.

387. n

Yrasanue. VI3 kaxaoro cronbla BbUECTb NPeablIYLIMH, 3aTeM M3
Ka)K[I0H CTPOKH BBIUECTh MPEAbIAYLIYI0. DIeMeHT 2 B JIeBOM BepXHeM
yIJy NPeACTaBUTh Kak 1+ 1 ¥ noay4duTb cooTHowenue Dy, 1 = Dy_2 +
+ D}, _, rne D), _; — onpeieauTe b TOrO e BUIa, UTO U B 3axade 379,
HO mopsaka n — 1.
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388. (z —1)".

Yxkasanue. V13 Kax0# CTPOKHM BbIUECTb MPEIBIAYLIYIO U [10Ka3aTh,
uTo Dn+1 = (3,’ — 1)Dn

389. 112131... (n — 1)}(z — 1)".

Ykasanue. CBecTH K IpebIAylell 3afaye.

390. 2, — (Nan-1+ (5)zn—2— (§)an-3+ -+ (1) 0.

Yrasanue. VI3 KaxK10i CTPOKH BbIUECTb MPEABIAYILYIO, 10KA3aTb, UTO
Dypyi1(zo, 21, ..., 2n) = Dp(x1 — 20,2 — X1, .. ., T — Tn—1), U IPUME-
HUTb METOJ MaTeMaTHYeCKOH MHIYKLHH.

391. (—1)" lzy® P

Ykazanue. TlonoxuTe B npaBoM HixkHeM yray 0 = x — =z, pasJo-
JKHTb Ha JiBa ONpefie/InTesss U JUO0 NMPUMEHUTb MeTOJ PeKyppPeHTHBIX
COOTHOUIEHUH, 1160 HallTH D, U3 IBYX PaBeHCTB:

n—1_,n—1

Dn=—azDp1+2(-y)" "', Dn=—yDu1+y(-z)" "

392, zla=w)"—y(a=a)"

T—y :
393, HLW=uI®) e f(z) = (a1 = 2)(az — 2) ... (an — 2).

394. =10 e f(2) = (a = 2) (a2 — 2) ... (an — 2).
395. " + (™.

396.a" +a" ' 4 at 1.

397. n!(aoz" + a1z 7V asz" T+ 4 an).

tg™ L tctg™ &
398, atces" 5

399. [[7_,(z4+n—2k+1) un (2° —1?)(2* - 3?) ... [2° - (n—1)?],
ecau n yetnoe, W (x? —22)(z? —4%) ... [2® —(n—1)?], eciu n HeueTHoOe.
Ykasanue. K Kaxkno# cTpoke mpubaBUTb BCe CJEAYIOLINE, U3 KaXKJAO0TO
cTOJNOLA BbIUECTb NPEAbIAYIIHE U M0Ka3aThb, 4To ecau Dy, (r) — maHHBIH
onpenenutesb, 10 Dyp(xz) = (x +n— 1)Dp_1(x — 1).

400.0, eciu n > 2, D1 = af — x; D2 = za?(a® — 1)(1 — a).

a01. (—1)" [w" - x"—la%*l].

a?2—1
1 1 1
402.a1a2...an<ao—a—£ ..... E)
c 1 _ 1 _ 1
403.ab6102...0n<ab c1 co Cn)'

404.a(a + b)(a + 2b)...[a + (n — 1)b](§ T
1
+ a+(n71)b) .
Yxaszanue. V3 Ka}K,U,Oﬁ CTPOKH, HA4YHWHadA CO BTOpOﬁ, BbIHECTb CJeny-

IOy, M3 HepBOﬁ CTPOKH BBIYECTb TOCJIEAHIOK W MOJYYUTH ONpene/in-
TeJIb TOTO K€ THIIa, YTO U B Hpeﬂblﬂymeﬁ 3ajgave.
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405. [1 +3 0, 27} m (@7 = 2a:mi).

2a;

Yxazanue. Vicnonb3oBaTb pesynabraT 3agaud 306.

406. [1 +>0 P i — } 1, (27 — 2a:z:).

407.1 — by + biby — b1babz + - -+ (—1)nb1b2 o b

Ykasanue. Tlonyunts cootHomenue D, =1 — b1 Dp_1.

408. (—1)”_1(b1a2a3 ..an+biboas...an+--+biba... bn_lan).

409. (—1)" g2,

Yraszarnue. V13 Ka)K10# CTPOKH BBIUECTDb CJEAYIOLLYIO.

410. (—1)"[(x — )™ — z"].

Yxazanue. VI3 KaxpoHl CTPOKM BBEIYECTb MpPeBIAYILYIO, B IPaBOM
HHXKHEM YIJy MOJ0XKHUTh 1 = x + (1 — &) 1 MpeacTaBUTh B BHIE CYMMBI
IBYX OIpeneanTesnel.

a1, aox™ [T, (bi — as).

Ykazanue. yMHO)KI/ITb BTOPYIO CTPOKY Ha " 7%, TpeTblo — Ha z"

n—1

UT O.,Nn-10—HaT. Boinectu us rnepBoro cToab1a a:", U3 BTOPOro x s
n—2

U3 TpeTbero x U T. A., U3 N-TO .
M2 nl(l+z+E4+24--4+2).
a13. 275 [1 4 22— ).
414, 1+ 2050,

415, o252 {1+$an,+171]

-2

a®(a—1)

416 H1gi<kgn[(ai—ak)(bi—bk)]
: 117 =y (as+by)
peTcs Mo BceM i, k, IpoGeramiiM He3aBHCHMO APYT OT Apyra BCe 3HA-
yeHus ot 1 10 m.

Yrasanue. VI3 Kaxx10il CTPOKHM BBIHECTH 3a 3HAK OMNpeJesuTess 00-
WA 3HAMeHaTeJ b 3J1eMeHTOB 3TOH cTpokH. [lokasaTs, 4TO moJydeHHBIH
onpeneauTenb D' 1enuTcs Ha Bce pasHOCTH BUAA a;—ay U b;—by (i # k).

!
[Tokasare, uto yactnoe ot aenenus D' Ha [ [, pc, (@i — ak)(bi — by)]
ecTh KOHCTAHTa, 1JIs OrpeJieieHUst KOTOPOH MOJOXKHUTh B D':

, 1€ IpOM3BeIeHe B 3HaAMEHaTeJ1e Oe-

1:—b1, a2:—b2, ey an:—bn.

MoXHO pelIHTh HHa4e, a HMEHHO: U3 KaxJOH CTPOKH BBIYECTb MEPBYIO,
a 3aTeM M3 KaXKJOro CTOJOLA BbIYECThb MEPBBIH.
417 Micichgnl@i—ak)(agp—a;)]
: 17 —q (@i—ak) ’
Yxasanue. Bocro/sib30BaThCsl yKa3aHHeM K Ipejblayllel 3ajaye.

[11213...(n—1)1)3
418. S T e
Ykazanue. Bocnonb3oBathesi peaysbTataMu 3agauu 416.

419. aoalaz...an(£+i+-~-+i).

An
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Ykasanue. Tlonyuuts pekyppeHTHOE cooTHoiuenue D, = (an—1 +
+ an)Dp—1 — a?> Dn_g u NPUMEHUTh MeTOl MaTeMaTHUecKOH
UHAYKIWH.

420. Konrunyanra (a1az . ..a,) paBHa CyMMe BCEBO3MOXKHBIX MpPO-
M3BeJIeHUH 3JIeMeHTOB a1, G2, ..., Upn, OLHO U3 KOTOPBIX COAEPXKHUT BCE
9TH 3JIEMEHTbl, a JpyTHe MOJy4yaloTcs M3 Hero BblOpacklBaHHEM OIHOH
HJIM HECKOJIbKUX Map COMHOXKHTEJeH ¢ cocefHUMH HoMepamu. [Ipu atom
ujieH, TOJMydaeMbli BBIOpPACHIBAHMEM BCeX COMHOXHUTesel  (mpu
YETHOM 1), CUHTAeTcsl paBHbIM 1:

(a1a2a3a4) = a1a2a3a4 + azas + a1a4 + araz + 1,
(a1az2a3a4as) = a1azasaaas + azasas + a1asas + arazas+
+ araz2a3 + a1 + a3 + as,

(araz2a3asasa6) = a1a2a3a4a5a6 + 430440506 + Q1040506+
+ ara2a5a6 + a1G2a306 4+ 1020364 + 506+

+ azae + a1a6 + azas + aras + araz + 1.

Ykasanue. TIpoBepUTH CPaBeAIHBOCTb YKA3aHHOTO 3aKOHA /ISt KOH-
THHYaHT 1-r0 U 2-T0 MOPSIAKOB U, NPEANOJIOKUB €ro CIIPaBefJIHBOCTD AJIst
KOHTHHYaHT (n—1)-ro u (n—2)-ro NopsiikoB, 10Ka3aTh CIIPaBeAIHBOCTh
€ro [Jisi KOHTHHYAHT n-ro Mopsiaka. JlJsi 3TOro BBIBECTH PEKYPpPEHTHOe
COOTHOLLIEHHE

(a1a2...an)=an(araz...an-1) + (@162 ...an—2).

421. (C*)2,

424. Ykasanue. TlokaszaTh, UTO YHCIO UHBEPCHH B 00€HX CTPOKax
JIAHHOU MOACTAHOBKH PaBHO i + a2 + -+ ai + 01+ B2+ -+ + Bk —
—2(1 42+ -+ k).

425.10. 426.100. 427. 60. 428.10. 429. —4. 430.-2.

431. 195. 432.90. 433.8. 434.4. 435.1000. 436. 2.

437. (z2—z1)sin(y—B)+ (y2 —y1) sin(a—y) + (22 —z1) sin(8— a).

438. A2a71 + BQJJQ + 02233 + QBCyl + 2C’Ay2 + 2ABy3, rue
A=bd —be, B=cd —a, C=ab —db.

439. —(ayz + bxz + cxy).

440. —(aa’ + bb' + ).

441. abc — x(bc + ca + ab).

442. (z4 — x3)[(x3 — z2) (x4 — 2) — 2(x3 — 1) (T4 — 21)].

443. [ [} (akk@2n—k+1,2n—k+1 — Ak 2n—k+102n—k+1,k)-

444. (-1)" T],5iopsq (mi — z1)%
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445. —84.

Yxazanue. VI3 BTOPOH CTPOKM BblUECTb YIBOEHHYIO TEPBYIO, K Tpe-
Tbell CTpPOKe NMPHUOABUThb YIBOEHHYIO YeTBEPTYIO.

446. —84. 447.98. 448.43. 449.81. 450. 14.

451. (—1)"(nz + 1)z".

452 b1nb27n71 e bn1 (am — Cln)(a2,n71 — Czynfl) - (am — Cn1).

453. 22" — 2" (a1 +az + -+ +an)?.

454.2a) D = M1My; 6) D = (—1)" M2 Ms.

(k+1)
455. D = (—1)k+k MM, . M. TTpaBu0 3HAKOB HHAYE MOK-

HO ch)OPMYMHPOBATh TaK: IPH YeTHOM | Gepercst sHak (—1)*, a.npH Heuer-
k(k—1)
2

HoMm [ — 3Hak (—1)

459. (28T —1)(3!2 — 2!y —4(2F —1)(3" - 2).

Yraszanue. PasnoxuTb Mo mepBbiM k CTPOKAaM M- TMPUMEHHTb METOL
PEKYPPEHTHBIX COOTHOLIEHHH.

460. (a1a2...an) = (alaz...ak)(ak+1ak+2...an) + (a1a2...ak,1) X
X (@k4+2ak+3...an). [lonaras 3gecb n = 2k, a1 = a2 =--- =an =14
0603HaUas uepes u, n-e uucao paga OUGOHAYUH, TOTYUUM Usk = Ui +
+uji_q, T. e. CyMMa KBaJpaToB JByX COCENHUX uuces psna OuboHauuu
TaKxKe sIBJISIETCS YUCJOM 3TOTO Psifia.

462. YkasaHnue. PaccMOTpeTh ONpefesUTe b MOPSAKa 2n MaTPHIIbI,
TNOJIyUeHHO!H M3 NaHHOH NPHUIHCBIBAHHEM CHHM3Y TeX XK€ 1 CTPOK B TOM
JKe TIOpsiiKe.

463. Yxkasanue. Paznoxus D no 1-i1, 3-i1 1 5-# cTpokaMm, 1oKasars,
yro D = AA?, rue’ A He 3aBucHT oT 3JjementoB A. Jlust omnpesesieHust
A TOJIOXKUTb 3JIeMEHTHl Ha IJIaBHOH AMaroHanu A paBHBIMH eIUHHILE, a
BHE IVIABHOH JHaroHanu A paBHBIMH HYJIIO.

464. Yxasanue. Omnpenenutesb B JIeBOH 4HacTH PaBeHCTBA pasjio-
JKUTb Ha CYMMY OIpele/nTe/ el OTHOCHTEIbHO KaXKI0H CTPOKH U Mpen-
CTaBUThb B BHIIE

. o B
Z aibjckDijr, rtme Dy = |l 7 o
1.3,k=0 A A

[ToxasaTb, 4TO MOCJENHIO CyMMYy MOXHO OpaTh JIMIIb IO BCEM TPOH-
KaM ¢jk, He cOlep:KalluM PaBHbIX YHCeJ, pas3jaras ONpeieluTeNb 5-ro
NOpsifiKa B IIPAaBOH YACTU PABEHCTBA MO NEPBLIM TPeM CTPOKAM, IpeacTa-
BHUTb MPaByH 4acTh B Buie » a;bjckCiji, Tae cymma Gepercst M0 BCEM
TPOHMKaM pasiM4HbIX uuces ijk, usMmensiomuxcs or 0 no 4. Haxoner,
noxasarb, 4to umeer Mecto Djji = Clji; /15 3TOr0 JM0OYI0 TPOHKY UH-
ces ijk cBecTH K caydaio ¢ < j < k mepecTaHOBKOH CTPOK M CTOJIOLOB
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oTIpefiesIUTeNIed U PaCCMOTPETh BCe eCSITh BO3MOXKHBIX caydaeB. Hampu-
1 1 1

Mep: Doz = | B | = (a+B+7)(B—a)y—a)(y—p). Ho
013 ﬂ?: 3

012

Bl =(a+B+7)(B—a)y—a)ly—h),

y

1

1
p 0‘_1
1 2

~y
o4
148 0013 = — ‘ ﬁ
y

TaKk Kak p = —(a+ B+ 7).

466. Pewerue. Jloka3aTeqbCTBO MPOXOAUT 110 TOMY 2Ke IJIaHY, KaK
B Teopeme Jlansmaca. Ilokaxkem, uTo J11000H uYseH IPOHU3BENCHUS
eMi M, ... M, ectb uneH onpenenutens D. IlycTb cHauana My J1exuT
B NIepPBbIX k CTPOKaxX U MepBbIX k cTos0Uax, Ms — B cjenyolux [ cTpo-
Kax W caepyowmux [ croabuax v T. A., M, — B NOC/JEIHUX S CTPOKAX
W TOCJeNHUX s cToabuax. B atoM ciyuae noacraHoska (1) sBasercs
TOX/IECTBEHHOH U € = +1.

Bepem npoussenenue /100bIX 4leHOB MHUHOPOB My, Ma, ..., M, B
TNopsiIKe BO3PAaCTaHHUs MEPBBIX HHIEKCOB 3jeMeHTOB. OHO CONEpPXKUT MO
OIHOMY 3J/IEMEHTY M3 KaXKI0H CTPOKH M KazkK[oro cToj6lia U, 3HaYMT, MO
COCTaBy 3/1eMeHTOB OyzeT 4ineHoM D. Eciii Bo BTOPBIX HHIEKCAX 3J/1€MEeH-
TOB uJjleHa MUHOpa M; eCcTb 0; WHBEPCHH, TO 3HAK 3TOrO NPOHU3BEAEHUS
Gyner (—1)71+T7r  Ho uHmeKChl 3/1eMeHTOB JBYX pasHbiX MHHOPOB M;
u M; vHBepcuil He 00pa3ylOT. 3HAUUT, 01 + - - - + 0p €CTb OOLIee YUCIIO
MHBEPCHH BO BTOPBIX HHIEKCAX 3/1€EMEHTOB B3SITOTO NMPOU3BEEHHS, H OHO
Oyznet uneHoM D Taxxke u.10 3HaKy. [TycTb Termepb MuHOphl M; pacrmoJio-
JKeHBl NPOM3BOJMbHO. [lepeBesieM MX B pacCMOTPEHHOE BbIlle MOJI0XKEHHe
Ha TJIaBHOH OMAaroHa/d TaKUMH IepecTaHOBKAMM CTPOK M CTOJOLOB D.
CHauasa mepBylo CTPOKY MHHOpa M1, MUMEIOILYI0 HOMep v1, NePeBOAUM
Ha 1epBoe MeCTO, NepecTaB/isis CO BCeMH BBILIENeXKAUMU CTPOKaMu D.
[Tpy 3TOM MBI COBEpPIIMM 1 — 1 TPaHCMO3HUMH CTPOK, T. €. CTOJBKO,
CKOJIBKO MHBEpCHE 00pasyeT UnCIo o B BepxHell cTpoke noactanosku (1)
CO CJIEIYIOUMMH 32 HUM YHCJIaMU. 3aTeM CTPOKY C HOMEPOM (v TEM K€
MyTeM MepeBOAMM Ha BTOPOE MECTO, COBepllasi CTOJNbKO TPAHCIO3HULMH
CTPOK, CKOJIbKO HMHBEpCHH oOpasyeT a2 B BepXHeH CTpPOKe MOJACTAHOB-
ku (1) ¢ uncsamu, CaeayOUIMMK 3a HUM, U T. I. Tak JKe mepecTasisieM
cronbusl D. Ecnu B mepsoii ctpoxe moxctaHosku (1) o, a Bo BTOpol T
uHBepCHit, T0 € = (—1)°"7 u Bcero Mbl COBEpUIMM 0 + T TPAHCTIO3UIMI
CTpPoK 1 cToa610B D. [ToaToMy MBI MpUIEM K HOBOMY ompeaenutento D',
1J15 KOTOPOTO

D=¢cD. (2)

[To nokasanHoMy paHee /1060 ujeH npousseneHus MyMs ... M,
Gynet useHom onpefenutens D', B cuny (2) mo60i uneH npousseaeHus
eMiMs . ..M, Oynetr ujneHoM onpenenurens D.



348 Omeemeol

Bce uneHBl ogHOro M TOro e HWJM JBYX pasHBIX NPOU3BEIeHHUH
eMy M, ... M, oranyaloTcs APYT OT APyra MO COCTaBy 3JEMEHTOB U
noTOMYy OyAYT pasJM4YHbIMH 4jeHamMu ompenenutens D. Ocraercs mo-
Kas3aTh, YTO 0oOllee YHCJO UJIEHOB BCEeX TAKUX MPOU3BeleHHH paBHO n!.
Unceso muHopoB M pasHo CE. Ecnmu M yxe BRGpaH, To MHHOPH Mo
MOTYT JleXkaTh JIMIIb B OCTaBIIMXCH m — k CTPOKaxX M MX uucao (s
Kaxzoro BeiGopa Mi) pasHo C!_,. TIpu BhiOpanHbiX M; u Ms uucao
MuHOpoB M3 paBHo C)' ;.| ¥ T. II.; HAKOHell, NpH BeIOpaHHbIX M7, Ma,

., Mp_1 uucno musopos M, paBHo C; = 1. Ilostomy Bcex npousse-
nennit suna e M1 M ... M, Gyner

O+ ok Cplpy - OF =
n! (n —k)! (n—k—=1)! s! n!
Tk -k Un—k—1) min—k—1—m)l sl Kllm!. sl
Ho uuciio onpenenurens D B Kaxuom npoussenenud e My M, ... M, pas-
HO Kkl!m!...s!. 3HauuT, 4YHCIO UYJNEHOB BO' BCEeX MPOU3BENEHHSIX

467. [TonyunM npu yMHOXKEHHH

-1 2 =3
CTPOKH Ha CTPOKH: -4 =7 =13,
-3 -4 13
7 —26 13
CTPOKH Ha CTOJIOUBL: 12 =35 19|,
17 =52 27
-3 1 -6
CTONOLBL Ha CTPOKH: -3 1 =8,
4 7 1
9 -—-35 18
CTOJIOLBl HA CTOMOLBI: 13 —47 24].
12 =37 17

3HaueHus1 naHHbIX onpenenutesneil —5 u 10, a 3HaueHHs BcexX MOJyYeH-
HBIX ompefesuTeseld paBHbl —50.

468. (a® +b* + 2 +d*)2.

469. (> + > + P+ d>+ e + f2 + g + hH)L

470.0 npu n > 2; (x2 — x1)(y2 — y1) npu n = 2.

Ykasanue. npe,U,CTaBI/ITb B BHUl€ NPOU3BEAEHUA OHpeIleJIHTeJIeﬁZ

1 22 0 ... 0 1 y1 0 ... 0
1 2 0 ... 0 1 y2 0 ... 0
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471. 0, ecit n > 2, sin(aq — az2) sin(fB1 — B2), ecnnt n = 2.
472. 0, ecu n > 2, sin®(a1 — az), ecnu n = 2.

473. 0, ecu n > 2, —sin®(a1 — az), ecmu n = 2.

474. Hn>i>k>1(a’i — ak)(bz — bk)

475 C}ZCZ oo CZ Hn>i>k>l(ak — az)(bl — bk)

n(n—1)

476. (—1)" z [(n— D)™

Ykasanue. dnemeHT B i-i cTpoke W k-M cTOJIOUE 3amucaTh B BUJe
[i + (k—1)]"""' u pasnoxuth o opmysie cTerneH: GUHOMA U/ HPSIMO
BOCIIOJIb30BATHCSl PE3YNbTATOM MpebIAyIled 3a1aun.

A77. [1simpsq (T — x1)2.

n 2
478. [[7, (z — z1) Hn2i>k21(xi —xx)".
Ykazanue. IlpencraButh B BUIe NPOU3BEIEHHUS ONpenenTeNeH:

1 1 .. 1 1 1 1 . 1 0
€1 T9 T x T T9 r, O
w% x% mi z? " w% x% a:i 0

7
n—1 n—1 —1 n—1 —1 —1 —1
x] T4 Ty T x] T4 Tp 0
] xy Ty " 0 0 0 1

npuyeM IpousBeeHHe COCTABJAACTCA MO CTPOKAM.

479. Ykaszanue. JlaHHBEIH ONpeeNnTeNb NOMHOXKHTb Ha ONpeaesu-
Tesb Bannepmonna

—1
1 e &2 ... et
2 n—1
1 ey ¢ ... €
v= 2 2
1 en €2 en!

481. (1 — o™ L

Ykasanue. Vicnonb3oBarb pesysbrar 3agadn 479 u pasencrso (1 —
—ae1)(l—ae2)...(1 —aen) =1—0a", €1, €2, ..., €n — KOPHH n-H
CTEeIIeHHW K3 eJHWHHUIIBI. Hpome, OHAKO, BBIYHUCJIUTL I3TOT ONPENEJHUTEJ/b
KaK YaCTHBIH cjyuadl onpenenutesis 3agadn 325.

483. (a+b+c+d)(a—b+c—d)(a+bi—c—di)(a—bi—c+di) =
=a' —b" + ' —d* — 2 + 2b°d* — 4a”bd + 4b%ac — 4¢’bd + 4d”ac.

484.
0 1pU n HEYETHOM,

L+ (1) = {

2™ Tpu m YEeTHOM.

n Q™ —1]" —pngn(ntl)
485- (_1)7L (1) (117]a”)2 i
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486. Ykasanue. BerunciuTb mepBEIH OMpeenTe b, UCIONb3YS pe-
3ysbTat 3agauu 479.

487. (—2)""'(n — 2p), ecan n 1 p B3auMHO npocThl; 0, ecau 1 U p
He B3aHMHO IPOCTEL.

Yrasanue. Vicnonb3oBath pesyabrar 3anaun 479 u cBoricTBa KOpHeH
n-# CTereHH U3 eIMHHUIB], B YACTHOCTH, TO, YTO MPH P, B3AUMHO MPOCTOM
¢ n, uucna €7, €5, ..., €% cHoBa sBAgIOTCA Bcemu 3HaueHuamMu V1, a
pH p, He B3aHMHO [IPOCTOM C n, Halineres €5 # 1, f7st kotoporo &) = 1.

488. [3+ (n—p)b)(a—b)""', ecau n u p B3aumuo npocts; 0, ecu
n U p He B3aUMHO MPOCTHI.

Yrasanue. Bocrnosb3oBaTbesl yKaszaHUeM K NpelblAylell 3anaye.

489.2" '(cos™ T —1).

: 5j+e_j ..
Yxasanue. Tlonoxuts cos & = “=51— rne e1 = cos - +isin T,
HCIIOJIb30BaTh pe3ysbTaT 3agaud 479 W To, 4To AJsl JIOGOrO a HMeeM
1
Pla—etfy=a"—1mnel = -1

490.

[cos O — cos(n + 1)0]" — (1 — cosnd)”
2(1 — cos0)

n—2 ..n—2 nf on (Tl + 2)0 .on T
=2 sin — |sin” ——— —sin" —|.
2 2 2
Yxasanue. Tlonoxute € = cos 2% + isin 2™, 1 = cosf + isinf u
BOCIIOJIb30BATBECS PE3YJIbTATOM 3a11aq1/1 479.

491. (—1)"2"2sin" 2 1t {cos (a+ %) —cos”(a+ @)]

492. (—1)"! % [(n+2)" —n"].

Yxazanue. VcnonbsoBath pesdysnbTaT 3amaud 479 W COOTHOLIEHHS
12+22+32+-~~+n2:% 144649624 402" 1 =
—%, Tle € — KOpeHb n-d crenedu u3 1, otmuunbié ot 1. das
MOJyUYeHHs! MOCJNEIHEr0 PABEHCTBA YMHOXHUTh U PA3le/UTh JIEBYIO 4acTh
Ha 1 —e.

493. f(m)f(r]z)...f(nn) rie f(z) = a1 + asw + azz® + --- +
+anz" o, M2, ., T — BCE HAUCHHUS KOHS {/—1, nanpumep,
sin {2k DLy

Yxazanue. JlanHbI} ONMpenesuTe b YMHOXKHUTD Ha OTpeenTenb Ban-
JIEPMOH/IA, COCTABJIEHHbBIH M3 YHUCE 1)1, N2, . . ., Mn.

494. f(a1)f(a2)... f(an), toe f(z) = a1 + asx + azz® + --- +
+anz" ' ¥ a1, az, ..., an — BCe 3HAUEHHUS KOPHSI M-U CTENEeHU U3 2.

495 Mcasanue OG6o03HauMB KOpHH cTeneHH 2n u3 | uepes g, =
= cos— +isin kT k= 0,1,2,...,2n — 1, mokaszarb, YTO YHCJA £
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C UeTHBIMM HHJEKCaMH k [alOT BCe KOPHHM n-H CTeNeHH W3 eIMHHUIIHL,
npuueM ai + agex + asep + - + azmer’ - = (a1 + any1) + (a2 +
+anio)ept(az+ants)ert - ~+(an—|—a2n)62_1, a 4HCJIa € C HEUETHBIMHU
MHEKCaMHu Kk AT BCce KOPHHU n-# cTeneHu U3 —1, npuyem ai + azex +
+asei+-- -+a2n€in_l = (a1 —an+1)+ (a2 —an+2)5k+(as—an+3)ii+
+ o+ (an — azn)el

496. I[IpousBesenre AByX 4Hces, KaxK[0e U3 KOTOPHIX €CTh CyMMa
KBaJpaTOB YeThIPeX LEeJBIX YHUCEJ, caMo OyaeT CyMMOH KBaapaToB 4eThl-
pex LeJBIX YHCel.

Yxazanue. Kakplil u3 onpeznesutesnell BO3BeCTH B KBaapaT.

497. IlpousBesieHre ABYX 4YHCes, Ka)kgoe H3 KOTOPBIX- PaBHO 3Ha-
uennio popmbl 22 4 ¢ + 2% — 3xyz, npu Henbix 3HaueHUsAX T, Y, Z
caMmo OyleT YMCJOM TOTO XKe Poja.

YKkasanue. BbUMCINTD NPOU3BELEHHE ONpeenuTeel

a b ¢ ld b ¢
/ ’ /
c a bl-|c a b,
b ¢ al |V dUd
MOMHOast CTPOKH MEPBOTO Ha CTONGLBI BTOPOTO.
498. Ykasanue. B npousseneHuu onpejenureei
a 106 | b 1
b 1 al-|d d 1
c 1 bl | ¢ 1
COCTABJIEHHOM TyTEM. Y MHOXKEHHUsI CTOIBLOB HA CTOJGLBI, TPETHH CTOJIGeL
NOMHOXWTh Ha s’ = a’ + b’ + ¢’ ¥ MHOXWTeNb s’ BBIHECTH M3 BTOPOH

CTPOKH 3a 3HAaK ONpelesuTesisd. 3aTeM M3 TPETbero cToJbla BbUECTb
nepBbIld U BTOPOH.

499. Vkaszanue. 3anucas onpeneautesb D B BUIe

201k bk Do Gikabaky oo D A1k Dk,
Do | 2Z02mbie Yazkbie, oo 2D a2k,bmky,
2
Do Amki b1k DD Amokobaky o D0 Aok, bk,
rie BCe CyMMBI j-T0 CToJI61a 6epyTcsl M0 OAHOMY M TOMY Ke HHIeKCYy
ki = 1,2,...,n, pa3aoxutb D B cymmy n™ onpenenntesneidl OTHOCH-

TeJbHO CTOJ'I6LLOB, B KaxXIOM cJjiaraeMoM H3 j-l"O cT0/1011a BBIHECTH bj,kj
3a 3HaK omnpeneuTesss U 1mokasatb, 4TO

n

D = Z bl,k1 b2,k2 L bm,k7,LAk1,k2,...,k7yL7 (3)

k1, ko, k=1
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Tle MHAEKCHl CYMMHPOBAHHSI MEHSIIOTCS OT €IMHHUIBI [0 1 He3aBUCHMO
IpPYT OT Apyra. 3aMeTHTb, UT0 Ag, ko,....kmn = 0, €CJIH CPEIU HHIEKCOB

k1, ko, ..., kn ecTb paBHBle. BriBecTH oTciona yTeepxaenue (2), a mpu
m < n [0KasaTth, 4YTO AJIS JIOOBIX HHAEKCOB i1, 92, . .., im, IAe 1 < i1 <
< g < o+ < im < M, Bee caaraemble cyMMbl (3), B KOTOPBIX HHIEKCHI
ki, ko, ..., km 00pasyior jio6ble MepecTaHOBKU UHCET i1, 12, ..., im,

UMET CYyMMY, pPaBHYW A i,,..
ytBepxkaenue (1).

im - Biyig,...;im» W OTCIOA IOJYUHUTb

500. Ykaszanue. Matpuubl A ¥ B [ONOJHUTH 0 KBaApaTHLIX IPH
MOMOLIH M — M CTOJOLOB, COCTOSIIUX U3 ONHHUX HYJIeH.

501. Ykasanue. Tlpumennts Teopemy 3anaun 499 k matpunam

al a2 e an " C1 C2 . Cn

br b2 ... bn di do ... dn)’
503. Vkasanue. Bocrosb3oBaThCs TOXKAECTBOM MPeAbI Y1l 3a1auu.
504. Ykasanue. [IpumeHuTs Teopemy 3anauu 499 k Matpuuam

ar a2 ... Qn (:11 (:12 c:Ln
b1 b ... by b1 b2 ... bn)’

505. Yxasanue. Bocrosb3oBaThCst TOKAECTBOM IIPebIAYIIEH 3a1aUH.

506. Vxasanue. Tlepemuoxkass D u D’ mo cTpokam, mokasarb, 4to
DD’ = D", otkyna npu D 0 u caeayer (1). [Ipy D = 0 paccMoTpeTh
caydai, Korga Bce ajneMeHTb D paBHbl Hymo. Ecim D = 0, HO XoTs
Obl OMH 3J1eMeHT a;; 7 0, To K i-# cTpoke D', TOMHOXeHHOH Ha a;j,
NpuOaBUTb TEPBYIO 'CTPOKY, TOMHOXKEHHYIO Ha @1j, 2-10, TOMHOXEHHYIO
Ha a2, ..., N0, TOMHOXKEHHYIO Ha a4y, U TIOKa3aTh, 4To a;; D’ = 0.

Cayuait- D= 0 MOXHO 00OHTH, €C/IH CUUTATh 3JeMeHThl [ He uuc-
JlaMH, a He3aBUCUMBIMH NepeMeHHbIMHU. Torja onpenenuresb 6yaeT MHO-
TOUJIEHOM, OTJIMYHBIM OT HYJIsI, ¥ Mbl 10KaxkeM, uto (1) ecTh TOX1ecTBO,
3HAYUT, OHO BEPHO MNPH JIOOBIX UHCJOBBIX 3HAYEHHSX MEPEMEHHbIX a;j
He3aBUCHMO OT oOpauleHuss D B HyJb.

507. Ykaszanue. CHayana paccMOTpeTh caydal, Korga M JexuTr B
neBoM BepxHeM yraty. [ToMHoXast o ctpokam D Ha muHop M’, 3anucan-
HBIH B BUJE

A1 Atm Al mtr Ain
Aml Amm A'm,m+1 A'mn
0 0 1 0o |’
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nokasath, uto DM’ = D™A u M’ = D™ ' A (cayuait D = 0 mox-
HO OGOKTH aHaJOrMYHO TOMY, KaK yKasaHo B MpeAblayliel 3anade, T. €.
cuutaTh D MHOrOU/JIEHOM OT N’ HeM3BECTHBIX a;j). 3aTeM oOliee pacro-
Jo’keHHe M CBEeCTH K pacCMOTPEHHOMY TepecTaHOBKaMH CTPOK U CTOMO-
OB, 151 4Yero MoKas3arb, UTO MPH MEPeCTaHOBKe ABYX COCETHHUX CTPOK
(unm cTONM61OB) BO B3aMMHOM ompenesnutesie D' MPOUCXOMUT Takas e
mepecTaHoBKa CTPOK (MJM CTOJOIOB) M, KpOMe TOTO, Bee dseMeHTh D’
MEHSIIOT 3HaK.

508. Ykasarnue. Vicnonb3oBaTh NpeaslaylLylo 3anayy.

509. Vkasanue. Vicnonb3oBaTh MpeAblayLIyI0 3a1a4y.

510. Ykasanue. IlpuMeHuTh paBeHcTBO 3agauu 507 mpum =n — 1.

511. Ykasanue. [TpumeHuTs paBeHcTBO 3anaun 507 ¢ 3ameHOl m Ha
n—m.

512. Yrasanue. Tlo 3HaueHnio B3anMHOro onpeneantenss D’ Haiitu
3HaueHue omnpenenuTesass D W npuMeHUTh paBeHCTBO 3agauu 510. [Toka-
3aTh, UTO 3aJaya UMeeT n — 1 pelleHHUH.

513. Vkasanue. [lepBBlil onpenenuTens NPeACTaBUTb KakK KBaapat
onpenenurens Bangepmonaa, cocraBiensoro us uucen 0, x1, 2, ..., Tn.

514. Ai]' = 22:1 ik Akj ('L, .] =1,2,... ,n)-

515. Ykasanue. Paccmotpers npousBenenuss DA u AD, rne D —
IaHHBIE ompenenuTeNb, a A — ONpeleJguTesNb TOFO XKe MOPsiiKa, YTo
u D, noJsydyeHHBbI}l NepecTaHOBKOH ¢-H U j-U CTPOK U3 ONpELesUTes,
UMEIOIEr0 eMHHULBl Ha IMIaBHOH AHMAroHajd U HYJH BHE ee.

516. Ykasawnue. Paccmorpers npoussenenuss DA u AD, rne D —
IaHHBIE ONpelesuTeNb, a B A 3JeMeHThl [VIaBHOH IHMAaroHa/lu paBHBI 1,
9JIEMEHT B ¢-H CTPOKE W j-M CTO/10Le PaBeH ¢, a OCTaJbHble 3/1€MEHTHl
paBHbI HYJIKO.

517. Vkasanue. TlonoxuTb 1 = ag — ag, P2 = az — a1, P3 =
= 1 — Q2.

518. Ykasarue. TlpumeHnutb TOXKAECTBO 3anaud 502.

520. OmnpenenuTens paBeH YABOEHHOH TJIOMIALH TPEYroJbHHKA
M1 M M3, ecny HanpaBJ/JeHHe HaWMeHbILIero mnosopora Jyda MsMi 1o
coBnaneHusi ¢ Ms M, coBrnanaer ¢ HanpaB/eHHeM HaUMEHbLIEro MOBOPOTa
OT MOJIOKHUTENbHOTO Hanpas/eHust Ox [0 TOJ0XKHUTENbHOTO HalpaBJ/IeHHUs]
Oy. B npoTuBHOM ciiydyae OH paBeH YABOEHHOH MJIOLIAIH TPEYroJbHUKA
M1 Mo M3 co 3HaKOM MHHYC.

Pewenue. YkazanHele mpeo6pa3oBaHust KOOPAHHAT BblpaxKaloTcs Gop-
MyJ1aMU

/ ! . ! . !
r=x cosa — Yy sino + Zo, Yy = slna+ Yy cosa—+ Yo.
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OTC}OIla, YMHO2Kas Mo CTpOKaM, HaxXOoUM

i yi 1| |cosa —sina xo 1 oy 1
xh yb 1| -|sina  cosa  yo|=|r2 Y2 1
zy oyz 1 0 0 1 r3 ys 1

Ho BTopoii onpenenutens B 1eBOH YaCTH paBeHCTBA paBeH 1. DTUM HeH3-
MEHHOCTb JaHHOTO B 3a/1a4e ONpefesuTe s PHU YKa3aHHbIX TpeoOpa3oBa-
HUSX N0KasaHa. [lepeHecem Hauaso KOOpAWHAT B TOUYKY M3 M MOBEpHEM
OCH Tak, uTo0bl HOBasi ocb abcuucce nomna no Mz M;. HoBble kooparHa-
Thl TOuek Mi, Ma, My 6ynyT xy = MsMi, y5 = £h, rie h — BbicoTa
TpeyroneHuka My Mo Mz, onyiieHHast U3 BepIMHBl M7, NpHYeM BBIOOP
3HaKa MJI0C UM MUHYC CBSI3aH C OpUeHTalell TpeyroqbHUKa yKa3aHHbIM
BbILlE MPABUJIOM, ) = x5 = y5 = 0. [ToaToMy onpeaeuTeNb MPUHUMAET

/
Ty 0 1
BUA |y vy 1| = £MsMy-h = £2S, rie S — miowanb Tpeyrob-
0 0 1

Huka My MaMs.

521. OmpenennTenb paBeH MJOLLAAK ITapaJJesorpaMMa, MOCTPOeH-
HOTO Ha OTpe3Kax, COeNMHSIOUIMX Hauyajo KOOpAMHAT ¢ ToukKamu Mi u
My, B34TOH €O 3HAKOM IJIIOC, €C/IH HampaB/ieHHs KpaTyaHllero moBopo-
ta oT OM; ¥ OMs u ot Ox k Oy COBNajamT, U CO 3HAKOM MHHYC,
€CJIK 3THU HalpaBJE€HUs TPOTUBOITOJOKHBI. OHpeJJ,eJII/ITeJIb He MeHdeTCs
TIPY MOBOPOTE OCEH, HO MOKET MEHSITbCS MPH NepeHoce Hauasa.

Yxazanue. IIpuMeHUTb pe3ysnbTaT NMpeabAyILeH 3agaud, MPUHSB 3a
TPETbIO TOUKY Hauajio KOOpAHHAT.

522. R = b,
Ykasarue. I_leHTp OIMKUCAaHHOI'0 Kpyra NpUHATb 3a Ha4aJ0 KOOPAHHAT,

BOCIIOJIb30BAaThCA COOTHOLIEHHUAMHA

2

1 ..
R*—wix; —yiy; = 5@ —2;)° + (i —95)°] (5,5 =1,2,3),

2

a-Takxke pesysnbTaToM 3agaud 520.

523. Vkasanue. [lokasatb, uTo KBanpart onpenesnntess paset 1. s
OnpefieleHHsl 3HAKa, MO0Jb3YSICh HENPEPEIBHOCTBIO ONpPefesUTeNs M0 CO-
BOKYTIHOCTH BCEX TepPeMeHHbIX ov;, Bi, vi (i = 1,2,3), mokasarb, uto mpu
BpateHuu ¢purypel OABC oH He U3MeHseTCs.

524. OnpenennTenb paBeH 00beMy napaJjiesenuresna, NoCTPOEHHOT0
Ha OTpe3Kax, COeIMHSAIOLMX Haualo koopauHaT O ¢ Toukamu Mi, Mo,
M3, nau wectn o6bemaM Tetpasapa OMiMaoMs, B3ITHIM CO 3HAKOM
MJII0C, €C/IM OpHeHTauuu TpuaapoB OMi MaMs u Oxyz OLMHAKOBHI, H
CO 3HAKOM MHHYC, €CJM 3TH OPUEHTALMH MPOTHBOMOJNOXKHEI (P 9TOM
OPHEHTALH CUMTAIOTCS] OJMHAKOBBIMH, €CJIM MOC/e COBMEIEHHs MyTeM
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Bpamenus tpusapa Oxyz ocu Ox ¢ OM; n nnockoctd xOy ¢ OM; Mo
TaK, 4yToosl Oy u O M3 nexanu no ogHy cropony ot Oz, ayun Oz u OMs3
OKaxKyTCs 110 OAHY CTOPOHY OT MJIOCKOCTH Oy, U NPOTHBONOJOKHBIMH,
€CJIM TI0 PasHble CTOPOHBI).

Ykazanue. Ecnu au, e, a3, B1, B2, 43, Y1, Y2, Y3 — COOTBETCTBEHHO
KoCHHYCBl HOBBIX ocelt Oz’, Oy, Oz’ co crapbiMu, TO CTapbie W HOBbIE
KOOPAMHATBI CBSI3aHbl COOTHOLLIEHHUSIMH

r=a18 + 4y 1z, y=aer' + By +722, 2 = sz’ + Bsy +s2”

[Tosib3ysick 3THM W pe3y/bTaTaMu Npelblyliell 3a1aun, 10Ka3aTh HeU3-
MEHHOCTb OIpefesuTe/isi HacTosilel 3anaun. J{Jisi BEISICHEHHS TeoMeT-
PHUECKOr0 CMBIC/IA OIpPefesUTeIst [I0BEPHYTh CHCTeMYy KoopauHaT Oxyz
TaK, KaK YKa3aHO BBILIE [PH ONpeeeHHH OIMHAKOBOH H [IPOTHBOIOJOXK-
HOM OPHEHTALMK TPUILPOB.

525. V = abcy/1 — cos? a — cos? 3 — cos? y 4 2 cos a.cos (3 cos .

Yxasanue. Buouncauts V2, mosb3ysch pe3yabTaToM Tpembliylied
3ajaum.

526. Ykasanue. Basatb Ha ayuax OA, OB, OC touku M1, Ms, Ms;
Ha paccTossHMH | OT Hayasa KOOpPAWHAT M MPHUMEHHTb pe3y/bTaT 3aja-
yu 524.

527. OnpezenuTtenb paBeH MeCTH 00beMaM TETPadApa C BePIIMHAMHE
My, M, M3, My, B3ITBIM CO.3HAKOM IJIIOC, €CJIH TPUIAP Jydelt us My
B KaxAaylo u3 Touek My, Mo, M3 vMeeT OLMHAKOBYIO OPHUEHTALUIO C
Tpusapom Ozyz, U CO 3HAKOM MUHYC — B MPOTHBHOM CJyuae.

Ykazanue. [lepeHecTH Haua o KOOPAMHAT B TOYKY My U NPUMEHHUTD
pesysbTaT 3anauu-524. MHaue MOXKHO MOCTYMHUTh aHAJOTMYHO PeleHHI0
3anaun 520, noJsb3ysich 3anadeit 523. Torna 3amaua 524 moayuuTes Kak
yacTHBHIE caydail naHHOH (aHaMOrMYHO TOMY, KaK OBIIO Ha MJIOCKOCTH B
3anaue 521).

52

o4y \/2l 3134 H2035 10413518, +20%5 135155 35— 1515, — U515, — 14135,

rae V. — o6bem Tetpasapa u li; = lj; (i, j = 1,2,3,4, i # j) — nau-
Ha pe6pa, COMUHSIONIEr0 BepUIUHBL (T4, Yi, 2i) ¥ (Tj,Y;,%;). B caydae
NPABUJIBHOIO TeTpasjpa ¢ peGpoM IJIHHBI @ NoNyyuMm R = “T‘/g.
Yrasanue. TIpuMeHUTb pe3ysbTaT MpenbIAyLled 3aLadd H COOTHO-
1LIeHHe
1 2 2 2
Sl@i—2)" + (i —y3)" + (20 = 2)7],
BepHOE B TPEANOJIOXKEHHH, UTO HAyaJo KOOPAMHAT MEepPEHECEeHO B LEHTP
OIKCAHHOTO apa.

2
R — Tilj — YilYj — ZiZj —
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529. Vxasanue. Tlpu n0KasaTeqbCTBe yTBEPXKIEHHS 2) TMOKAa3aTh,
4TO BEKTOP @; = (@i1,@i2,...,Ain) MOXKHO MPEICTABUTH B BHIE Qi =
= a;1e1 + aix€2 + - - - + ainey. Jlanee moxkasarb, YTO MpPH MEPeCTaHOBKE
IBYX BeKTOpoB (yHKuus f(a1,asz,...,a,) MeHseT 3HaK. [Ipu nokasa-
TEJIbCTBE 3TOrO, HANpPUMEp, AJsi BEKTOPOB a1, @2, paccmorpets f(ai +
+ az, a1+ az,as,...,a,).

530. Ykasanue. Jlokasare, uro GyHkuus f(ai,az,...,an) = |AB|
oT cTpok Martpuubsl A obmamaer ceofictBamu (o) u (3) w uro
flei,ea,...,e,) =|B|.

531. Tonoxum f(ei,,€iy,...,€4,) = 1 NPH JIOOBIX i1, G2, .0 In =
=1,2,...,n (onuHakoBbX UM pasmuunex). B cuny (a), monaras a; =
= > 7, aije;, MOJy4uM

n

flar,as,...,an) = > ana2u. .G,

11,82,...,in =1

OtuM ¢yHkuus f(ai,as,...,an) onpenenena. O4eBUIHO, OHA TPH Ie-
pecTaHOBKe BEKTOPOB He MEHSeTCsi, T. €. B C/yuae MoJsl XapakKTepPUCTHKH
2 wmensier sHak. [lostomy (3’) BeIMosHEHO, a (/3), OUEBMAHO, He BBHITOJ-
HsleTCsl.

532. (~1)“nChind ="

Pewenue. YMHOXKasi TaHHBIH onpenenntenab D caMm Ha cebsi U 3aMme-
yasi, 4To €¥ = 1 Torna M TOMbKO TOrNA, KOLAa k HEJHTCS HA 7, MOJYUUM

w0 0 0
0 0 0 n ,
D*=10 0 n 0= (=1)%-1n"

0 n 0 0

.2 n n
otkyna D = +i“7—1n2 u ans Monyns D waxonum: |D| = n2 . Ocraercs
olipellesUTh apryMeHT. Boiuncasis D Kak onpepesnTenb Banmepmonna
uuces 1, €, €2, ..., €' u nmonarasi 3arem € = o2, rae o = cos = +

N
+ ¢sin 7, TOJyYHM
k j 2k 2j
D= (e" =€) = H (" —a7) =
0<j<k<n—1 0<j<k<n—1

_ ak+j(ak*j _ a*(’“*i))

Il
Q

kI 2isin w

0<j<k<n—1 0<j<k<n—1
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Jlnst paccmaTpuBaeMbix 3HadeHHH j U k Bcernra 0 < k—j < n u, 3HAUHT,
in k=i J)ﬂ' (k=j)m J)ﬂ'

sin > 0. HoaTOMy ID| = [loc jchen_1 2sin . D=
= |D|ﬁ, rae 8 = i© H0<J<k<n L@ T* B nokasatenb cTenenu npu «
kaxaoe ueaoe uncao p (0 < p < n — 1) Boitner posHo n — 1 pas; 16O

nox BuIOM j nas k =p+ 1, p+2, ..., n— 1, 1u6o nox BUIOM k IJsi
7 =20,1,2,...,p — 1. 3ameuasi, uto a™? = (npu HedeTHOM m Gymer
a™/? = 44, onHaKo BEIGOP 3HAKa He HrpaeT POJH BBHY UeTHOCTH UYHMC/a

n — 1, 4TO AICHO U3 MPUBEJEHHBIX HHUKE BHIYUCJEHHH), HAXONHUM

6 _ in(nzfl) an(n;l)Z _ Z‘n(n271)+(n_1)2 _ Z‘(nfl)(23n72) .
[Mosarast 3n = 2n + n W HCHOJB3YS JaHHOE Bbille BbipaxeHue aJs |D),
nosiyyaem Tpebyemoe BbipaxkeHue s D.

533. OnpesenuTe/b GyaeT MOMHOXeH Ha (2 — k)27 1.

Yrasanue. Cnydail 00X CTPOK CBECTH K MepPBbIM. Ecsin e Bbl-
JieJieHbl TIepBble k CTPOK, TO yKazaHHOe Npeofpa3oBaHHE MOXKET ObiTh
MOJIy4eHO MyTeM YMHOXEHHS NaHHOTO ONpENesHUTe st CJeBa Ha Ompeje-
JIUTEJIb TOTO Ke TOpSIAKa, B KOTOPOM BCE 3JeMEHTHI [VIABHOH IHaroHaJju
paBHbI 1, 3/1eMeHTbI BCe IVIaBHOH AHMArOHaJ/H, CTOSILIME B MEPBbIX k CTPO-
Kax M MepBblX k CTOJOLAX, paBHbl, —1, a ocTa/lbHble 3JEMEHTBl PaBHBI
HYJIIO.

534. D = Do+ Sz, rne Dy — 3HadyeHue onpeneauress D npu x = 0
U S — cymMa anre6panuecKnX NOMOJHEHHH BceX aneMeHTOB Dy.

535. Ykasanue. -Bocrnonb3oBaTbesi  pe3ysqbTaTOM — Mpeablaylie
3a1auu.

536. Yxasanue. Bocrosb3oBaThes npeblAyILel 3anaued.
537. Ykasawue. B onpenenurese 3agauu 534 nonoxuth r = —1.
539. Ykasanue. [IpuMeHUTb MeTONL MaTeMaTH4YeCKOH MHIYKLHH.

540. VYkasanue. Bce np ctpok onpenenutesss D pa3butb HA n CH-
CTEM TIO p CTPOK B KaX/I0H, OTHECS K MepBO# CHCTEMe CTPOKH C HOMepamMu

Ln+1,2n+1, ..., (p—1)n+1, Ko BTOpoil — CTPOKH C HOMEPAMH 2,
n+2,2n+2, ..., (p—1)n+2,..., K n-i — CTPOKH C HOMepaMH n, 2n,
3n, ..., pn. K atuM cucremam npuMeHnThb 06001eHHYI0 TeopeMy Jlamia-

ca 3anauu 466. [TokasaTs, 4To MUHOpPHI OPsiAKa p JIOOOH U3 yKa3aHHBIX
CHCTeM DaBHbl HYJIIO, €CJIM XOTs Obl IBa BTOPBIX MHJAEKCA JE€MEHTOB bjj
omuHaKkoBel  uto D = f(ai1,...,ann)B", tne f(ai1,...,ann) He 3a-
BUCHUT OT 3J1eMeHTOB b;;. Jlist onpenenenust f(ai1,...,0nn) MOJOXKHTH
by =1mmai=1,2,...,nubj; =0na1914, j=1,2,...,n,iF#j.

542. Pewenue. Ecnu Bce A;; = 0, TO MOXKHO TIOJIOXKHUTD

AlzBIZO (i:1,2,...,n).
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Iyctb, HampuMep, anreGpanueckKye NOMOJHEHHUS 3JeMEeHTOB MO0C/eNIHero
cTo61a He Bce paBHbl HyMo (B ciydae Apyroro ctosbia paccykaeHus
anasoruunnl). Tak kak D = 0, To ajareGpandeckre JOTOJHEHHS 3JeMeH-
TOB JBYX CTOJIGIOB MPONOpIMoHabHEl (cMm. 3anady 509)

Aqj Aaj Ay B .
_172—2J:---: LB} (]:1,2,...,71_1)7
Aln A2n Ann Cj
B’ .
rae 1pobb #= Oynem cuuTaTh HecokpaTumon. OTciona
J
A B ) ]
Aij:% (i=1,2,...,n; j=1,2,...,n—1), (1)
J
B’
Ho Ai; — mHorounex ot 1, T2, ..., Ts M 1pobb &~ HecoKpaTHMa.
a
[Tostomy Ay, momxHo nenuthest Ha C; (j = 1,2,...,n—1), a 3HauuT, U
Ha o6lee HauMeHbllee kKpaTHoe Beex Cj (j = 1,2,...,n—1). O603Hauus

3T0 00lllee HaUMeHblllee KpaTHOe yepes Bn, MoJIy4rum

Az’n :AZBn (Z: 1,2,...,71), (2)
rie Bce A; — MHOTOUJIEHBI OT X1, T2, ..., Ts. [loN0KUM B; = % - Bj
J
(j=1,2,...,n—1). Bce B; — MHOTOUJIEHbI OT 1, T2, ..., Ts, IPHUEM
us (1) Haxomum
Aij:AiBj (i:1,2,...,n, j:1,2,...,n—1). (3)
PasenctBa (2) u (3) u nokaspiBaloT Teopemy. B yacTHOCTH, /st ompe-
nequTesss A\ MOXKHO TI0J0XKUTh: A1 = Bl = ¢, Ao = By = —b, A3 =
= B3 =a.

543. Pewerue. Ilycte D2y — KOCOCHMMETPHUECKHH OTpeNesuTeNb
nopsigka 2. [lpumennm naaykuuio no n. Jas n = 1 teopema BepHa, 160
Dy = a?y. Tlpeanosioxum, uto TeopeMa BepHa AJs UMCAA 1 M JI0KaKeM
ee njs uucaa n + 1. BeraepkHyB M3 maHHOTrO onpenenutens Do, T0-
CJIEIHIOI CTPOKY M MOCJEeNHUH cToJsbel, NOJy4YUM KOCOCUMMeTPUUeCKUH
onpenenutesb Do,41, PaBHBIH HY/0. Ero sseMeHTbl MOXHO paccmart-
pHBaThb Kak MHOTOYJIEHBl OT 3JIEMEHTOB, CTOSIIMX BBIIIE TJIABHOH [Ha-
roHasu ¢ LesJbiMH Koddduuuentamu. [lo Teopeme mpenbiayluie# 3agaun
anre6pandyeckue JONOJNHEHHS 3/1€MeHTOB Dayy1 UMeloT BUL A;; = A; Bj
(i, 7=1,2,...,2n+ 1), tne A; u B; — MHOTOYJIEHB OT TeX e Heu3-
BecTHbIX. MuHopsl M;; u Mj; B Dapy1 TOJMYHAIOTCH OLMH U3 APYrOro
TPaHCIIOHUPOBAHHWEM M HM3MeHeHHeM 3HAaKOB 3/JeMEHTOB, a TaK Kak OHa
yeTHOro nopsinka 2n, to A;; = Aj;. Unu A;B; = A;B;.

B; B;
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A — paudoHaibHas (YHKLUHsS TeX »Ke HeHsBeCTHbIX. [lasee, A;; =
= A;B; = MA? u, 1o MPeoJoKeH IO, A;; ecTh MOJHBIN KBaaparT. 3Ha-
unt, A\ = p?, e g — pauMoHambHas (yHkima. Urak, A; = (uA;)>.
3nech ceBa cTOMT MHorousieH. Ho kBagpaT HecokpaTHMOH ApOOH He Mo-
XKeT ObITh MHOrOuJeHOM. 3HauuT, pA; = ¢; — MHorouJseH. [Ipumensis
passioxeHHe, IaHHOe B 3anade 541, Haxoaum

2n41 2n+1
Dapt2 = — E Aijaiant202n42,; = E AiBjai2nt2a52n4+2 =
i,j=1 i,j=1

2n+1 2n+1
( E Aiai,2n+2)( E Bjaj72n+2> =

i=1 j=1

2n+1 2 2n+1 2
)\<Z Aiai,2n+2> = ( E Ciai,2n+2> .

i—1 im1

DTUM yTBep:KIeHHe 3aauM 10Ka3aHo. DTO 10Ka3aTeNbCTBO He 1aeT y100-
HOrO MpHeMa JJisi (haKTHUECKOTO BbIYHC/IEHHS] MHOrOU/IEHA, KBajpaTy KO-
TOPOr0 paBeH NaHHBIA KOCOCHMMMETPHUECKHH OMpele/UTe b YeTHOrO 10-
psanka. Taxkue npaBusa faHbl B 3afadax 545 u 546.

544. Ykasanue. PaccMoTpeTb Ba ujieHa, B OOHOM H3 KOTOPBIX MOJ-
CTaHOBKA MHIEKCOB MMeeT UMK (a1 ... ap) (h — HeueTHO u Gosblie
eIMHHLBI), @ B APYroM — WHKA (apap—1 ... asaq). Cayuail h = 1 pac-
CMOTpPETb OTJAEJBHO.

545. Yxasanue. Ilpu nokasartenbctse 1) no naunoit mape Ni, No
npuBeeHHbIX N(pad(OBLIX NMPOU3BELEHHI BOCCTaHOBUTH 3amuch (1) mox-
CTAHOBKH MCKOMOLO YJleHa, MMesl B BMIY, UTO €CJHM 3amHcaTh 3TOT 4JleH
B BHJE

iaal»azaaz,O@ s Qa1 QBB - - Qg s

10 N{ COCTOUT M3 3JIEMEHTOB, 3aHMMAIOLIKMX B 9TOM IIPOM3BEIECHHH HeYeT-
Hble Mecta, a N3 — ueTHble MecTa. Hanpumep, B N1 GepeM 3JieMeHT ¢
NePBBIM MHAEKCOM 1 = 1. Bropo# ero uHpexc ae AacT BTOPOH 3JeMeHT
nepBoro uukjaa. B N Gepem 3/ieMeHT, OAMH U3 HHIEKCOB KOTOPOTO €CTh
az. Ecnn npyro#l mHAEKC —ai, TO LHKJ 3aMBIKAeTCs, €CIU &3, TO ITO
TPeTHH uJieH LMKJa, U T. 1. [lokasaTb, 4YTO B MOJYyUEHHOH MOACTAHOBKE
BCe LMKJBl UeTHOH A/MHBL. [Ipu loKasaTeJbcTBe 2) 3aMeTuThb, uTo Nj =
= Ni{ u No = Nj. 3Hak ujeHa onpenesutb kak (—1)°, roe s — uucsio
IMKJIOB COOTBETCTBYIOIIEH TIONCTAHOBKH. YTBepXKIeHue 3) BEIBECTH U3 1),
2) ¥ TeopeMbl NpeAbAyLIel 3a1auH.

546. Ykasanue. TlokazaTb, 4TO B KaxKJ0€ cJaraeMmoe arperara pp
BXOIUT OfMH H TOJbKO OAMH 3JIEMEHT n-ro crosbua D,; B KaXIoM
CJ1araeMoM P, PAcCOJIOXKHTb 3JE€MEHThl B MOPSiJKE BO3PACTAHHS BTOPBIX
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WHJIEKCOB M MOKa3aTh, YTO €CJIM BBIHECTH 32 CKOOKH 3JIEMEHT Qyn U3 BCEX
cjlaraemMblX, ero coaepxkamux, To B CKOOKaX OCTaHETCH Pin CO 3HAKOM
(_1)717171‘ — (_1)1‘71'

547. p> = a12; P4 — A23a14 — A13G24 + A12034;
P6 = 34025016 — 424035016 + (23045016 — (34015026 + 114435026 —
— Q13045026 + A24015036 — A14025036 + 12045036 — 23015046 +
+ @130a25046 — Q12035046 + A23014056 — A130A24056 + 412034056
548.1-3-5...(n—1).
549. Ykazarnue. Onpenenuresb

ail A1n T
D, e ’

—Q1n Ann Tn

—T1 . —Tn O

TNOJIyUeHHBIH OoKalMJieHHeM D, pas3noxkuTb 10 (opmyse 3anaun 541 u
NpUpaBHATL K KBajapaty ndapdosa arperata nas D', mpuMeHUB K HeMy
tdopmyny 3anaun 546. B monydeHHOM paBeHCTBE MOMOXKHUTL X; = &; = 1,
xpy=0mnpui#k #j.

550. Ykazanue. Vcnogb3ysi 1o, 4To NPOU3BeIEeHHE ABYX MHOroYJe-
HOB, OTJIMYHBIX OT HYJf, CaMO OTJIWYHO OT HYJIsl, OKa3aTb, YTO €CJH
D = AB — mpennosaraeMoe pasJjoKeHue M KaKOH-HUOyAb 4JieH MHO-
rousneHa A COIEPXKHUT aii, TO HUKAKOH ujieH B He COLEPKHUT 3/eMeHTOB
nepBoii cTpoku (cTon6na). BeiecTn oTCioa, UTO, KAKOBBI Obl HY OBLIH 1,
j=1,2,...,n, Ha#iieTcs 4seH B A, comepxKallii a1;, HO HUKAKOH YJjeH
B He conepxXuT a;;.

551. Yxasanue. Tlpu nokasarenncTse 2) onpeaesutb A, _j, HCXOAs
W3 HyMepauuu t1, to, ..., t(n’lk) coueTaHUH U3 m uMcesa 1, 2, ..., n 1o
n — k, KoTopasi cBsi3aaHa ¢ HyMepauuen si, s, ..., S(n)» onpenesoLen
Ay TaK, uto t; COLEPKHT Te n — Kk 4YHCeJ, KOTOpble He BXOLAT B S;.
Ecin o — cymma uuces M3 CoueTaHHs S;, TO BBIHECTH M3 i-H CTPOKH
¥ i-ro cTosbua (z =1,2,..., (nfk)> onpegenutens A, _j MHOXUTENb
(—1)%4. Tlpu nmokasaTesbCcTBe MyHKTa 4), WCMOJb3Ysl PaBeHCTBA MyHK-
Ta 3) W HEMPUBOAMUMOCTb D), YCTaHOBJEHHYIO B Mpenblayluei 3anade, a
TakxXe crerneHb D U Ay OTHOCHTENbHO 3JIEMEHTOB a;j, T0Ka3aTb, UTO

n—1

Ay = cD(k—l), Tlle ¢ He 3aBHUCHT OT 3J1eMeHTOB a;;. [l/1s onpefeseHus c
10Ka3aTh, 4TO KaK Ay, TaK 1 D(zj) cojepKar 4JieH (allagg...am)(zj)
¢ K03((HLIHEHTOM, PAaBHBIM eJJHHHILE.

562. P, = Qn = 1.

Ykasanue. TlokasaTb, uto Q, = P2.
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553. Yrasanue. [Tokasatb, uto di;j = Y pripkjp(k), Toe pi; — Te
k=1

Ke, 4TO U B l'Ipe,[LbI,ELyU.Leﬁ 3ajgade.
CUCTEMbI IMHEMHbIX YPABHEHMM

554. 11 —x2 =1, x3 = 14 = —1.

555. 121 =—-2, 20=0, 23 =1, 24 = —1.
556. 21 =1, 20 =23 =2, 24 = 0.

557. 21 =2, 20 = -2, 23 =1, 14 = —1.

558. 11 = —0,4, xo = —1,2, x5 = 3,4, v4 = 1.
569.x=2/3, y=-1,2=3/2,t=0.
560.2=-3,y=0,2z=-1/2,t=2/3.

561l. t =2, y=-3,z2=-3/2,t=1/2.

562. Cucrema pelieHUH He MMeeT.

563. Cucrema pelieHUH He UMeeT.

564. VameHeHHe HyMepalUH HEU3BECTHBIX BOOOLLE HE TIePEeBOIUT CH-
CTeMY B 9KBHUBAJIEHTHYIO, HO MPH pelIeHHH CHCTEMbl OHO AOMYCTHMO MPH
YCJIOBHUH, UTO TIOCJE pelleHHs] CHCTEMBEl Mbl BO3BpalllaeMcsl K HCXOLHOH
HyMepalHH.

Ykasanue. Tlokazats, 4To MocJIe Npeo6pPa3oOBaHUi THMA a), §), B) JII0-
6oe ypaBHEHHe HOBOH CHCTEMbl JIMHEHHO BbIpaxKaeTcs uyepe3 ypaBHEHHS
CTapod cUCTeMbl U 00paTHO.

567 xr1 = —1, Tro = 3, Tr3 = —2, g4 = 2.

568 xr1 = 2, XTo = 1, XTo = —3, g4 = 1.

569 xr1 = —2, To = 1, Tr3 = 4, g4 = 3.

570 Xr1 = 0, XTo = 2, xr3 = 1/3, Trg4 = —3/2.

571 xr1 = 1/2, o = —2/3, r3 = 2, g4 = 3.

572. x1 = 1042, 2o =73, 23 = —10, 24 = 1.

573.1‘1:5, 1,'2:4, 1,'3:3, 1,'4:2, 1,'5:1.

574. xr1 = 3, XTo = —5, xr3 = 4, T4 = —2, rs = 1.

575. 1 =1/2, xo = =2, 13 = 3, xa = 2/3, x5 = —1/5.

Ykasanue. IIpuHSATH 32 HOBble HEH3BECTHHIE 2x1, 3T4, HTs.

576 xr1 = 5, XTo = 4, xr3 = —3, T4 = 3, rs = —2.

577. ©1 =2, 20 = —3/2, 3 =4, x4 = 3, x5 = 5/2.

578. Cucrema Heomnpe/eJieHHa, T. €. IMeeT OeCKOHEUHO MHOTO pellle-
HUH; £1 U X2 MOXKHO BBIPA3UTh Uyepe3 o3 U x4 TakK: x1 = 6 — 2623+ 1724,
22 = —1+ 7wz — dxy, MpUYEM X3 U T4 MOTYT NPUHUMATb JOObIE 3Ha-
YeHwUs.
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579. Cuctema Heonpegesnenna. O6mee pemenue: x1 = 1/10(6 —
— 1529 — @4),23 = 1/5(1 + 4a4), e T2 ¥ T4 NPUHUMAIOT JIOOBIE
3Ha4YeHHd.

580. Cuctema NpoTHBOpEYHBa, T. €. HE UMEeT PelleHHH.

581. Cucrema pelleHHi He HMeeT.

584.Ecau a1, a2, ..., Gn — BCE 3JEMEHTHl NOJs, TO MHOTOYJIEH
f(x) = (z —a1) x (x —a2)...(x — an) paBeH HYJIO KaK (YHKLHUS, HO
uMeeT KO3((HULHEHT eTUHUIY TpU ="

585. f(z) = z* — 5z + 3.

586. f(x) = 22° — 5x? + 7.

587. Ilpu 3amaHHOM aCHMNTOTHUECKOM HarpaBJeHHW 4epe3 Jo0ble
n + 1 pa3ju4yHble TOUKH MJIOCKOCTH, U3 KOTOPBIX HUKAKHe 11Be He JIeXKaT
Ha MpsIMOM aCHMIITOTHUECKOTO HaNpaBJ/IeHHs!, MOXKHO [IPOBECTH NMapadosy
He Bbllle 1-H CTeNeHH U MPUTOM TOJIBKO OIHY.

588.y = 3z° — 522 + 1.

589. x = y* — 3y — 5y + 5.

590.1 = 1/4(—a+b+c+d), y=1/4(a—b+c+d), z=1/4(a+
+b—c+d), t=1/4(a+b+c—d).

591.
xil _c—ad+c'—a'b+c"—a"d
T2 b—a v —a v —a’ )’
1 c—ad_c'—a'd+c"—a"d
Y=3\rh—aq b —a v —a’ )’
z—} c—ad c’—a'd_c"—a"d
2\ b—-a b —a v —a’ )’
1/c—ad ¢ —dd " —d'd
t=d—
Q(b—a b —a + b”—a”)

¥Kkasanue. Jlns nokasarenbCTBa €IMHCTBEHHOCTH peLIEHHS I10Ka-
3aTh, UTO OMpeneuTeNb cuctemsl pased 2(b —a) (b —a’)(b" —a’) # 0.
Tl HaXOXK/JEHHUsl PELleHUsl U3 NepBOro, BTOPOTO U TPETbEro ypaBHeHUH
BBIUECTH YETBEPTOE, YMHOXKEHHOE COOTBETCTBEHHO Ha a, a’ u a”.

592.

1 1
w—z(ap—bq—cr—ds), y—Z(bp—i—aq—alr—l—cs)7
zz%(cp—&—dq—!—ar—bs), tz%(dp—cq—kbr—!—as),

e A=a?+b>+c2+d%
Ykaszanue. BocnosbaoBaThes 3amadeit 468.
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593. x;, = (—1)" Py, rne P, — cyMMa BCeBO3MOXKHBIX IIPOU3BENCHHI
no k 4uces ai, as, ..., Gn.
Ykasarnue. Bocnosb3oBaThest 3anaueit 346.

_ Aligpboai) £(b) — _
894z = ey = TG e f(2) = (@ —a)(@
—a2)...(x—an).
_ (_1\ntk N\ n bifir
595. xi = ( 1) Zi:l (aj—a1)...(aj—a;—1)(aj—a;t1)...(a;—an)’ rue

fir €CTb cyMMa BCEBO3MOXKHBIX NMPOM3BENEHUH N0 n — k U3 n — 1 uncen
ar, ..., Ai—1, Ai41, ..., An.
— 1 n . \
596. 2x = oy (@rmar D(@r—ars ) (ar—an) 2oi1 bifkis
fri €cTb CyMMa BCEeBO3MOXKHBIX MPOM3BeNEHHH Mo 1 — ¢ U3 n = 1 uncen

ai, ..., Qg—1, Qk+1, - ., an.
(=D*P, .
597. z, = ——"=k e P (i = 1,2,...,n = 1) ecth cymma
BCEBO3MOXKHBIX NPOU3BeJeHUH N0 ¢ U3 n uucesa 1,2,...,nu Py = 1.
_ Ck by i ci
598. 7x = 75 — op e

o b—a,
599. 2, = [, 2%
YKasanue. OHpeﬂeJII/ITeJIb CHUCTEeMbI MPEACTAaBUTL B BUE IMPOU3BEIEL-

HUS [BYX ONpedesuTesed.

600. Pewenue. In(1 + z) = z = 32> + f2° — J2* + ... Iosro-
My 1 = (1+h1x+h2x2+...)<1 -1z 4+ gx — —x3+...>, oTKyza
hi = %, %hl_hQ = %, %hl—%h2+h3 = 4, 4h1—%h2+%h3—
— ha = %, ... V3 nepBbix n ypaBHeHuii no npasuny Kpamepa mosyuum
TpebyeMoe BblpaxKeHHe s Ay,.

602. Yxasarnue. cxonst U3 ToxKaecTna
2 3

1= (1+b1x+b2x2+b3x3+...)<1+ +§+£+ )
MOJIyUUM CHCTEMY YpaBHEHHH HJis1 omnpeneseHus bi, ba, bs, ... Hasa mo-
KasaTefIbCTBa TOrO, UTO ban—1 = 0 IpU m > 1, 3aMeTHTb, uTo by = —1/2
U 4TO (PyHKIOUS
1 1/2 z/2 —x/2\ _ (,x/2 _ —x/2
T g4l [2z(e*? + e )— (e e )
et —1 2 er/? — e=/?
YeTHas.
603. Ykasanue. Mcnonpdys paBeHcTBa by = —%, ban—1 = 0 mpu

n > 1, nmosyueHHble B TMpeAbIAYIIeH 3anade, MOJOXKHUTb bay, = ¢, U B
TOXK/IECTBE
2 3

1:<1—%w+c1x2+62x4+63x6+...)<1+ +%+m—+ )

NPHUPABHATH KOI(M(HUIHMEHTH OTAENbHO MPH YeTHBIX U MPH HEUETHBIX CTe-
MeHsAX T.
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604. Yxaszanue. Jlnsi ycTaHOBJeHHs] TpeOyeMOro paBeHCTBA B TOXK-
ZeCTBe

(z+D)" =z "+ " O "+ Ol + 2

noJoXuth © = 1,2,3,...,k — 1 1 moJsyueHHble PaBEHCTBA CJOXKHTb.
B ycraHoB/seHHOM paBeHCTBe 3aMeHUTb n HAa n — 1, n—2, ..., 2, 1l u
M3 MOJIyUYeHHOH CHCTEMBI N JIHHEHHBIX ypPaBHEHHI OTHOCHTENBHO So(k);
s1(k), ..., Sn—1(k) HallTH $pn—1(k).
605.
2
3 1 0
4 1
— 6 1 1
=1 % o 2 0
n 1 1 1
@nt+1)!  (2n—2)!  (@n—4l 0 2l

Ykasarnue. Tlonyduntb TOXKIECTBO
3 5 7 2 4 6

w—%+%—%+--~ =m(l—z—!+%—%+...)(1+zlm2+12m4+...).
606.
i 1 0
5 3 1 0
=% 4 L 0l-
(271211)! (2n1—1)! (2n1_3)[ %
607.
Tl 0
1 % % 1 0 0
MEWNTE @ & 1 0
WGl GeEn Gesy T

Ykasanue. Tlonydntb TOXKIECTBO
2 3 T z? x
1=(1-aix+ az” — asx +“')<1+ﬁ+5+§>’

MOJIY4YHUTb YPAaBHEHHUS IJIS1 ONPeNeeHHs a1, G2, . . ., On.
608.2. 609.3. 610. 3. 611. 2.
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612. TIpu A = 0 panr mMaTtpuubl paBeH 2, npu A # 0 oH paBeH 3.

613. TIpu A\ = 3 panr paBeH 2, mpu \ # 3 paHr paBeH 3.

619. 3. 620.2. 621. 3. 622. 2.

629. Ykasanue. Hcnonbsys JrHelHOe BblpaKeHHe BCeX CTOJOLOB
MaTpHLbl A uepe3 cTOJIOLbI, TPOXOASIIHE Yepe3 MUHOP d, MO0Ka3aTb, UTO
ecin d = 0, To CTPOKM MaTpuubl A, mpoxoasiive depe3 d, JHHEHHO
33aBHCHMBI.

630.Ecin 0 <r<n—2, 707 =0. Ecnur =n—1, To 7 =L
Ecau r =n, To 7 = n.

Yxazanue. Vicnonb3oBath 3anauy 509 uniu 3agauy 747.

631. Pewenue. Jlokaxem 1). Tlpu r = 0 Bce IJIaBHble MHHOPHI Mep-
BOTO W BTOPOrO MOPSIAKOB paBHbl Hymo. Eciun A = (aij)n, TO a11 =
:a22:~~~:ann:OH

Qi Qij 2 2
B - = Qi3Qj55 — aij = —aij = O
Aji  Qjj
g5 oobIX 4, j = 1,2,...,n; i < 7. Otrcropa a;; =0, 4, j =1,2,...,m;

A = 0; panr A paBeH HyJ/IO, UTO W HYXKHO JoKasatb. [lpu r = n — 1
umeeM My,_1 # 0, M, = |A| =0, paur-A pasen n — 1.

[ycte 0 < r < n — 2. ['naBHblit Munop M, # 0. [lepecraBnsis cooT-
BETCTBEHHO CTPOKH M CTOJIGIB MATPULLI A (4TO He HapyIIUT CUMMETpPHH
MaTpuibsl A ¥ He M3MEHUT ee PaHra), Mbl MOXKEM MepeBecTH MuHop M,
B JieBbld BepxHuil yroa marpuusl A. s nokasatenbctsa 1) mocrarou-
HO MoKasaThb, YTO Bce MHUHOPBI (r + 1)-ro nopsiaka, okadmusiouue My,
paBHbI HYJIIO.

Ilycts M;; — MHHOp, TOJMydeHHBIH U3 M, oxkadMJeHHeM i-H CTpO-
Kot u j-m croaéuom (i, j > r). ITo ycnosuo M;; = 0 npu i = j. [IycTs
1 # j u D _— onpeenuTenb, NoJy4eHHbIH U3 M, okalMJeHHeM i-H U
j-H cTpoKaMu u i-M U j-Mm croabuamu. [lo ycaosuio D = 0. Ilyere C' —
matpuua onpeneautens D. Ilpexnosnoxum, uro M;; # 0. Torna paur C
paBeH r + 1 u ctpoku marpuusl C' ¢ HoMepamu 1, 2, ..., 7, ¢ JUHeHHO
HesaBucHMbl. [lo cummerpun C' cTOJIOLUBl C TEMH Ke HOMEpaMH TaKke
JuHe#Ho He3aBHcuMBL. [lo 3apmaue 629 muHOp Mj;, CTOSIIMU Ha mepe-
CeYeHUH 3THX CTPOK M CTOJOLOB, OTJIMYEH OT HYJf, YTO MPOTHBOPEUUT
yc/0BHI0. YTBepXKaeHHe 2) caeayer u3 1) umu npsmo us sanaun 629.

632. Yxaszanue. Vicnonb3oBaTh MpenblayLIyIO 3a4ady.

633. Ykasanue. Vcnonb3oBath pelieHde 3anaun 631.

634. Yxaszanue. Bocrosb3oBaTbes npeblAyILel 3anauet.

636. (1,4, -7,7).

637. z = (0,1,2,—2).

638.z = (1,2,3,4).
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639. JluHeiiHO He3aBUCHUMA.

640. JIune#iHo 3aBUCHMA.

641. JluHe#iHO He3aBUCHUMA.

642. JIuHeiHo 3aBHCHMA.

643. JIuHeiiHo 3aBHCHMA.

644. JIuHeiiHO He3aBUCHMA.

651. Yrasanue. Tlpennonoxus, uto » ;_, Aia; = 0, e He Bce X;
paBHbl HYJIO, U BbIOpaB Cpedu A; HaUOOJBLIMKA MO MOAY/IIO KO3(PPHULU-
eHT \j, N0Ka3aTb, 4TO j-f KOOpAMHATA B35ITOH JMHEHHOH KOMOHHALMH
OTJIMYHA OT HYJIS.

656. Yxasanue. Tlpennonoxus, uto nBa BekTopa aj, a; (i > j)
JIMHEHHO BbIpaXKalTCsl Yepe3 MpeblAylHe, HAUTH BoIpaXKeHHe BekTOopa b
U3 BbIPaXKEHHS @; ¥ MOJCTABUTb HalleHHOe BbIpaXKeHHe B BbIPaXKEHHE @;.

657. Ykasanue. K cucreme a1, aso, ..., a, Opunucarb Brnepeau b
U BBIUEPKHYTb BEKTOPHI, JJHHEHHO BbIpaKalolHMecs uepe3 Mpeblayline; K
MOJIy4eHHOH CHCTeMe MPHIMHCcaTh Briepedd bs ¥ CHOBAa BbIUEPKHYTH BeK-
TOPBI, JUHEHHO BbIpaxKalolHecs Yepe3 MpebAyllye, | T. A.

Bocnosib3oBathbes mpeabiaylei 3agauei.

658. Vxasanue. UcnosnbsoBats 3anaun 653 u 657.

659. Vkaszanue. Cuntasi JaHHYIO MOACUCTEMY YIOPSIIOUEHHOH, MpPH-
nucath MOCJe Hee BCe BEKTOPBI CHCTEMbl H BbIYEPKHYTb BCE BEKTOPHI,
JIMHEHHO BbIpaKawllnecs Uepes MpeiblayLine.

662. Takux yncesn mono6paTh HeJb3s.

664. Yxasanue. Tlpu noxkasaTenbcTBe 3) MCIO/b30BaTh 3aaauy 663,
a Takxke 3agady 658, MyHKT B).

665. \ =15.

666. X — s060e yncIo.

667. A — sn060e ynco.

668. \ ne pasno 12.

669. Takoro 3HaueHust \ He CyLIeCTBYeT.

670. B sanauye 665 BeKTOpH @1, @2, a3 KOMIJIaHapHb (T. e. Jexat
B ONHOF MJIOCKOCTH), HO He KOJUTMHEeapHH! (T. e. He JiexkaT Ha OJ[HOH Tpsi-
moit). TIpu A = 15 BexTop b nomanaer B Ty ke MJIOCKOCTb H Bblparkaercs
yepes a1, a2, @3, a NIp1 A # 15 OH He JIEXKHUT B 3TOH MJOCKOCTH M He
BbIparkaeTcsl uepe3 3TH BeKTOpHl. B 3amaue 666 BekTOpH @1, a2, a3 He
KOMIIJIaHApHBl U JI060H BEKTOP TPEXMEPHOro MPOCTPAHCTBA uyepe3 HUX
JIMHEHHO BbIpaxkaeTcs. B 3amaue 667 BeKTOpHl @1, @2 He KOJJIHHEapHbI
M JIeXKaT B TJIOCKOCTH 41 — 3x2 = 0.

[lpu n06oM 3HaueHUH A BeKTOp b JIeXKUT B TOH JKe MJOCKOCTH H
JIMHEHHO BbIpaXkaeTcs yepes a1, 2.
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B 3anaue 668 BeKTOpH @1, @2 He KOJIMHEAapHbl, a BEKTOp b He
KOMIJIaHapeH a1, az. [Ipu A = 12 BekTOp a3 KOMILIaHapeH a1, a2 H
BeKTOp b uepes a1, a2, a3 He Bblpaxkaercs. [Ipu A # 12 BekTOphl a1,
a2, a3 He KOMILJIaHAPHBI U b yepe3 HUX BbIpakaercs.

B 3apnaue 669 BekTOpbl @1, @2, a3 Jexar B MIOCKOCTH 3x2 —x3 = 0.
C u3MeHeHHEM A OT —0O JI0 +00 KOHelLl BeKTopa b OMUCHIBAET MPSIMYI0
T2 = 2, 3 = 5 NapaJie/bHYI0 3TOH mjockocTH. BekTop b HU npu KakoM
3HAYeHUH A He JIEXKWT B YKa3aHHOH IJIOCKOCTH M He BbIpakaeTcs uepes
a, az, as.

672. Takux cuctem duetwipe: 1) a1, as; 2) ai, as; 3) as, as;
4) as, as.

673. 1) ai, a2, 2) a2, as.

674. Jlio6ble 1Ba BeKTOpa 00pasytoT 6asy.

675. 1) a1, as; 2) az, as; 3) as, aa.

676. JlioGble TpU BeKTOpa, KPOMe a1, a2, @s U as, a4, as, 00pasyioT
6asy.

677. EnunctBenHasi 6a3a OyfieT B TOM M TOJBKO B TOM CJjyuae, KO-
raa Jaubo Bcs cHUCTeMa COBMAjgaeT o (CBOed 6a3ol, MO0 BCe BEKTOPbI
CHCTEMBI, He BXOsliHe B ee 6a3y, paBHbl HYJIO.

678. JlBe 6asml.

679. Basy o6pasyloT, HalpuMep, BEKTOPHl @1, @2, G4; A3 = A1 — Q2.

680. Onny 13 6a3 06pasyioT BEKTOPHl a1, G2, @3; @4 = 2a1 — 3a2 +
+ 4as.

681. Onny 13 6a3 06pa3yioT BEKTOPHI @1, A2, As; A3 = a1 —a2+as,
as = 3a1 + 4azx’— 2as.

682. Yxasanue. Tlpu nokasartesnbcTe 1) B paBeHCTBO D Ty =

= 0 MoACTABUTH BHIPaXKeHHs T; = D7 \ijT; (i=r+1,7r+2,...,n)
W TIOK23aTh, uTO aj = — " idiyy, j = 1,2,...,7.

[Tosib3ysick 3THM, [OKas3aTh, 4TO €CId a; = (—Ni1,—Nij2,--.,
N, 0,...,1,...,0), ¢ = r+ 1, r+2, ..., n, Toe paBHas eIWHHU-
e KoOopAuHaTa 3aHuMaetr (r + i)-e mMecto, H a = (a1,Q2,...,0n), TO

a = Z?:r-u Qili.
[Tpu nokasarenbcrse 2)—4) ucnonb3oBaTh 3anady 664.
683.2f1 —3fo — f3 =0, fi =3f2+ fa = 0.
684. fi —2fo — f3 =0, fi —3fo+ fa=0, 3f1 —8f2 — f5 =0.
685. ®opwmbl HHelHO He3aBUCUMbl. OCHOBHOH CHCTEMbl JIHHEHHBIX
COOTHOLLEHHUH He CyILIeCTBYeT.

686.2f1 — fo— f3=0,2f1 —2fa+ f1— f5 = 0.
687.2f1 — fo=0, fi— fa— fa+ fs=0.
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688. Ykazarnue. Vcnonb3oBatb 3anady 661 unu 657.

689. Hanpumep, ofwee pewenne zp = =342 g, =
—ﬁ%; yacTHoe perleHue x1 = —1, zo =1, 23 =0, x4 = 1.

690. Hanpumep, obuiee pemeHue zz = 22z, — 33z2 — 11, x4 =
= —16x1 + 2422 4 §8; yacTHOe peuleHue: r1 = 2, r2 = 1, 3 = x4 = 0.

691. Obuiee pewenue: zz = 1 — 3z — 4x2, x4 = 1; yacTHoe pere-
HHe: r1 = —1, o = 1, r3 = 0, Trgq = 1.

692. CucreMa HeCOBMeCTHa.

693. CuctemMa HMeeT eIMHCTBEHHOe pelleHHe x1 = 3, To = 2,
T3 = 1.

694. O6uiee pewenue: x3 = 6—15x1+10x2, x4 = —7+18x1—12x2;
YaCTHOE pelleHHue: T1 = X2 = =3 = 1, x4 = —1.

695. O6iiee pelueHue: T3 = M, g = W;
YacTHoe pelleHue: r1 = 2, x2 = 1, a:3 = 22/5 x4 =8/5.

696. O0uee pelleHue: Tz = 2 — xl + e, T4 = —1+ Sz —
— {5@2; YAaCTHOE PelleHHe: T1 = Ty = 1, 3= 8/13, x4 = —11/13.

697. OGuwee pewenne: 71 = —oLo%4 gy = 124824 gy — 15-024,
YaCTHOe pelleHue: r1 = —2, T2 = 2, 3 = 3, x4 = —1.

698. Cucrema HecoBMeCTHa.
699. O6uiee pewenue: x3 = —1 — 8x1 + 4w, x4 = 0, x5 = 1 +

+ 21 — x2; yacTHoe peweHue: x1 = 1, x2 = 2, 3 = —1, x4 = 0,
Trs = 1.

700. O6utee pemenue: sz = 13, x4 = 19 — 31 — 222, x5 = —34;
yacTHoe peuleHue: 1 =1, z2 =8, z3 =13, 4 =0, x5 = —34.

701. OOuiee pewenne: T3 = — 5 — 21 — 222, T4 = — % — 221 — 4a2,
x5 = —1% — 21 — 4xy; yacTHOe pemenne: T1 = 1, wa = —3, x3 = 1,
T4 = —%, LTy = %

702 O6u1ee pelleHHe: T3 = 371 + 2T2, Ty = — 5T — 22 — 1,
xrs5 = —xl + acz + 2; yacTHOe pelleHue: £1 = X2 = 1, 3 = 2, ©4 = —8§,
Ty = 4.

703. Cuctema UMeeT eIMHCTBEHHOe pellleHue: x1 = 3, 2 = 0, 13 =
= -5, x4 = 11.

704. Cucrema HecoBMeCTHa.

705. Ykasanue. Tlpu nokasaTesbCcTBE MHUHHMAaJbHOCTH 4HCIa 1 —
— 7 CBOOOJHBIX HEH3BECTHBIX BOCIO/Ib30BAThCS CBSI3bIO PEllIeHHH HeOIHO-
POIHOH U COOTBETCTBYIOLIEH OJHOPOLHOHM CUCTEM yPaBHEHHH W TeM, uTo
YHUCJI0 HEU3BECTHBIX OJHOPOAHON CHCTEMBI, MOTYIIUX MPUHUMATh MPOU3-
BOJIbHbIE, He 3aBUCSLIME IPYT OT APyra 3HaueHHsl, pABHO MaKCHMaJbHOMY
YUCJy JIMHEHHO He3aBUCHMBIX pelleHHi 1, 3HaYUT, He 3aBUCHT OT BbIGOpa
9TUX HEHU3BECTHBIX.
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1 31 2 1 7
706. 71 = 54+ 5, T2 = 5, Tz = —5T4 — 5.

53 5 5 5 2 1
707. 21 = s — Jows + %), w0 = —Jma+ Jas — 5, X3 = 5a5 — §.
708. CucteMbl HECOBMECTHHI.

709. CucreMa MMeeT eIUHCTBEHHOE pellleHHe: x1 = 1, xo = 2, x3 =

= —4, T4 = —3.
_ 12 176 97 .
710. 11 = —555, T2 = 153 + 3 x3, Ty = 205 31ech 3 — CBOOOLHOE
HEHM3BECTHOE.
1 7 5 7 1
711. z, = —5 — 13%2 — 7T3 — gT5, Ta = 1 - 55, TIe T2, T3,

r5 — CBOOOJIHbIE HEH3BECTHBIE.

712. Tlpu A # O cucrema HecoBMecTHa. IIpu A = 0 oHa CoBMecTHa
1 ofllee pelleHHe HMeeT BUJ

o —5113 — 13114 — 3 o —7]33 — 19234 — 7
nETT o BE T
713. Tlpu A = O cucrema HecoBmecTHa. [Ipu A\ # 0 oHa coBMmecTHa
u o6u11ee pewienne umeeT BUL z1 = 2= Zpg, 4y = P16 Egyg
Tg4 = -
714. Tlpu A = 1 cucrema HecoBMecTHa. [Ipu A\ # 1 oHa coBMecTHa
W ofliee pelleHHe HMeeT BHA Ti = ot — a3, mp = 25 + 1as,

715. Cucrema coBMecCTHa IpH J11060M 3HaueHuu A. [Ipu A\ = 8 obee
pelieHHe UMeeT BUI T2 = 4 + 221 — 224, 3 = 3 — 224, T T1, T4 —
cBOGOHBIE HensBecTHBIE. [Ipu A # 8 obliee pelieHHe UMeeT BUA 1 = 0,
T2 =4 — 224, x3 =3 — 224, Tle 4 — CBOOOJHOE HEU3BECTHOE.

716. Cucrema coBMeCTHa IIpH JI0ObIX 3HaueHHsx A. Ilppy A = 8

ofllee pelleHHe HMeeT BUA 3 = —1, x4 = 2 — 21 — %m, rne xi,
x2 — cBOOOIHBIe Heu3BecTHble. [Ipu A\ # 8 ofluee pelieHre HMeeT BHUJ,
Ty = % \ %xl, r3 = —1, x4 = 0, Te 1 — cBOOOLHOE HEU3BECTHOE.

717. Tlpu (A—1)(A+2) # 0 cucTeMa HMeeT eIMHCTBEHHOE pelleHHe:

T1 = X2 = X3 = A+-3 [Ipu A = 1 ofuee perieHue uMeeT BUA x1 = 1 —
—xo—x3, TE T2 U 3 — CBOOOLHBIe HendBecTHEIE. [Ipu A = —2 cucrtema
HEeCOBMECTHa.

718. Tlpu (A—1)(A+3) # 0 cucTeMa HMeeT eIHHCTBEHHOE pelleHHe:
x1 =2 =23 = x4 = 1/(A+3). [Ipu XA = 1 obulee peleHue UMeeT BUJ
1 =1— 2 —x3 — x4, TOE T2, T3, T4 — CBOOOAHBIE Heu3BecTHbIE. [IpH
A = —3 cucTeMa HeCOBMeCTHa.

719. Tlpu A(A+3) # 0 cucTeMa HMeeT eIHHCTBEHHOE pelleHHe: X1 =
2-\2 _ 2x-—1 A+2A2_’\1Hpn>\—()nnpn)\——

= 30+3) Y2 = Xoar3y I3 T T a0
CHCTEMa HECOBMECTHa.
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720. ITpu A(A+3) # 0 cucTeMa HMeeT eIHHCTBEHHOE pellleHHe: T =
=222 20 =2)\—1, 23 = N3 +2\2 -\ —1. [Tpu A = 0 ob1uee perieHue

UMeeT BUA: 1 = —Z2 — T3, T T2, £3 — CBOOOAHbIE HeusBecTHble. [Ipy
A = —3 ofliee perieHHe UMeeT BUJ 1 = T2 = T3, T€ T3 — CBOOOLHOE
HEU3BECTHOE.

721. Ecau a, b, ¢ monapHO pa3/MYHbl, TO CHCTEMA UMEET eIHHCTBEeH-
HOe pelleHHe:
(b—d)(c—d) (d—a)(d—c) (d—a)(d =)

_ = /A = —
b-—a)c—a) YT —a)b—0’ (c—a)(c=b)
Ecau cpenu uucen a, b, ¢, d umeeTcs TOJbKO ABa Pa3jJMUHBIX, NPHYEM
a # b Wi a # ¢ Wi b # ¢, To pellieHHe 3aBUCHUT OT OJHOI0 MapaMeTpa.
Hanpuwmep, B cayyae d = a # b = c¢ ofllee pellleHHe UMeeT BUI T =

=24 =] y = 2=, rge z — CBOGONHOE HEH3BECTHOE, Mrpaiollee

poni ;’HOMHHyTOI‘O napameTpa, OfpeJeIsiolero pereHune.

Ecmu a = b = ¢ = d, To pellleHHe 3aBHCHT OT JBYX MapaMeTpoB,
ofllee pelleHHe HMeeT, HalpUMep, BUL & = 1 —y — z, Tle y, 2 —
cBOOO/IHbIE HeHM3BecTHble. Ecnu cpeau 4ucea a, b, ¢ ABa pas/iuuHbl U d
He PaBHO HH OJHOMY M3 HHUX WJM ecii A = b = ¢ # d, To cucTeMa

HeCOBMeECTHA.

722. Tlpu D = abc—a—b—c+2 # 0 cucremMa uMeeT eIMHCTBEHHOE
pewenne: x = (b — 1)(¢ =1)/D, y = (a — 1)(c —1)/D, z = (a —
—1)(b—1)/D. B 3ToM caydae Hy/eBble 3HaY€HHs] MOTYT HMeTb KaKHe-
100 B2 HEM3BECTHBIX' OJHOBPEMEHHO, NPUYeM TpeTbe HEeH3BECTHOe U
COOTBETCTBYIOIIMH MapaMeTp paBHBl enuHMLe. Hanpumep, z = y = 0,
z = c = 1. Ecmu'D = 0, npuueM OHO M TOJBKO OAHO M3 UHCeN a,
b, ¢ OTJIMYHO OT €IMHMIBI, TO pelleHHe 3aBUCUT OT OJHOrO Mapamerpa,
HampuMmep, 1pu a # b = ¢ = 1 oOuee pemeHue umeer Bug x = 0, y =
= 1—%. BaToM c/1yuae oqHO WJIM [1BAa HEHU3BECTHBIX 00513aTe/IbHO PABHbI
HYJIIO.

Ecnu a = b = ¢ =1, 10 ofiiee peileHre umeer BUL = = 1 —y — 2,
[OpU4YeM OLHO MJM 1Ba M3 HEM3BECTHBIX MOI'YT DPaBHATbCA HyJi0. Ecau
D = 0 v HH OfHO W3 UHCeN a, b, ¢ He pPaBHO eIMHHIE, TO CHCTeMa
HecoBMecTHa. Cayudait D = 0, npuyeM OfHO U TOJNBKO OJHO W3 YHCe] a,
b, c paBHO enMHHIe, HEBO3MOXKEH.

723. Eciu D = abc —a — b — ¢+ 2 # 0, To cucteMa UMeeT eIHH-
CTBEHHOE pelleHHe:

abc —2bc+b+c—a _abc—2ac+a+c—b

B D ' B D ’
abc —2ab+a+b—c
D .
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Ecau D = 0 ¥ TOJABKO ORHO M3 UHCeN a, b, ¢ OTJIMYHO OT eJHHHIBI, TO
pellleHHe 3aBHCHUT OT OIHOrO NapaMeTpa, HampuMep, mpu a # b =c =1
oblee pelleHWe HMeeT BUI * = 1, y = —z, TJle z — CBOOOJHOe HeHs-
BecTHoe. Ecin @ = b = ¢ = 1, TO pelleHHe 3aBUCUT OT ABYX MapaMeTpoB
1 oblllee pelleHHe UMeeT BUI & = 1 —y—z, Tle Y, 2 — CBOOOJHbIE HEU3-
BecTHble. Ecain D = 0, npudem Bce uucaa a, b, ¢ OTIHUUHBI OT €IHHHIH,
To cucrema HecoBMecTHa. Cayuail D = 0 U TOJIbKO OIHO W3 4uces a, b,
€ PaBHO eIMHHIE HEBO3MOXKEH.

Yxaszanue. Jlnsi noKasaTesqbCTBa HECOBMECTHOCTH CHCTEMBI B Cily-
yae D = 0 npu ycl0BHH, YTO BCe uHUCaa @, b, ¢ OTJWYHBl OT €AMHH-
Lbl, OKa3aTh CIPaBEIIUBOCTb TOKAECTB: D — D = 2(b — 1)(c — 1),
D-D, =2(a—1)(c=1), D—D, =2(a—1)(b—1), rne D, Dy, D, —
COOTBETCTBEHHO YMCJUTENW B HAlUCAHHBIX BbIIIE BbIPAXKEHUSAX 15 X,
Y, 2.

724. Hanpuwmep, obiee pelienue: 1 = 8x3—7x4, T2 = —623+5z4.
dyHpameHTa bHAs CHCTEMA pelLIeHHH:

X1 X2 X3 X4
8 —6 | 1 0
=71 5 0 1
7

725. O6uee peleHue: T3 = —gxl +5w2, T4 = 52 — Tx2. PyHpa-
MeHTaJbHasl CHCTeMa pelleHHk:

X1 X2 xrs3 T4
1|0 | -5/2] 472
0 1 +5 -7

_ 9x1+6z2+8x3 3x142xo+4x3
4 ’ 4 .

726. OO1ee (pelieHHe: T4 =
DyHpaMeHTalbHas CHCTEMA PeLleHHH:

Ts5

1 T2 T3 T4 x5
1.1 0| 0| —9/4]3/4
0| 1] 0] -32]1/2
00 1] —2 |1

727. CucteMa MMeeT TOJIBKO HyJeBoe peleHne. DyHramMeHTa bHOM
CUCTEMBI pellleHHH He CyILeCTBYeT.

728. OOlee pelueHHe: Ty = W* r5 = %.

CDyHZLaMEHTaJIbHaH crucTeMa peLLIeHHfIZ

X1 X2 €3 T4 x5

1|00 | —9/11 | —3/11
0| 1|0 311 1/11
0 | 0| 1 [ —10/11 | 4/11

729. CucreMa HMeeT TOJBKO HYJIEBOE pelleHHe.
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730. OOuiee pellleHHe: T1 = T4 — T5, T2 = T4 — L6, T3 = T4.
dyHpaMeHTalbHas CHCTEMA PeLIeHHH:

1 ) xr3 T4 5 X6
1 1 1 1 0 0
-1, 0 0 0 1 0
0| -1]0 0] 0 1

731. Obuee pewenue: z1 = 0, 2 = 53_3—2’5, x4 =0, rie 3, x5 —
cBoOOIHbIe HeusBecTHbe. DyHIaMeHTaIbHASI CUCTEMA PEIlIeHHH:

X1 X2 X3 X4 x5
0 1/3 1 0 0
0| -2/3]0 0 1
732. Obuiee peweHue: x1 = —3x3 — 5xs, T2 = 223 + 3x5, T4 =
=0, rae z3, x5 — cBoOO/Hble HeH3BecTHble. DyHIaMeHTaNbHAS CHCTEMA
peleHu:

T1 | X2 | T3 | Ta | Ts
-3 2 1 0 0
-5 3 0 0 1

735. ©1 = 13¢, 22 = 2¢, 23 = Tc.

736. ©1 = 4c1, T2 = 8¢2, x3 = —3¢1 + 3¢2, T4 = 1 — Co.

737. 21 = 2c1, T2 = c2, T3 =33, T4 = —3c1 —c2 —4cs, T5 = —c3.

738. ©1 = l4c1, o = 42¢s, 3 = 42¢3, T4 = —3c1 + 3¢ — 9cs,
x5 = —8c1 + 8co — 10c3.

739. z1 = ¢1 — Teg, 2 = 2¢1 + 6¢2, £3 = c1 + 3c2, x4 = —4cy,
5 = —562.

740. z1 = 1ley, 2 = 33c2, T3 = —24c¢1 — 57c2, T4 = 5c1 + dea,
5 = —C1 — C2.

741. Crpokn wmarpuusl A He o00pasdyloT, CTPOKH Martpuusl B
00pasyIor.

742. YerBeprast CTPOKa BMecTe C JIOOBIMH ABYMS M3 MepBbIX Tpex
CTPOK 06pasyeT (hyHAaMEHTaIbHYIO CUCTEMY, @ OCTAJIbHbIE CHCTEMBI CTPOK
He 00pasyloT.

743. Ykaszanue. B nepBoil yacTH 3ajauu NPHMEHUTb Pe3yJ/bTaT 3a-
nauu 734. Bo BTOpoil yacTH MmokaszaTh, YTO €CJIM 3HAueHHsi CBOGOIHBIX
HEH3BECTHBIX B HEKOTOPOH CHCTeMe pelleHHH NaloT JHHEHHO 3aBUCHMBbIE
CTPOKH, TO U BCA CHCTEMA pelleHHH JHHEHHO 3aBHCHMA.

748. Ykasanue. IlpunucaTb K MaTpULE CHUCTEMBI CBEPXY JIOOYIO M3
ee CTPOK M ONpeJe/HTe b MOJYYeHHOH MaTPHLBl Pas3JOKHTh 110 TepPBOH
ctpoke. Mcnonb3oBaTh 3amauy 746.

749. YactHoe pewenue: r1 = —2, 2 = —6, g = 7. Obl1ee pele-
HHe: x1 = —2¢, x2 = —b¢, x3 = Tc.
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750. YacTHoe pemenue: 1 = 3, x2 = —2, x3 = 0. O01wee peleHue:
r1 = 3¢, x9 = —2¢, x3 = 0.

751. YactHoe pemwenue: z1 = —6, 2o = 11, z3 = =9, x4 = 4.
O6uee pewenue: x1 = 6¢, xo = —1l¢, x3 = 9¢, 4 = —4c.

752. YactHoe pewenue: x1 = 3, x2 = 0, 3 = 4, x4 = 0. Obwee
pewenue: x1 = 3¢, 2 =0, x3 = 4c, z4 = 0.

754 a) Z?:l QijT5 = 21)7; (Z = 1,2, .. .,5); 6) Z?:l Q;jTj = )\bz
(i=1,2,...,s).

755. B 060ux ciyyasix HeOOXOAHMbBIM H I0CTATOUYHBIM YCJIOBHEM siB-
JISIeTCs OAHOPOLHOCTb JaHHOH CHCTEMBI.

756. Ilpu ycsaoBuH, uTo CymMMa KO3(QQUIHEHTOB NaHHOH JUHEHHON
KOMOWHALMHK paBHa eMHHIE.

757. TlepBoe HeH3BeCTHOE B J1IOOOM pelleHHH NPUHUMAaeT 3HaueHHe,
paBHoe Hyu0. Ecii K09(h(ULHEHTH! IPH BCeX HEU3BECTHBIX, KpOMe Mep-
BOTO M, HalpHMep, BTOPOTrO, PaBHBI HYJIO, TO BTOPOe HEHM3BeCTHOe MpH-
HHMaeT oIpejie/leHHOe 3HaYeHHe, KOTOpoe HAXOAUTCH M3 ypaBHEHHs, CO-
JepxKallero HeHy/a1eBOH KO3(P(MULHUEHT NPU BTOPOM HEU3BECTHOM, €CJIH
OTOPOCUTb TaM BCe 4YJeHbl C APYTMMH HeH3BeCTHBIMH; B 3TOM CJydae
BCe HEH3BEeCTHble, HaUMHas C TPEThero, MOTyT PUHHUMATb J0Oble 3Haye-
nusi. Ecin ke mo kpaiiHeii Mepe Tpu HeU3BeCTHbIX (Hampumep, 1, T2
T3) BCTPEUAIOTCS C HEHYJIEBHIMH KO3(D(UIIMEHTaMH, TO BCE HEM3BECTHbIE,
KpOMe 1epPBOro, MOTYT NPUHUMATb JIoOble 3Ha4eHMs, NPUYEM MX 3Haye-
HHS B KaXKAOM peIIeHHH CBSI3aHBl OAHHWM COOTHOIIEHHEM, MOJyUeHHBIM
U3 JI000r0 ypaBHEHUS CHCTEMBI, COfleprKalllero HeHyJ/1eBOH KO3(P(UIHEeHT
TPHU BTOPOM HEM3BECTHOM, €CJIH BLIOPOCHUTD UJIEH C MIEPBBIM HEU3BECTHBIM.

PaBeHncTBO - HY/110 BceX KOI(GUIMEHTOB NPU MEPBOM HEH3BECTHOM
UJIM TIPYM BCeX HeU3BeCTHBIX, HauWHasi CO BTOPOTO, MPH YCJAOBUSIX 3alaun
HEBO3MOXKHO.

758. HeoOXomUMBIM W [0CTaTOUHBIM YCJIOBHEM MJISI STOTO SIBJSETCS
TO, YTOOBI PAHT MaTPHUIbl M3 KO3(D(UIHEHTOB MPH HEH3BECTHHIX yMeHb-
[ajcs Ha eIMHHULY NPH BHIYEPKUBAHHWH k-TO CTO/01A, UHBIMH CJIOBaMH,
qTOOBl k-U cTOs16ell He Obl JUHEHHOH KOMOWHALHeH OCTaJbHBIX CTOJO-
LI0B 3TOH MaTpHIIbI.

759. Panr paciuupeHHoi MaTpuubl (M3 KO3((MULHEHTOB MPH HeHs-
BECTHBIX M CBOOO/IHBIX Y/IEHOB) J0JIKEH MPH BbIYEPKMBAHUH k-T0 CTO/IOLA
YMEHbIIATbCS HA €IHHULLY.

760. ¢ = ad — bc = 0.

761. Onxo ycsioBHe, Bblpazkarliee HEPABEHCTBO HYJIIO ONpeIeUTe/Ist
D nopsinka r, 4 (s — r)(n — r + 1) ycJaoBHH, Bblpa)KalolWUX PaBeHCTBO
HYJI0 onpenesnutesedl (r + 1)-ro nopsiaka, okadmssiomux D.
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[Tocnennue ycnoBUS He3aBUCHMBI, TaK Kak KaKJoe COLEPXKHT Jie-
MEHT, He BXOAALLIMH B Apyrve yc/0BHS, CTOALLMK Ha NepeceyeHHH OKak-
MJISIOLUIMX CTPOKH M CTOJIOLA M UMEIOLUH MHOXKUTeab D # 0.

762. JIu6o mo KpakHe# Mepe 1Ba U3 uuced, a, b, ¢, d, e paBHbl —1,
160 HU OIHO M3 HHUX He paBHO —1, HO Torza

a b c d e

o+l o1 Terl Taxrt Ter1

763. A =af +bg + ch =0.

Yrasanue. C0XKNUTh BCe yPABHEHHS, MPeBAPUTENBHO TOMHOXKHB HX
COOTBETCTBEHHO Ha Az, Ay, Az, At. [lomyuus ycmoBue A =0, ompesne-
JIUTEJIb CUCTEMbBbI MO?KHO BBIHUCJUTDH KAK KOCOCI/IMMeTpI/I‘-IeCKI/IIL/'I o 3aja-
ye 547.

1.

X1 Y1 1
764 ) Y2 1 :0.
X3 Y3 1
r y 1
765 Tl Y1 1 :0.
X2 Y2 1
al b1 C1
766. az b2 c2| = 0.
as b3 C3

D10 yc/oBHe SIBJsSETCH AOCTATOUHBIM, €CJM B Clydae Tpex Mapai-
JIeIbHBIX TIPSIMBIX CYMTATh MX 0OIIedl ToYKoH HecoO6cTBeHHyH (6ecko-
HeYHO ylajleHHyl0) TOUKYy AaHHOTO HampaBJ/eHus. Eciu He aomyckaTbh
HeCOOCTBEHHBIX  TOYeK, HEOOXOAWMBIM M JOCTATOYHBIM YCJIOBHEM OyneT
PaBeHCTBO PaHTOB ABYX MaTpHIL

a1 by a1 b1 a
az by u az by co
as b3 as b3 C3
X1 Y1 1
xr2 Y2
767. Panr maTpuibl JOJI2KEH ObITb MEHee Tpex.
Tn Yn 1

768. I1pu ponylieHHH HECOOCTBEHHBIX TOUEK PAHT MATpPHULbI

al bl C1
a2 b2 C3
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JIoJKeH ObITb MeHee Tpex. [Ipu HemomylieHMH HeCOOCTBEHHBIX TOUeK
paHT MpPUBEIEHHOH MaTPULBl JOJ/KEH COBMNAaAaTh C PAHTOM MaTPHILIbI

al bl
a2 b2
an  bn
ity oz 1
2 2
o +y; x2 Y2 1
769. =0.
5+y; ws o oys 1
zi+y: w4 oys 1
24+y? oz oy 1
2 2
z1+tyi 1 oy 1
770. =0.
v3+ys w2 y2 1
wi+ys xs oys 1

771. 2?4y —4x—1 = 0. Lentp B Touke (2,0). Panuyc pasen /5.

772. Yxasarnue. Wcrnonbs3oBath oTBeT 3agauu 770.
22 zy oy oz oy 1

i map oy w1
2 2
773. |*2 *2Y2 Yz T2 02 H_o
r3 ways Y3 x3 Yz 1
T3 Tays yi; xays 1
a3 wsys Y2 oas ys 1

774. Tunepoona & ~ %o = 1.

775. 22° + 7y> 4y — 8 = 0. D10 — 3/IMIC C UEHTPOM B TOU-
ke (0,—1/14 u mosyocsMH IJIMHBI % 14 n }—i, npuyeM 60JblIasi 0Chb
napaJijienbHa OCH abClHce, a Majas JeKUT Ha OCH OpJHHaT.

ziooy1r 21 1

76, |72 2 2

r3 Y3 Z3 1
Ta Ya za 1

Ty z 1
1 1 1 1

771. 9 3 1 1 =0, nmmdr+y+3z—8=0.
3 -1 -1 1

778. Ecau nonyckath Heco6cTBeHHbIe (6€CKOHEUHO yaaeHHbIe) TOU-
KH, TO

al b 1 C1 d 1
a b2 C2 d2
as b3 C3 d3
a4 b4 C4 d4
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Econ ke He fonyckaTb HeCOOCTBEHHbBIX TOYEK, TO PAHI MaTPHILLbI

al b 1 C1 d 1
a b2 C2 d2
as b3 C3 d3
as ba ca da

He JI0J2KEH M3MEHSITbCS MPH BblUEPKUBAHUU TOCAEIHEr0 CTO/OLA.
779. Panur mMatpuubl

al bl C1 d1
a b2 C2 d2

paBeH IBYM M He M3MeHsieTCsl IPH BbIUEPKUBAHHUHU MOCJIENHEro cTosbua.
224+yP 422 ¢ oy oz 1
ity +2 wmopm oo 1
780. |23 +y3 + 25 a2 y2 2o 1
wi+ys+23 w3 oys 2z 1
Tityitad wmoya 2l
781. 2% +9* + 2% —x —2 = 0. 1lentp Haxomutes B Touke (1/2,0,0).
Panuyc paseH 3/2.
782. Cuctema Tpex JHHEHHBIX ypaBHEHHH C JBYMsI HEH3BECTHBIMH,
B KOTOPOH pacLIMpeHHasi MaTpHla U TPU MaTpHLBl KO3(D(HHULHEHTOB MPH
HEU3BECTHBIX 1JI51 000K Napsl ypaBHEHHH Bce HMEIOT PaHr 2.

783. Cucrema Tpex JHMHEHHBIX YpaBHEHHH C ABYyMsi HEM3BECTHBIMH,
B KOTOPOH paHIM MaTpHll U3 KO3(Q(HULUHUEHTOB NPH HEU3BECTHBIX B JIIO-
6oii mape ypaBHEHMH paBHBI ABYM, a PaHI' PaCIIMPEHHON MaTpHULbl PaBeH
TpeM.

784. Cucrtema Tpex ypaBHEHHH ¢ TpeMsl HEHU3BECTHBIMH, B KOTOPOH
paHTH BceX MaTpPHLL U3 KOS (PULHMEHTOB PH HEM3BECTHBIX JIIOOBIX IBYX, a
TaK»Ke BCeX TPeX ypaBHEHHH PaBHbI ABYM, a PaHT PaCIIMPEHHOH MaTpPULLbI
paBeH TpeM.

785. Cucrema ueTblpex JIMHEHHBIX YPaBHEHHH C TpeMsi HEHM3BECT-
HBIMH, B KOTOPOH PaHTH MaTpHll U3 KO3()(HUIHEHTOB NMPU HEM3BECTHBIX
JMOOBIX TPeX ypaBHEHHH paBHBI TPeM, a PaHr PACIIMPEHHOH MaTpHLbl
paBeH 4.

786. YeTbipe M10CKOCTH MPOXOAAT Yepe3 OfHY TOUKY, IPHYEM HHUKa-
KHe TPU M3 HUX He NPOXOIST Yepe3 OfHY MPSMYIO.

787. Ecaiu He paccmaTpuBaTh HecoOGcTBeHHble (6eCKOHeUHO yaaeH-
Hble) MpsIMble M MJIOCKOCTH, TO ypasHenusi Buaa 0z + 0y = a u 0z + 0y +
+ 0z = a 1IpU @, He PaBHOM HYJIIO, HE UMEIOT FeOMeTPHUECKOro CMbIC/IA,
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a npu a = 0 yIOBJETBOPAITCA KOOPAMHATAMH JI0O00H TOUYKH IJIOCKO-
CTH WJIM NPOCTPaHCTBa. ckiiouas ypaBHeHHs! TaKoro BUAa U 0003Havas
paHr MaTpulbl U3 KO3(D(MHULHEHTOB NPH HEU3BECTHLIX uyepe3 7, a PaHr
pacLIMPEeHHON MaTpHUIbl yepes 11, HMeeM:

Jlns cucteM ¢ ABYyMSl HEH3BECTHBIMH:

L.

r =2, r1 = 3. Cucrema He uUMeeT pelneHui. [Ipsimble He Mpoxo-
ISIT 4yepe3 OfHYy TOYKY, MPHUUEM XOTs Obl IBe TpsiMble Pa3/HUHBI
1 TepeceKaroTces.

r = ry = 2. Cucrtema MMeeT elHHCTBeHHOe pelieHue. [IpsiMble
MPOXOASIT Yepe3 OfHY TOUKY, NMpPHUeM XOTsI OBl Be MPsIMbIE pas-
JIMYHBIL.

r =1, r1 = 2. Cucrema He umeet peteHu#. [IpsMele napasnnens-
HBl WM COBMAJAIOT, IPHUEM XOTS Obl BE MpPSIMble PA3JHUHBL.

r = r; = 1. Pelienue 3aBucHUT OT ogHOro napamerpa. Bce mps-
Mble COBMAIAIoT.

ﬂ.}'lﬂ CHUCTEM C TpeMs HEHU3BECTHBIMU:

1.

791.

r =3, rp = 4. Cucrema He uMeer peieHni. [lnockoctu He mpo-
XOOAT Yepe3 OfAHY TOUKY, NMPUYEM XOTH OBl TPU U3 HUX PA3JUYHBI
1 NPOXOAAT Yepe3 OfHY TOYKY.

r = r; = 3. CucremMa UMeeT eIUHCTBeHHOe pellieHHe. [lnockocTH
NPOXOASAT 4Yepe3 OAHY TOYKY, PUYEM XOTs Obl TPU M3 HHUX He
TMPOXOIAT Yepe3 OHY TIPAMYIO.

r = 2, r1 = 3. Cucrema He umeer pelueHuil. [lnockoctu He
MIPOXOAAT 4Hepe3 OAHY TOUKY, NMPUYeM XOTdA OBl TPpHU MJIOCKOCTH
pa3JIMYHbl U JIF0Oble TPU Pa3JMYHbIE MJIOCKOCTH JMOO HE MMEIOT
o061ed TOUKH, JUO0 MPOXOAST Yepe3 OgHY NPSIMYIO.

r = r1 = 2. Pemenne 3aBucuT oT ogHOro napamerpa. Bee mioc-
KOCTH TIPOXOAST uepe3 ONHY MNPsAMYlo, NPUYeM XOTs Obl JBE M3
HHUX pa3JIMYHBI.

r =1, ry = 2. CucreMa He nMeet perieuit. [1nockoctu napaJ-
JIeJIbHBI UJIM COBIAJAIOT, PUYEM XOTS Obl IBE U3 HUX PA3JHYHBL.
r = r1 = 1. Pemenne 3aBucut oT ABYX napameTpoB. Bce mioc-
KOCTH COBMAJaloT.

MATPULbI U KBAAPATUYHBIE dOPMbI

1 5 -5
5 2 ac+by af+bd
788. (7 0). 789. (ca+d7 B4 ds) 790. g 190 _07
10171923 86 4 2
11 —2229
17232735 50—5—10
193 :?;32 192 g0 90| 777 7
71310 109 8 7
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0000 100
00 0000 20
794. (0 0). 795. 0000l 796. (0 3). 797. 8 g g
0000
1 0 0 O
0 2 0 O —14 304 —61
798. 00 3 0 799. ( _22). 800. (305 —62)'
0 0 0 4
1 0 2 —
801. (O 1) MpH 72 YETHOM, <3 2) NPU 1 HEYETHOM.
Y 0
cosna  —sinna A3
802. ( . ) 803.
sinna  cosna )
0 E
1 n A" An 1
804. (0 1). 805.
n(n+1
1 3 6 ... ﬁ
0 1 3 .. ( T(il>
806. |0 o 1 .. @-2D
0 0 O 1
re n — MOPSIAOK OaHHOH MaTpHLbI.
1 Ccl e, ¢, ... cnt}
0o 1 Ccl, Ci., ... CrT
807. |0 .00 1 Ol cri
0 0 0 0 1

190 189 —189
808. (%2; __1922626). 809. (126 127 —126
252 252 —251
811. a) i1 u j-a CTPOKH MPOU3BENEHUS IOMEHSIOTCS MeCTaMH;
6) K i-#i CTpOKe MPOM3Be/IeH s IPUOABUTCS j-5 CTPOKA, YMHOXKEHHAs Ha C;
B) i-# M j-fi  CcTOAOUBl [POM3BENEHHMSI IOMEHFIOTCS  MEeCTaMH;

r) K i-My CTOJOIY NPOM3BENEHUs MPUOABUTCS j-H CTOJGEl, YMHOMKEeH-
HBbI{ Ha c.

a 2b
822. (3() ot 3b)’ rae a u b — J100ble yuca.

3b
823. ( 5 Qb)’ rae a 1 b — Jr00ble yKcIa.
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a b ¢ d
a boc 0 a b c
824. |0 a b|. 825.
00 a 0 0 a b
0 0 0 a
826. c = cos 25T + jsin 25T (k = 0,1,2,...,n — 1), n — nopsiiok
MaTpuisl A.
21 =23 15 0 0 0
827. f(A)=|-13 4 10|. 828. (0 0 O
-9 22 25 0 0 0
830. Yxasanue. MaTpullpl NOpsSiKa n CUATATb N°-MEPHBIMU BEKTO-
pamu.

831. Vkasanue. Ilpumennts 3anauy 814.

3ameuanue. B 3amaue npennosaraercsi, 4YTo 3JeMeHTH Matpul A u
B — uucqa. Jlast nosist XapakTepucTHKU p # O pesysbTar HeBepeH. Tak,
IJIs1 MaTpHL TIOPsIAKA P

01 0 ... 0 0 00 0 0
0 0 1 0 1-0 0 0 0
A= .o u B={f0 2 0 0 0
0 0 0 e [
0 0 0 0 0 0 0 p—1 0

umeem AB — BA=F.
832. (z _ba>, rae a, b, ¢ — mobble Yncsa, YAOBJETBOpSIIOLINE

cooTHomeHUI0 a’ + be = 0.
833. Vkasanue: Vcnonb3ys 3anauy 829, mokasartb, uto ecau A =
_f(a b B k—1
7(c d),TOA (a+d)" A
a b 2
834. £ F nnu ¢ —a) rae a“ + be = 1.

835. Ecint |[A| # 0, o X = 0; ecan |[A] = 0, Ho A # 0, npuuem
OTHOILIEHHe 3/1eMeHTOB [1epBOro CToJ0la MaTpulbl A K COOTBETCTBYIO-
T Y
LIMM 3JeMeHTaM BTOporo crombua = a, 0 X = npu
—ar —Qy
JMOOBIX x, y; ecan oba 3jeMeHTa BTOPOro crosbua MaTpuubl A paBHbBI
HYJIIO, HO XOTs Obl OJMH 9JIEeMEHT MepBOro CTosbLa OTJIHYEH OT HYJs, TO

= 2 2) ¢ mobeiMu x, y; ecid A =0, To X — mobasi MaTpuua.

2o 1 7 —4 d —b
836. (3/2 _1/2). 837. (_5 3). 838. 1 <_C a>.
. 1 -1 1
839. ( cosa Smo‘). 840.( —38 41 —34

—Sin« Cos« 27 929 2
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Lo S
843. 112 1 -2|. 844.%
2 2 1 B
1 -1 -1 1
22 —6 -26 17 (1) _11 _01
-17 5 20 —13
845.( . 5 | 846. |0 0 1
4 -1 -5 3 o o o
1 -1 1 -1 (=)t
1 -1 1 (—1)" 2
847. (0 0 1 -1 (=3,
0 0 0 0 .. 1
N — NOpANOK ﬂaHHOﬁ MaTpUILbL.
1 —a O 0 ... 0
0 1 —a 0 0
848.10 0 1 —a 0
0 0 0 0 .. 1
1 0 0 0 0 0
—a 1 0 0 0 0
a’ —a 1 0 0 0
849. —a? a? —a 1 0 0
()" (=a)"" (=a)"7? (—a)"? a 1
1 -2 1 0 0 0
0o 1 -2 1 0 0
gs0. [0 0 1 -2 0 0
0 0 0 0 1 -2
0 0 0 0 0 1
n n—1 n—2 n—3 1
n—1 2n—1) 2(n—-2) 2(n-3) ... 2
851, L n—2 2n-2) 3n-2) 3n-3) ... 3
Tntlfn—3 2(n—-3) 3(n-—3) 4(n-—3) 4

29
18

—11
-7 1.
1 -3 1
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2—n 1 1 1
1 -1 0 0
852 1 0o -1 0
1 0 0 -1
2—n 1 1 1
1 2—n 1 1
853. L | 1 1 2-n 1
1 1 1 2—n
l1-n—a 1 1 1
1 l—-n—a 1 1
1
854 atnta) 1 1 l-n—a 1
1 1 1 .1l—-n—-a
l—ajs 1 1 1
a% aijag ajag al1an
1 l—ags 1 1
azay a2 azag asan
855. _ 1 1 1 l—ags 1
B agaq agasg a% o azan ’
.. .l ........ AR 12 B ) _ang
anai anaz anag e a%

e s =14 -+ -
-7 5 120 -19
3 -2 =5 8

857. 41 —-307 —69 111
—-59 43 99 —159
I—=s 1+s 1 | 1
1 l1-s 1+s ... 1 1
858. L 1 1 1-s ... 1 1 |, mes="0t,
1+s 1 1 R

Ykaszanue. B cucteme ypaBHeHHH AJsl 37eMeHTOB k-Tro croJabua o6-
paTHOH MaTPHIIBl M3 KaXKIOTO ypaBHEHHsI OT MepBoro 1o (n — 1)-ro BbI-
YecTb Cjlefylollee U MoJydyeHHble n — 1 ypaBHEHHH cloxHTb. Bce Hens-
BECTHbIE BbIPa3UThb 4yepe3 k-e.

h—s h+s h ... h h
h h—s h+s ... h h
859. h h h—s h h |,
h+s h h ... h h-—s
rae s = na+h~w — CyMMa 3JIEMEHTOB KaKkoH-HUGY b CTpokH (nm

CTOsI61A) NAHHOH MaTpPULIBI.
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1 1 1 1 1
1 et g2 g3 g~(=b
1 -2 -4 -6 g—2(n-1)
1
860.% [, s “6 ~o ——3(n-1)
1 g~(n=1)  =20n-1) _=3(n-1) 6—(n—1)2
Yxaszanue. HanucaTb ypaBHeHHs C HEHU3BECTHBIMH i, X2, ..., In

I/ OTpejleleHHst 3/1eMeHTOB k-ro crosbua o6paTHOH Mmarpumbl. Kax-
Jloe ypaBHeHHEe NMOMHOXHMTb Ha TaKylo CTeleHb €, YTOObl KO3(Q(PULHEHT
NpH ONpefie/IeHHOM HEU3BECTHOM x; oOpaTu/cs B eauHuiy. [TonydeHHble
YPaBHEHHUS CJIOXKHUTb.

-1 -1 3 -2 1 2
861. ( 3). 862. (5 _4). 863. (3 )

I

2
6 4 5 1 2 3 1 1 1
864. (2 1 2|. 85.(4 5 6. 866.[1 2 3
3 3 3 7 8 9 2 3 1
243cy 3+3ca
867. O0wwui BUA pelieHHs: ( 02 02 > €1 M c2 — Jo0ble
1 2
yHcsa.
c1 2—3cy
868. O6uuit BUA pelleHus: 97‘&2 , C1 ¥ Co — TIPOU3BOJIbHBIE
o T2

yucaa.

869. Pemrenns He cyiiecTByer.
7—3c1 5—3ca 7—3c3
870. O61wui BUI pelieHus: c1 c2 c3 , C1, C2,

561—9 562—3 563—7
Cc3 — IPOMU3BOJIBHBIE YHC/IA.

11 1 ... 1
o 1 1 ... 1
871. |0 0 1 1
0 0 O 1

872. B matpue A~ ' COOTBETCTBEHHO: a) TIOMEHSIOTCH MeCTaMH i-i
U j-# cToabupl; 6) i-i YMHOXHTCS Ha 1/c; B) M3 j-TO CTOJIOLA BHIUTETCS
4-11, YMHOXEHHBIH Ha c.

[Tpu npeo6pasoBaHuy CTONOLOB MAaTPULBl A aHAJOTMYHO YKa3aHHOMY
MeHSIOTCA CTPOKH MaTpHibl A~ ",

_1 E. -U

879. A7 = ( 0 E )

881. Ilpu ymHoxeHuu A csieBa Ha Hi Bce cTpoku A caBuraircs
Ha OJHY MO3MLHIO BBEPX, MPHUEM TepBasi CTPOKA HCUe3aeT, a MoCAeHss
3aMeHseTCsl HyJIeBOH.
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ITpu ymHOoxKeHHH A cnipaBa Ha Hi aHa/lorH4HOe M3MeHeHHe MPOUCXO-
[T CO CABHIOM CTOJIGLOB Bripaso. [Ipu ymHoxeHun Ha H_1 caiesa (crpa-
Ba) TIPOMCXOIMT TAKOH Ke CHBUT CTPOK BHH3 (COOTBETCTBEHHO CTOJIGLOB
BJIEBO).

890. Ycnosue AB = —BA ynosjerBopsieTcsl, Halnpumep, /s MaT-
pun,
0 1 0 O 0 0 1 0
-1 0 0 O 0 0 o0 1
A= 0 0 o0 -1}’ B= -1 0 0 0
0 0 1 o0 0 -1 0 0

Yrasanue. Tlpn nocrpoeHun mMatpul, A U B BOCMOJb30BaThCH yKa-
3aHMeM K 3afnade 1747.

897. Ykasanue. Vcnonb3oBaTbh 3HaueHHe B3aUMHOIO OINpe/esuTe/1s
(sapaua 506) u cBecTH 3amady K npeablayLIed.

898. Vkasanue. Vicnonb3oBaTh yKasaHue K Npeblaylled 3anaye.

899. YVkasanue. Vicnonb3oBath ToxaeeTBO 3anaud 502 unu hopmyny
Buns-Kown B 3anave 499.

900. Ykasanue. Vcnonb3oBath TokaeCcTBO 3anauu 504.

901. Ykasanue. cnonb3oBath popmyny buns-Kown B 3anave 499.
902. Ykasanue. cnonp3oBats popmyny bruns—Komn B 3anave 499.
903. Ykasanue. Vicnonb3oBath 3anauu 896 u 507.

904. Vkasanue. Ucnonb3osath 3anauy 507.

905. [luaronasibHble 371€MeHTbl paBHbl £1.

906. [{naroHa/bHble 3J€MEHTHl 10 MOAYJ/IO PaBHbI €AUHHULE.

913. Yxasanue. Vcnonb3zoBate hopmyny buns—Kouuu, nanuyio B 3a-
nade 499 nnu ykasanue K TOH Ke 3anadye.

915. Ykasanue. Bocniosb3oBatbes npeblaylledl 3anaded.
920. Ykasarnue. Bocnosnb3osarbes 3anaveit 913.

921. Ykasanue. Ilpumenuts Teopemy Jlansaca, HepaBeHcTBO Koun—
Bynskosckoro u gpopmyay Buns-Kouwn (cm. 3apaun 503 u 499).

922. Ykasanue. Ilyctb n — uncqo crpok A, B, C'; k — uucao croj6-
1oB B; I — uucio cron6uos C. [IpoBepuTb BBINOJNHEHHE HepaBEHCTBA B
caydasx k+1>nupaar A< k+1< n.

[Toxasarb, uto npu k + ! = n 3agaya coBnagaeT C NpeAblAyLIeH.
[TpoBepuTb, UTO HepaBeHCTBO obpalliaeTcs B paBeHCTBO NpU K+ 1 < n u
moro/iHATeNbHOM yesoBud B’ - C' = 0. Hakonew, B caydae, Korja paHr
A = k41 < n, nononauuts A 10 KBagparHo# marpuusl (A,D) = P =
= (B,Q), rie Q = (C, D), npu nomotuut n—k—1 JHHEHHO HE3aBHCHMBIX
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CTOAGUOB Tak, 4To6b A'D = 0 (370 MOXKHO CHesaTh MyTeM MOCTPOEHHS
(hyHIaMeHTaJbHOH CHCTeMBbl pelleHUH OLHOPOAHOH CUCTeMbl YpaBHEHHH
¢ marpuueii A’), IpUMEHUTb TPeABIAYIIMHA Caydail K Matpuuam P =
= (A,D) u Q = (C,D) u npuHsth Bo BHMMaHHe, uto P = (B,Q) 1
|D'D| > 0.

923. Vkasanue. HeckonbKO pa3 MpHMeHHUTb HEPaBEHCTBO TPelbIAY-
el 3anaui.

924. Ykazarnue. TIpuMeHNTb MOBTOPHO HepaBeHCTBA 3anadn 922.

925. Vkasanue. IlpuMeHNTD pacCysKIeHHUs], aHAJIOTHUHbIE TTPHUBEMIEH-
HBIM B YKa3aHHH K 3agaue 922.

926. Ykasanue. [IoBTOPHO MTPUMEHHUTb HEPABEHCTBO MpPeabIAyLeH 3a-
Jla4d U UCIOJb30BaTh OTBET 3a1aud 532.

927. IlepectaHoBKa ¢-H U j-U CTPOK HJH -T'0 U j-TO CTOJOLOB MOJY-
YaeTcst NPU YMHOXKEHHH Ha MaTpHLLy, 3JeMeHThl KOTOPOH prr = 1 mas k,
He PaBHOIO ¢, J, Pij = Pji = 1, a BCe OCTaJIbHbIE HYJIH.

Ymuoxenue i-ii ctpoku (cTon61a) Ha uncno ¢ # 0 noJyyaercs npu
YMHOXKEHMH Ha MaTpHUly, OTJIHYAOLLYIOCS 0T eAMHUYHOH JIMIIb TE€M, 4TO
i-i 2JIeMeHT IJIaBHOH 1MaroHasu a;; paBeH c. [IpubaBieHue K i-# cTpo-
Ke j-# CTPOKH, YMHOXKEHHOH Ha ¢, Tl0Jly4aeTcs NpH YMHOXEHHH CJjleBa
Ha Marpully, OTJIMYAILLIYICS OT EIUHHUHOH JIHIIb TeM, 4YTO 3JEMEeHT
pij = c.

JIast aHa/oruyHoro npeodpasoBaHusl CTOJNOLOB HAfO0 YMHOXHTb Ha
AHAJIOTUYHYI0 MaTPULY, y KOTOPOH p;; = C.

Ykasanue. Jlns onpesneseHns BUAa HCKOMBIX MaTPHLL IPOJesaTh AaH-
HOe 3JIeMeHTapHoe TipeobpasoBaHie Hajl €AMHUYHON MaTpHLeH, NopsIoK
KOTOPOH paBeH YHC/Y CTPOK MaTpHLbl A B cydae npeo6pasoBaHust CTPOK
U uucay cTos1610oB A B caydae npeobpazoBaHus cros610B. [IpoBepuTs,
YTO MOJyYeHHble MAaTPHUIbl YIOBJETBOPSIOT TPeOOBAHUSAM 3a/auH.

928. Yxazanue. Vcnonb3oBatb 3anauy 927 u moxasare, 4TO Npeod-
pasoBaHWe THIMa a) MOXXHO 3aMEHHTb HECKOJbKHMH MpeobpasoBaHUsMK
THHOB ) U B).

929. Ykasarnue. Bocnonb3oBaThest 3agadamu 617 u 927.
930. Vkasanue. Vicnonb3oBath 3anaqy 623.

931. Vkasanue. [Tpumenuts K mMaTpuue A 3agady 929 u Bocnosb3o-
Batbes 3agadamu 915, 930 u 914.

933. Ykazanue. Vcnonb3oBath 3anauy 927.
24 3 -4 -8

—23/2 -1 2 7/2
10 1 -2 =3
-5 0 1 1

-1 2 -1
935. [1/4 —9/4 3/2
/4 3/4 —1/2

934.



Omeemol 385

-1/6 1/2 —7/6 10/3
-7/6 —-1/2 5/6 —5/3
3/2  1/2 -1/2 1
/2 12 -1/2 1
938. Ykaszanue. Jlns nokasaTenbCTBa HEOOXOAHMOCTH MPHHSATH 3a
B no6oit HenyJeBo# crosbel MaTpuipbl A.

936.

939. Ykasanue. Ilpu nokasaresbcTBe HEOOXONMMOCTH NPUHATH 3a B
MaTpHULly U3 JIOObIX T JIHHEHHO He3aBUCUMBIX CTOJIOLOB MaTpUlbl A; i-i
cronber; Marpulbl C' COCTaBUTb U3 KOI((MULHUEHTOB B BbIPaXKE€HHH .4-T0
cronbua A uepes cronbusl B. Mcnosnb3oBath 3anauy 914.

941. Yxasanue. Wcnosnb3oBarh 3agaud 626 u 931.

943. Vkasanue. LlenouncieHHbIMU 3/1eMeHTaPHBIMY NPe0Opa3oBaHHU-
SIMH NPUBECTH JaHHyl0 MaTpuuy A K HopmasbHOH Martpuue. Has 3To0-
ro, BbIOpaB HaMMEHbLIMH 110 aOCOJIOTHON Be/IMUMHE U3 He PaBHBLIX HYJIIO
9JIEMEHTOB, MYyTeM LIeJOYHCAEHHbIX 3J1€EMEHTApHbIX TIpeodpasoBaHUil 3a-
MEHHTb 3JIEeMEHTbl CTPOKHM M CTOJOLA, B KOTOPBIX CTOUT 3TOT 3JIEMEHT,
UX OCTaTKaMH IIpH JeseHuH Ha Hero. IIoBTOPATH Tak, MokKa Bce 3d/eMeH-
TBl 4-H CTPOKM M j-ro cTosbLa, KpOMe a;j, He oOpartsitcs B HyJb. Ecau
KaKOH-TO 3JIEMEHT aj; B HOBOH MaTpHLE He AEJUTCA Ha Qj, TO K i-H
CTpPOKe NpHOaBUTb k-10 U BHOBb NMEPEUTH K ocTaTKy. [IoBTOPATH TakK, mo-
Ka BCE 3JIeMEHTbl HEKOTOPBIX p-H CTPOKH M ¢-TO CTOJOLA, KPOME Gpg,
GyLyT HYJSIMH H BCe JAPyTHe 3JEMEHTbl OyAYyT AEIHUTbCA HA Apg. 3aTEM
NePeBEeCTH Gpq B JIEBBIH BEPXHUH Yrosl U HauaTb aHaA/JOrHUHbIe Ipeodpaso-
BaHUS C yMEHbIIEHHOH MaTpHleH, MoJyuYeHHOH BblYepDKHBAHHEM 1€pBOH
CTPOKH U NepBOro cTosibla, U T. 1. L5 10KasaTe/bCcTBA €IMHCTBEHHOCTH
HOpMaJsibHOH (hopMbl,0003HaYUM uepes dj HauOOJbIINK 0OLKH AeNUTeb
BCEX 3JIEMEHTOB MaTpHLbl A, paHra ¢ m CTPOKaMH U 1 CTOJIOLAMHU MPH
k=1,2,... 0% nonoxuM dr, = 0 npu r < k < m,n. [lokazaTs, uto ne-
JIUTEM MMUHOPOB d), He U3MEHSAIOTCS NPH LeJOYUCTEHHBIX JeMeHTapHbIX
npeo6pPasOBaHUSAX U UTO 3JIEMEHTH €1, €2,. . . HA [VIABHOH AHAroHaJIH HOp-
MaJIbHOH MaTpHLbl, S5KBUBAJE€HTHOH A, CBf3aHBI C AEJUTENIMH MHHOPOB

paseHcTBamu di = e1, e, ..., e (kK < m,n), oTkyna
di,
er = 7 (k=1,2,...;7r) u e =0 gma r<k<m,n.
k—1

944. Ykasanue. llpn nokasaTenbCcTBe BO3MOXKHOCTH TpebyemMoro
npeacTaBjieHHs] UCroab3oBaTh 3anady 927. Ilpu noxkasaresnbcTBe enuH-
CTBEHHOCTH M3 JBYX mpexacrtaBieHuit A = Py Ry = P>R> BbBeCTH, UTO
matpuia C = Py;'Pi = ReR;' sBiderca lUe/ouHMCIeHHOM,
YHHUMOZYJISIDHOH ¥ TPEYTroJIbHOH, 3/1eMEHTBl KOTOPOi Ha IVIaBHOH Iuaro-
HaJli TOJIOKUTENbHBI U, 3HAUUT, PaBHbl eMHHUIIE. 3aTeM, IPUPAaBHUBAs B
paBenctBe CR1 = Ro (k+1)-i1, (k+2)-# u T. 1. 3JeMeHTHl k-H CTPOKH,
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MoKasaTh, UTO BCe 3JeMeHTbl MaTpHlbl C' CripaBa OT IVIaBHOH QMAaroHajn
paBHbl Hys0, T. . C' = E.

945. Vkasanue. Vicnonb3oBath 3anauy 927.

949. Pewenue. IlpuBenem marpuny A K BepxHell TpeyroJbHOH MaT-
pute C' clenyOUUMY 3JeMEeHTAPHBIMU NPe00pPa30BaHUMU CTPOK: a11 =
= dy # 0. Berunrasi nepByto CTPOKy, YMHOXKEHHYIO Ha MOAXOASIIIHE UHC-
Jla, U3 OCTaJIbHBIX CTPOK, NpHBeAeM MaTpuly A K BHILY

ail a1 ais e aln
O 1 1 1
1_ A2z Q23 ... Q2p | |
A= ;
1 1
0 An2 an3 (2%

TaK KakK IPU 3TOM MHHOPBI, COflepKalllke MepBYI0 CTPOKY, He H3MEHHUJIHUCH,
10 d2 = a11a3, # 0, OTKYNA a3y # 0. BeluuTas BTOPYIO CTPOKY MATPHLIbI
A' ¢ NOIXOAAIMMH MHOMKUTENISAMH M3 HUIKeJIeKaUX CTPOK, 06paTHM B
HyJIb BTOPble 3JIEMEHTBl 3THUX CTPOK U T. 4. [locse r maroB obparsiTcs
B HY/b BCE 3JIEMEHTHI MEePBbIX T CTOJOLOB, CTOSIIIHE HHXKe AHaroHaJH.
Tak Kak paur nonyuenxoii matpuisl A" = C pasen pamry A, T. e.
paBeH 7, TO BCEe 3JI€MEHTHl MOC/IEIHUX N — 7 CTPOK MaTpHuiubl C' paBHHI
HyJIO H, clefoBatesnbHo, C' — BepXHsis TpeyroJbHas MaTpuua. B cuiy
3anaun 927 C' = PA, rie P — npousBeaeHMe psilia HU2KHUX TPeyTOoJbHBIX
MaTpHIl, T. €. CHOBA HWXHssi Tpeyro/bHas matpuna A = P~'C = BC,
rae B = P~' — HWXHAS Tpeyro/ibHas MaTpHIAa. DTHM CYLIeCTBOBaHUE
passioxenus Buaa (2) 10KasaHo.

[lycts nano mo6oe npeacraaenue suaa (2). Tlo dopmyse nas mu-
HOPOB MpoHu3BeJeHus: MaTpull (3anaua 913) umeem

1,20 k—1,4)
A(1,2,...,k—1,k) -
_ Z B(.l’ _27~~-,k.—17_Z>C(]11,]22,---,gk_—117]£).
]1<]2<<]k. .717.727"'7]k_1’ ]k b PR | b

Ho nepsble k cros1610B MaTpuubl C' comep:kat JHIIb OAMH MHHOP K-TO
NOpsiiKa, OTIMUHBIH OT HYJs, HO3TOMY

L2, k—1,4\ (1,2, k—1,i 1,2, k) _
A(l,Q,...,k—l,k) *B(l,z,...,k—l,k)C<1,2,...,k) -
:bubQQ...bk71,k71bik611622...Ckk (i:k,k+1,...,n; IC:LQ,...,T). (a)

[Tonaras 3mech ¢ = k, HalgeM

dk :b11b22...bkk611622...ckk (k: 1,2,...,7‘). (6)
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Jlens (6) Ha amasMorH4YHOe PaBeHCTBO ¢ 3aMeHo k Ha k — 1, mosyuum
(3). Hens (a) Ha (6), nonyuum nepsyto u3 popmya (4). Bropas dopmyna
noJiy4aeTcst aHaJoTHUHO.

Ilycts D — mi06ass HeocoOGeHHAsi QWaroHasJbHas MaTpula C 3Jje-
meHTaMu di, ds2, ..., d, Ha raaBHOH auaroHand. Torga A = BC =
= (BD)(D™'C). Marpuua BD nonyuaercsi u3 B yMHOMKeHHEM CTONG-
0B Ha d1, d2, da, ..., d,. MaTpuna D~ 'C nomydaercs us C' yMHOXKe-
HUEM CTPOK Ha Dl_l, DQ_I, A D;l. [TosTomMy nuaroHasbHBIE JeMeH-
Tl B u C' MoxHO Gpatb J06biMu TipU yeaoBusx (3). B npoussenennu
BC' 371eMeHTBl NOCJAEHUX 1 — T CTOJOIOB B YMHOXAITCS Ha J€MeH-
Tbl MoceHuX n — r cTpok C. [TosToMy, ecsu OfHHM U3 3THUX 3/1E€MEHTOB
MOJIOXKUTh PaBHBIMH HYJIO, TO APYTHe MOXKHO B3SIThb JIOOBIMH.

951. Vkasanue. [lpumenuts pelenue 3anaun 949 ¥ nokasaTb, UTO

d
MpU YCIOBUSX bk = Crr = /=%~ ycaosus (3) ymosnetsopsitoTcs

dp—1

yeaosust (4) pawot: by, =cps (i =k+1,k+2,..00n, k=1,2,...,7).

952. AB =C = (Cij), roe 011 = (6), 012 = <2 4), 021 =

9 9 6
6 2 4
= (8), Caz = (9,1), C = Cu Cy (g ¢ ¢
021 022 8 9 1

954. Ykasanue. PaccMoTpeTh Npor3BeieHHe - KJIETOUHOH CTPOKH
Ha ¢-# KJeTOUHBIH cTOJ6ell,

957. P — kBajpaTHas KJeTOYHAsl MaTpUla ¢ KBaJApPaTHbIMH eIMHHY-
HBIMM KJ/€TKaMH MOPSIAKOB 71, M2, ..., Ms [0 IJIABHOH JHaroHaid,
npUyeM KJeTKa, CTosllasl Ha MepecedeHUH ¢-H K/IeTOUHOH CTPOKH U j-TO
KJIETOUHOTO CTOJIOa, COBMafaeT ¢ MaTpuued X, a Bce oCTajbHbEIE BHe-
JMaroHasbHbIe KJIEeTKH PaBHbI HY/I0. AHa/MOTHUHO (Q — KJeTOYHasi MaTpH-
a ¢ KBaAPAaTHBIMH €IMHUYHBIMH KJeTKaMH MOPSIIKOB M1, N2, ..., Ny HA
r/IaBHOH IMaroHa/M, MaTpulel Y Ha nepeceyeHHH j-H K/I€TOUHOH CTPOKH
1-r0 KJIETOYHOIO CTO/10LA W HYJ/IE€BBIMU KJeTKaMH Ha JPYrUX MecTax.

958. Ykasanue. V13 BTOpO# KJIETOYHOH CTPOKH BBIUECTb IMEPBYIO,
YMHOXKeHHYI0 c/leBa Ha Matpuiy CA™1, u, mosb3ysch npeabayiues 3a-
nadei, mokasatb, 4TO MPH 3TOM PAHT He U3MEHHTCS.

959. Pewenue. ToT xe psil 3JeMeHTapHBIX MpeoOpa3oBaHUi, KOTO-
pblil mepeBomuT Matpuuy R B Ry, nepesogur wmatpuuny 10 =
A B Ay B
“\-c —caip) By =1y v a1
ayule#t 3agaue panr 7T’ paBeH n. Tak Kak 3jeMeHTapHble 1peoOpa3oBaHUs
He M3MEHSIOT paHra MaTpuibl, To paHr 71 = paury T =n u panr A; =

= panry A = n. Ilostomy X —CA™'B=0; X = CA™'B.

. Io npensi-
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—20 8 11
960. A '=| 17 -7 -9
-2 1 1
9 8
961. z=1,y=2, z=3. 962.)(:(2 3).

963. Pewenue. CpoiicTBa a) u 6) JIETKO CJENYIOT M3 OMNpeNeeHus
KPOHEKePOBCKOro npousseneHus. Jliis 10KasatenbcTBa B) OyeM MUCATh
B KaueCTBe HHIEKCOB IIPH 3JIeMeHTaX KPOHEKEPOBCKOIO IPOU3BENEHHUS HE
HOMEpa nap, a camu napbl (IpudueM uuc/aa OQHOH Mapbl GyIeM MUEaTh
psagom u 6es cko6ok). Ilomoxkum AB = F, CD = G, F x G.= H,
AxC =P, BxD=0@Q. Torna

m n
hivis,jije = firgi Gizga = E @iy sbsjy § Cigtdijy =
s=1 =1

= E @iy sCinthsjy dijy = § Pivia,stqst,j1j25
s,t s,t

otkyra H = PQ.
964. a) Jl17 npaBoro MpsIMOTO MPOU3BENEHHS HANO B3ATh JIEKCHKO-

rpagpuueckoe pacmnosoxenne map: (1,1), (1,2), ..., (1,n), (2,1),
(2,2), ..., (2,n), ..., (m,n). Oas meBoro — pacnoJoxenue (1,1),
(2,1), ..., (m,1),(1,2), (2,2), .., (m,2), ..., (m,n), noayuawolieecs

NyTeM JIeKCHKOrpa(uueckoi 3alKcH TexX ke Map, YMTaeMbIX ClIpaBa Ha-
neBo. CBoficTa ), B), I) HEMOCPEICTBEHHO BBITEKAIOT M3 OMPENEJEHHUsI.
CBOICTBO 1) C/IeflyeT W3 COOTHOLIEHHUH B) MpeNblAyllel U ) HACTOsIEH
3anauu. CBolcTBa JIeBOIO IPOH3BEEHHUS] BEITEKAIOT U3 COOTBETCTBYIOIMX
CBOWCTB MPABOr0 MpPH TIOMOILM COOTHOLIEHHH 6).

965. Ykasanue. Tlokasatb, 4T0 M3MEeHeHHe HyMepalMH Map He Me-
HsieT onpeneanTesns |A x BJ, u, nonb3ysick CBOKCTBOM B) 3ajauu 963,
npeactaButh ero B Buie |[AXB|=|(AEn )X (EnB)|=|AXEy|-|EmxB|=
=|A-XEp||Em x-B].

966. Yxasanue. Mcnonp3oBatb nosoxeHue, uto U3 |A| = 0 crenyer
panr A < 1, nokasansoe B 3anaue 630.

967. Pewenue. Tlonoxum AB = C u 0003HauMM COOTBETCTBEH-
Ho uepe3 Ayj;, Bij, Ci; anre6pandeckue NOMoJHeHus, a uepe3 M;j;, Nij,
P;; — MHHODBI 9JIEMEHTOB B -H CTPOKe U j-M croabue mampuy A, B, C.

Torna, npuMeHsis BblpakeHHe MHUHOpPa MPOM3BeJleHHs NBYX MaTpHIL
yepes MHHOpPHI 3THX MaTpul (3amaua 913), HaxoauMm

&j = Cji = (1) Py = (=1)""" Y MjNui =
k-1 n n
(=17 M (1) Ny = >~ AjeBri = Bir Ay,
k=1 k=1

1 = =

- A

[
hE

Q>
I
%

OTKyZa
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Jlns HeocoGeHHBIX MaTpull A W B TOT XKe pe3dysabTaT MOJydaeTcs
Kopoue Tak: mo mpenbiayinei sagave A = |A|- A7!, orciona (AB) =
= |AB|(AB)"! = |A| - |B|B™*A™! = BA. Jlns maTpuil ¢ 4HCIOBBIMHU
3J1EMEHTAMH CJIydail BbIPOMKAEHHBIX MATPHIL 10J1y4aeTcs pejie/bHbIM Ie-
pexonoM. MHorouseH ot A, paBHbI ompenenutenio |[A + AE|, umeer
crerneHb n U He Gosiee n KOpHek. [109TOMy MOXKHO B3siTh [10C/IE10BATE/Ib-
HOCTb YHCe A1, A2, ..., limy_oo Ay = 0 Takyto, uto matpuubl A+ A\, E
U B + M\ E 6ynyT HeocoGenHbiMH. [To nokasanHomy [(A + A\pE)(B +
+ B[ = (B + MEY)- (A+ AE). Ilepexons k npeneny npu k —.00,
nosyunm (AB) = BA.

968. Yxasanue. a) Cnenyer us 3anauu 913, 6) noxasarhb st cayuas,
korna |A| = 0, mosb3ysich 3afaueit 747, a anst |A| # 0 — cooTHOLIeHHEM
A = |A|-CA7'C, rae C — nuaroHanbHas MaTpUIA C SJeMeHTaMH |,
—1, 1, —1, ...Ha raBHOH QMaroHau.

969. Yxasanue. Tlpumenuts 3anauy 913.

970. Hanpumep, HyMepauusi COUeTaHUH B-JIeKCHKOrpapHuIecKoM I0-

psLKe, IIPY KOTOPOM coYeTaHHe i1 < i2 < :+- < ip NPeIlIecTByeT CO-
YeTaHUI j1 < jJ2 < -+ < jp, €CJM epBas OTIIMYHAS OT HYJsl PA3HOCTb
J1 — %1, Jj2 — 12, ..., Jp — ip NOJOKHUTEJbHA.

971. Ykasanue. JlokazaTb NpeAJoKeHHOe PAaBEHCTBO CHauaja AJs
TPEYroibHOH MaTpULbl A, MOJMb3YsSCh T€M, UTO MU3MEHEHHE MOops]Ka Hy-
MepaLUH COYeTAHUH He MeHSieT OIpe/lesIUTeJsl acCOLMMPOBAHHON Mat-
puubl Ay, U NpUMeHss npeabiayuyto 3agady. OOuwui cayuail cBecTH K
TPeyToJIbHBIM MaTpULlaM TpH nmomoinu 3anad 928 u 969.

972. Pewenue. B cuny 3anaun 956 nus AB = E, caenyet ApBp =
= En, tne N = C%; orciona

j17 j27 ey jP i17 i27 ey 7:17 _
SRR A L AR Y

1< <do<---<ip<n

1, ecn Zgzl(js_ksfzo <1< J1<J2 < <Jp
0,ectn >.P_ (s —ks)?> >0 Sk <ka<-o--<kp

VA
3
N

C npyroit cTopoHsl, o Teopeme Jlamnjaca HaXOAHM

. . ) ’og ’
Z A(],l’ ]'2, ...7]p> (—1)E§=1(15+kS)A(],€,1’ k,Q, ey ]in_p>:
21, 12, 115 19, ...

o ) ey lp
1< <ig < <ip<n

AL e S2LG-k)P=0 o
0, ecJi P (s —ks)>>0"

s=
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rae i) <ip < -or < idp_p, BMECTE C i1 <idp < -+r <ip Uk <hky <--- <
< kp_p, BMecTe ¢ k1 < ka < -+ < kp COCTABJISIIOT MOJIHYI0 CHCTEMY
WHIEKCOoB 1, 2, ..., n.

Tak kak cucTema JMHEHHBIX ypaBHEHHH C HeoCOOEHHOH MaTpuLel
Ap TIpH 3alaHHBIX CBOOOAHBIX YJIeHaX MMeeT eMHCTBEHHOE pelleHHe H
Tak Kak TNpaBble 4aCTH paBeHCTBA (3) OTJIMYAIOTCA OT MPaBBIX YacTed
COOTBETCTBYIOLIMX PaBeHCTB (2) TOMbKO MHOXKUTeJeM |A|, TO Takum xe
MHOXKHTEJIEM HOJKHbl OTIHYAaThCsl M JIeBble YaCcTH, OTKYAa W BBITEKAIOT
Tpebyemble pasenctsa (1).

973. Ykasanue. Tlpumennts tTeopemy Jlansnaca u 3agauy 903.

974. Ykasanue. Tlpumennts teopemy Jlansnaca u 3apauy 903.

0 A1 0 0
975. (o A2>' 976'( 0 /\3+/\2—2>\—2)‘ . (o /\2+5>\)

1 000
A—1 0
978.( 3). 979. [0.0N 0O
0 (A+DA-1) o o
A 0 0 10
980. [0 N+ ) 0 981, [0 1
0 0 A3 4+ \? 0 0 —2
1 0 0 1 o o
982. [0 N4+ 0 . 983.
0 0 PRATED) LY o o )\2+)\

984. Ykazanue. Jlokazatb, uTo MHOTOUJEHB Dy (\) He H3MEHSIOT-
sl TIPH 3JIeMeHTapHbBIX  MPeo6pasoBaHusiX U UTO B cnyqae HOpMaJbHOH
auaronanbhoil Gopmbt Di(N) = [15, Ei(\) (k=1,2,...,n).

1 0 0

985. | 0 AN —1)(A—2) 0
0 0 AA=1)(A—2)
A0 0

986. | 0 A 0
0 0 MA-1)(A=-2)(A-3)
1 0 0 0

987. 8 y 2 8 Crtep=(A—1)(A—2)(A —3)(A —4).
0 0 0 p
1 0 0 O

988. 8 g 2 8 , TIe p — TIpPOM3BeJeHHe MHOTOUJIEHOB a, b,
0 0 0 p?

¢, d, je/leHHOe Ha NPOU3BeJeHHe CTapUIUX KOI((HULIUEHTOB 3TUX MHOIO0-

YJIEHOB.
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d(A
989. (0 ) Fg(n) |, tae d(A\) — Haubosblnil 0OUIME AeHTeNb
cd(X)
MHorouseHoB f(A) u g(A), UMerolwn# crapwuil KoadhULMEeHT, paBHbIN
e[MHULE, U ¢ — IPOU3BENeHHe CTApIIMX KO3((HIHMEHTOB STHX MHOrO-

YJICHOB.

1 0 0
990. |0 fgh O
0 0 fagh
abc 0 0
991. 0 % 0 |, rme a, b, c COOTBETCTBEHHO HaubOJblINeE
0 0 fgh

ob6lre aenutenu s g u h, f u h, f U g, B3sTble CO CTAPLIUMH KO-
(bULMeHTaMU, PaBHbIMH eIHHHULIE.
abe 0 0

d
992. | o dingh 0 |, rone d — nauGosbuIMii 06K TeNUTEND
0 [
d

f, gu h;a, b ¢ — coorBeTCTBeHHO HanOOJBIINE OOLIMe AENUTENH g U
h, fu h, f 1 g, npudem crapiine Ko3(QPULUHEHTH BCeX MHOTOUJEHOB a,
b, ¢, d paBHBI efnHULE.

1 0 0 O
01 0 0
993. 00 1 0
0 0 0 A
1 0 0 .0
01 000
994. 0 0.2 o
0.0 0 M
1.0 0 O 0
01 00 0
995. {0 0 1 O 0 ,
0 0 0 1 0
00 0 0 f(N
rae f(A) = A° 50T 403 307 2\ + 1.
1 0 O 0
0 1 0 0
996. 00 1 0 , ecan B # 0,
0 0 0 [(A+a)+p
10 0 0
0 1 0 0
LU I A+ )2 0 ,ecan 0 =0
0 0 0 A+ a)?
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1 0 0 A—1 0 0
997. |0 A—-3 0 . 998. 0 A—1 0
0 0 (A-=3)? 0 0 (A-=-12
1 0
1
999. 1 , e n — TIOPSIIOK TAHHOW MaTpHIIbI.
0 A"

1000. DkBHUBaJIEHTHHI.
1001. He 3KBHBaJIEHTHHI.

1002. Marpuubl A u C' 3KBUBaJeHTHbl MKy COOOH M He 9KBHBa-
JIEHTHBI MaTpule B.

1003. Enunuunas marpuna.

1005. Ykasanue. Bocrionb3oBaThest TeM, UTO-3JeMeHTapHOEe MpPeos-
pasoBaHHe CTPOK MaTpHIbl A CBOIUTCA K YMHOXKeHHI0 A caesa (a cTon6-
1I0B CrpaBa) Ha CMENUAJbHYI YHUMOLYJSpHY A-maTpuiy. asee, ec-
m B = PsPs_1...PLAQ1Q2 ... Qy, tne P;, (Q; — creunasbHble YHH-
MOIYJISIpHBIE A-MaTpHIbl, TO MOJ0XKUTE P = PsPs_1...PiE, u Q =
= E,Q1Q2...Q;. Ilpn noxasarejabcTBe NOCTATOYHOCTH HCIOJb30BATh
otBet 3amaun 1003.

1006.
AT (0 1/2.
B’(O ,\2—1)’ P*(—Q /\+3)’
A =i+ ix-1
Q*(l—/\ A=A+ 2 )¢

1007.

A+ 2 0 . p_ (1 0Y.
0 AN 4an+4)° “\-1 1)

Sy
I
T~

o=("1 —\%—2)
TN N 4222 41 )
1008.
1 0 0 —2X—-3 0 2\+4
B=10 A-1 0 ; P= -3 -1 4 ;
0 0 A —\? 3 0 -1
1 A2+ 0
Q= A “AMEXN AT A+T 0

-A—1 A -2 1
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1009. Hanpuwmep,

—3X%+9A+8 3\ —9A+4 1/2 —1/4
P = 2 2 Q=
—2X% +6A+5 2X°—6A+3 0 1/2

1010. Hamnpuwmep,

(1 =1\ 4 (A AL 227 A2
P*(o 1)’Q*( A—1 2\ — 1 '

1011. Hanpuwmep,

1 0 0
P=[11A4+8 —11 0];
22-1 -2 0

—2X—1 -A-1 —2Z 4
Q=124+ X24+2 N4+A+1 N -A-1].
0 0 1
1012. Hanpumep,

1 0 0
P=[-3\2-2\+1 A2 4 1]

—6AZ— AN +42X2+220 -1 2

-A+1 ~A -2
Q=[-2+2,-x+1 =X |.

A—1 A A+l

N -3 -5 0

1013. Hampuwmep, P = (1 0 ); Q=15 8§ 0].
0 0 1

0 1 0 g
1014. Hanpumep, P=| -1 4 0];Q = .
1015. E1(\) = 1; Bo(\) = A —1; Es(\) = (A — 1)(A\% = 1).
1016. E1(\) = A+ 1; Eo(N) = A2 —1; E3(\) = A% — )\
1017. E1(N) = A2 +1; B2(\) = N> =A%+ A—1; E3()\) = Es()\) = 0.
1018. 1()\):1 ( Y= A=A+ 1; E3(\) = A3+ 1; Fs()\) = 0.
1019. E;(\) = En(A\) = 1; Enpr(A) = AT
1020. E1(\) = - =En_1(A\) =1; E,(A) = (A—a)", ecan § # 0,

Ei(\)=-- :E()\)—)\—a ecan 3= 0.
Yrasanue. Tlpu B # 0 m0OKa3ath, 4TO AENUTENb MUHOPOB Dy—1 () =
= 1. Ias atoro yGeauTbCsi, YTO MUHOP, MOJYYEHHbIH BblUEPKHBAHH-

€M MepBOro CTos0na M MOoC/efHEH CTPOKH, He oOpaliaercsl B HyJb MpH
A=a.
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1021. A +1, (A —1)%

1022. A+ 1, A—1, A —1.

1023. DnemeHTapHbIX HesuTe el He CYLIECTBYET.

1024. A+ 1, A=A A =1, A+2, A +2, A+ 2.

1025. DsemeHTapHBIX JIe/uTesed He CylecTBYyeT.

1026. B nosie paunoHanbHbix uncea: A2 41, A2 —3; B nosie neficTBu-
teapHBIX uncea: A% + 1, A+ /3, X — v/3; B noJie KOMIJIEKCHBIX YMCeJI:
Ai, A—i, A+ V3, A= V3,

1027. B mosie paumonambabix uncen: A2 — 2, (A2 +4)2, \244; B
noJie AeHCTBUTENbHBIX unces: A+ /2, A — /2, (A2 +4)%, A% 4°4; B moste
KOMIIJIEKCHBIX drces: A+ v/2, A — /2, A+ 2i)2(/\ - 2i)2, A+ 24, A — 21

1028. B mnoJie pauMOHA/NbHBIX W B MOJe AEHCTBHTENbHBIX YHCEJ:
A=1% A+1D% A+1, A =X+ 12 X =X+ 1; B nore kKom-
niekeHsiX uncen: (A —1)% (A+1)%, A+1, (A— 1%"/5)2, (A— %)2,

1 0 0 0 0
0 A+1 0 0 0
1029. | 0 0 221 0 0
0 0 0 M-2X241 0
0 0 0 0 0
1 0 0 0
0 A+2 0 0
1030. 0 0 AP 202 — 4N —38 0
0 0 0 A —120% +48)\% — 64
1.0 0 0 0
0oA—1 0 0 0
1031..]0 0 X4+)X-2 0 0
0 0 0 AN+ =503 - X\24+80—4 0
0 0 0 0 0

1032. Ykasanue. Ilyctb e(A) — KakoH-HUOYAb HEMPUBOAUMBIN MHO-
JKHTEJb, BXOASIIUHA B pas/iokeHHe XOTs Obl ONHOTO IMArOHAJBHOTO 3Jie-

MEeHTa, § — YHCJIO JHArOHAJbHBIX 3/1EMEHTOB, OTJIMYHBIX OT HYJs, U
0 < a1 € ag < -+ < s — COBOKYIHOCTb IOKa3aTeJsel CTeNeHH,
¢ KOTOpBIMH e(\) BCTpeuaeTcsi B 3THX 3jeMeHTax. Ilokasarb, uTo mpH
k = 1,2,...,s peanrenb MHHOPOB Dy ()\) neautcss TOUHO Ha
[e(N)]*rte2tFer g yupapuanTHBIE MHOXKHTeNb Fx(\) — TouHO Ha
[e(M)]*.

1033. Ykazanue. DneMeHTapPHBIMH TNPe0OPa30BAHUSIMU IIPHBECTH
KaXKJylo IMaroHaibHyI0 KJIETKY K AHaroHa/ibHoi (Hampumep, K HOpMaJib-
HOH) (hopMe M BOCMO/Mb30BaThCA MpeAbAyIel 3afauei.
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1 0 0 0
0 AMA+1) 0 0
103415 0 T D01 0
0 0 0 NA+1)3(N—1)?
1 0 0 0
0 A —4)\ 0 0
1035. 0 0 A2 — 4\ 0
0 0 0 At —4)?
1 0 0 0
0 f(A) 0 0 _\3 22
1036. [, ¢ O 0 crae f(N) = A3 4+ A% =6
0 0 0 [fVP?
1 0 0 0
0 N-1 0 0
1037. 0 0 (02— 1) 0
0 0 0 (A2 —1)3
1 0 0 0 1 0 0 0
0 x—1 0 0 0 1 0 0
1038. [ - © -1 0 1039. [ 0 2, 0
0 0 0 0 00 0 0
1 0 0 0
0 1 0 0
1040. 0 0 MN4+X-6 0
0 0 0 AN +A—6
1 0 0 0 0
0oA—1 0 0 0
1041. |0 0 A2 —1 0 0
0 0 0 M—2)24+1 0
0 0 0 0 0

1042. D, =1, Dy =2, D3 =4, Dy = 320.

1043. D, = 3, D2 = 18, D3 = 324, D4 = 11664.

1045. Yxazanue. Tlpu noxasaTesbCTBe CYILIECTBOBAHHSI MpeNCTaB-
JIEHHs] IaHHOTO BHJa BOCIOJb30BaThCs Npenbayiled 3agadedt. [pu no-
Kas3aTe/bCTBe €IMHCTBEHHOCTH M3 IBYX IpEACTaB/JE€HMH NaHHOrO BMJIa
A = PiRi = P»R» BbiBectH, uto matpuua C' = Py 'P; = RaRy'
SBJISIeTCS YHUMOLYJSPHOH M TPEYroJbHOH A-MaTphled, 3JeMeHTbl KO-
TOPOH Ha TI/1aBHOH AMAaroHajy HMMEIT CTapIIMi KO3((HULHUEHT, paBHbIN
eIMHHUIe, W, 3HAUUT, CAMM DaBHBI €IMHHLE. 3aTeM, NPUPaBHUBAS B pa-
BeHcTBe C'R1 = R> 3/eMeHTBl k- CTPOKM M NPUHMMAas BO BHUMaHHe
yCJIOBHE [ CTereHel 3JeMeHTOB 1 M 2, M0Kas3aTh, 4TO BCE JIeMEeHTHI
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matpuiel C' cripaBa OT IVIaBHOH AHAroHa/ju paBHBl HyJO, T. e. C' — enu-
HU4Has Matpuua. [loayuuTs orciona paBeHctsa Py = P> u Ry = Ra.

1 -2 2 4
1047. Hanpuwmep, A = (2 _4>, B = (1 2).

1048. CxasspHble MaTpulbl. ¥Yxazanue. [Tokasats, uto ecin AT =
= TA nas no60i HeBBIPOXKIEHHOH MaTpHLbl T', TO 3TO BEPHO JAJsI BCeX
marpull 7. Jlas 9TOro BbIPOXKIEHHYIO MaTpuily 7' MpencTaBUTb B BHAE
T = (T — aF) 4+ aF, rie a # 0 u BoiGpano Tak, uro |T' — aE| #.0.
3arem npuMeHUTh 3anauy 818.

3ameuarue. YKaszaHHBIH METOJ PeleHHs MOXET OKa3aTbCs HerpH-
FOIHBIM JUUISi MAaTPHIL C 3J€MEHTaMU M3 KOHEUHOTO MOJsi, TJe MOXKeT He
HaUTHCb 3J1EMEHTa (v C HYXKHBIMH CBOHMCTBaMM. MeTox, NPUTOAHBIH A
MaTpHILL C 3J1eMeHTaMH U3 JII000r0 MoJs U He UCNOoMb3ylolHi 3anadn 818,
COCTOUT B CJIeAyIOLIeM: s ¢ # j 0003HauMM uepesd F;; MarpHily, OT-
JIMYAIOLLYIOCS OT eIMHUYHOH JIMLIb TeM, UTO ee 3JIEMEHT B -H CTPOKe U
B j-M cTosOle paBeH enuHule. B paBeHcTBe AF;; = Fj; A npupaBHsieM
3/JI€EMEHTHl B ¢-H CTpPOKe W j-M cTOsOLE, a 3aTeM B - CTPOKE M i-M XKe
cToJbLe.

1049. 3a marpuny 7' MOXKHO B35Th MAaTpHILY, TOJYUEHHYIO U3 eIH-
HUYHOH MepecTaHOBKOH i-H M j-H CTPOK.

1050. Yxasanue. Bocrosb3oBaTbes npeaslAyILel 3agauet.

2041 X 1 1 2 3
1058. A= (B—AE)[3A+2 3x 2|+ (3 1 2
A+2 23 1 2 3 1

XOoa 1 5 -2 3

1059. A= |2\ 3\ 2 | (B-AE)+ (|6 -3 2
AN =2 7 -5 4

1060. Yxazarnue. UcnonbzoBath 3anady 1005.
1061. Pewenue. Ilycte P = (B—AE)P1+Pou Q = Q1(B—A\E)+
+ Qo Mcronbays aTH COOTHOLIEHUS, PABEHCTBO
B—\E=P(A—-\E)Q (1)

MO2KHO IMPUBECTH K BULAY

B — \E — Po(A— \E)Qo = P(A — AE)Q1(B — \E)+
1+ (B = \E)Pi(A—\E)Q — (B — AE)Pi(A — AE)Q1(B — \E).

HOILCTaB.Hﬂﬂ Clola Ha OCHOBaHUU PABEHCTBA (1)

P(A-AE)=(B-AE)Q™" wu (A-XE)Q=P '(B-)\E),
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NOJY4YUM

B —AE — Po(A—\E)Qo = (B — AE)[PLP™ '+
+Q7'Q1 — Pi(A— AE)Q:](B — \E).

BblpaxkeHre B KBaJpaTHBIX CKOOKaX B NPaBOH 4acTH 3TOrO paBeH-
CTBa JIOJKHO DaBHATBCS HYJIO, TaK KaK MHa4e MpaBas yacTb uUMesa Obl
CTereHb OTHOCHTEJIbHO A He HH2Ke IBYX, TOT/Ia KaK CTeleHb JIeBOH uacTH
He Bbllle equHuLbl. [Toatomy B — AE = Py(A — AE)Qo. IlpupasuuBas
B 3TOM PaBeHCTBE KOI(MQUUHUEHTBI MPH A U CBOOOIHbIE YJIEHBl, HAXOIUM:
PoQ =FuB= PoAQo.

1063. I[TonoGHSL.

1064. Ilono6HbI.

1065. Marpuusl A u C' nonoGHbl MexXAy Cc000#, HO He MOLO0GHBI
maTpule B.

1066. Marpuusl B u C' nopobHbl Mexay co00H, HO He MOJOGHEI
matpuue A.
1 -2
1067. Hanpumep, T' = (_1 3
YKkasanue. J11s1 moJyuyeHHs 110 BO3MOXKHOCTH NPOCTOrO OTBETAa HA/0
CTPEMHTBCS COBepLIaTh HaHOOJEe NPOCTHIE 3/1eMeHTapHble Mpeobpa3oBa-
HUsT cTon61oB Matpull A —AE u B — \E.
1068. Hanprwep, T'— < 0 2
’ -1 10
Yrasanue. Jng npusenenns Mmarpuubl A — AE K HOpMaJbHOH 1Haro-
HaJbHOH (popMe M3 BTOPOH CTPOKH, YMHOXKEHHOH Ha 6, BBIYECTb MEPBYIO
CTPOKY, YMHOXKeHHYIO Ha A + 16, a U3 mepBoro croJbua, yMHOXKEHHOrO0
Ha 6, BHIYECTb BTOPOH CTOJOEL, YMHOXKeHHbIH Ha A — 17. AHa/soruuHo
npeobpasoBaTb MaTpuny B — AE.

1 -3 3
1069. Hanpumep, T'= |2 -3 1
1 -2 1

1070. Yxazanue. TlomyuuTh cj KakK CyMMYy BCeX COMHOXHTEJEH,
CTOSILIUX B omnpenesutese |A — AE| npu MpOU3BeleHHUsX M0 k 371eMEeHTOB
IJIaBHOH IHArOHAJ/IM U B3SATEIX MpH A = 0.

1071 Mi=a?+a2+-+a2, da=--= X\ =0.

Ykazanue. IIpuMeHUTb MpPEABIAYIIYIO 3a1auy.

1074. Yxasanue. IlpuMenuts 3agady 1070 k marpue B = A—\oE
¥ 10Ka3aTb, YTO XapaKTePUCTHUECKUH MHorouseH |B — pk| MaTpuusl B
nocJjie 3aMeHbl ft = A — Ao MePEXOAUT B XapaKTePUCTHUYECKHH MHOTO4JIeH
|A — AE| marpuis A.
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1075. J{ns TpeyrosbHON MaTpPHILbl BHAA

Ao a2 ais A1in
A— 0 X a2 az2n ’
000 ......... )\0
e a; i1 #0 (i =1,2, ..., n—1), 6yner d = 1. Jlna nuaroHaabHOH

MaTpHLb! OPSiAKA 1, B KOTOPOH p 3/JE€MEHTOB IVIAaBHOH JHaroHa/qy paBHBI
Ao, Oynet d = p.
1076. Ykasanue. [lepeMHOXKHTbL paBeHCTBa

AT = AE| = (—A\)"|A7Y - A - %E’.
1077. Ykasanue. [lepeMHOXKHUTbH paBeHCTBA

JA = AE] = (A1 = M)Az = A) .o — A),
JA+AE| = (A + M)A+ Aen . (An +A)

¥ 3amenuth A% Ha .

1078. Ykasanue. PaBenctso |A=AE| = (A1—=A)(A2—A) ... (An—2])
TepPeMHOKHTh CO BCEMH PaBEeHCTBAMH, MOJYYEHHBIMH U3 HEr0 3aMeHOH A
Ha Ae1, A2, ..., Aép_1, TJIe Ef = COS %—Hsm 2’}:’“ (k=1,2,...,p—1)
U B [IOJTy4eHHOM PaBeHCTBe 3aMeHHUTb AP Ha .

1079. Pewenue. Ilyers f(A) =ao[];_, (A—p;), kpome Toro, p(A) =
= [}, (X\i—=A). Tojaras A = A B f(X), nonyuum: f(A) = ao [[;_, (A~
— u; E). Tlepexonsi OT MaTpuIl K OMPENEJUTENSIM, HAXOLUM

‘—GOH‘A HJE‘*GOHWMJ *GOHH
j=1l1i=1

n £l

- H{GOH(N — )| =TT

C npyroit croponsl, [f(A)| = ag [;_, ¢(ks) = R(f,¢).
1080. Ykasanue. TlpuMeHHTb paBeHCTBO MNpeAbIAYLIeH 3agaud K

MHorousleHy g(x) = f(z) — A, THe A — MPOU3BOJIbLHOE UHCIIO.

1081. Ykasanue. Tlpumenuts paBeHctBo |f(A)| = Ilfl((ﬁi‘\ U UCIOJb-

3oBaTh 3agauu 1079 u 1080.

1082. Ykasanue. Ecnu xots1 66l ogHa U3 MaTpul A, B HEBBIPOKIEH-
Ha, TO yTBEPXKJeHHe BbiTeKaeT u3 noaodus matpul AB u BA (cM. 3ana-
uy 1047). B obuiem ciydae MoxkHO npumMeHuTh 3anadn 920 u 1070. Ias
MaTpHIL Haj MoJeM ¢ GeCKOHEYHBIM (HJIM HOCTATOUHO GOJIBLUIMM) YKMCIOM



Omeemol 399

3JIEMEHTOB M3 BbINTIOJIHEHUSA Tpe6yeMor0 paBeHCTBa AJis1 HEBLIPO2KAEHHBIX
MaTpHLl CJIeIyeT ero TOXKIECTBEHHOe BhIMoJHeHHe. HakoHew, nms mat-
pyLll ¢ YHUCJOBBIMHU 3JIEMEHTAMH PABEHCTBO [JIS BprO)KILeHHOﬁ MaTpPULbI
A MOXHO TOJYYHTb MyTeM NpefebHOro nepexona. Hanpumep, eciu Ay,

A2, ..., A\p — XapaKTepUCTHUYECKHe UHCJ/Ia BBIPOXKAEHHOH MaTpuilsl A,
TO GepeM I0CJ/ef0BaTeNbHOCTb YHUCE, £1, €2, ..., TAKYI, UTO BCE OHH
OTJIUUHBL OT A1, A2, ..., Ap ¥ limy_o e = 0. Marpuua Ay, = A —

— e, E HeBbIpoxKeHHa. 3Hauut, |AB — AE| = |BA, — AE|. Ilepexons
K Tpefiesly npu k — 0o, NMOJyYUM HY’KHOE DaBEHCTBO.

1083. Xapakrepuctuueckue umcia (C yuyeToM KPaTHOCTH). OYAyT
)\k = f(ex), e f(x) = a1 + asx + azz® + - + apx" U g =
= cos M + isin M (k=0,1,2,...,n —1). ¥xasanue. IlpuMeHUTH
Bpra)KeHI/Ie 1151 LlI/IpKyJIHHTa u3 3agaun 479 k wupkyssary |A— AE|, re
A — mapamerTp.

1084. Pewenue. Tpumenss 3anauy 304 k ompenenutenio |A — AE)|,
rie A — XapaKTepucTHUYecKoe YHCJIO0, MONOXKUM o + 3 = —A, af =

=—1.Torna |[A—AE|=a"+a" '8+ 46" Us a3 = —1 Haxogum

a#0u B #0. Hanee o # [, Tak Kak U3 o = S u |A — \E|
n+1 n+1
= 0 caepoBasnio 661 o« = 3 = 0. [Tostomy |A — AE| = % =0,
n+1
otkyza ( § =1; 2 —COSM—Hsm%’€ (k=1,2,...,n), k#0,
TaK Kak % #* 1. Pemaﬂ 3TO ypaBHeHHe COBMeCTHO ¢ aff = —1, HaXoxUM:
a = iz(cos— + isin 275 ) 8 = iz(cos% i sin H—H) 31ech
3HaKW £ Hano 6partb ILJIH aunf COBHalIa}OIlLI/IMI/I TaK Kak af = —1.
Orciona A = —(a +.3) = F2icos =5 n+1 (k=1,2,...,n). Bce atn uncaa

JIOJIXKHBI OBIThH XapaKTepI/ICTI/I‘{ECKI/IMI/I. Ho Ccpear HHUX UMEITCHd paBHbIE,

_ (n+1—k)m
TakK KakK cos _n+1 = — COSs Tt -

Bcee pa3JHuuHbIe YHCJa COAEP2KATCA B CUCTEME

AL = 27 cos ok

n+1

Ho cTenens xapakTepUCTHUECKOr0 MHOTOUJIEHA PaBHA 1. 3HAUUT, NOCJEN-

Hslsl CHCTeMa CONepPXKMT BCe XapaKTepHCTHUeCKHe 4McJa, IpHYeM Kpat-
HBIX KOPHeH Her.

1085. ¥Yxasanue. JlokasaTs, uto KaeTka 2Kopjana nopsiika k ¢ uuc-
JIOM (v Ha JHAaroHald HMeeT eJMHCTBEHHBIH 3JeMEeHTapHBIH JesNUTeNb
A —a)*.

[TocTpouts KopraHoBy Matpuuy Aj, kietku 2KopraHa KOTOpoH Ha-
XOJATCS B YKA3aHHOH CBSI3M C 3JIeMEHTAPHBIMU JeJUTeJNsIMH MaTpPHLBI
A — AE, u, noabsysch 3anauamu 1033 u 1061, moxkasatb, 4To MaTpH-
usl A u A; nopo6Hbl. Ilpu nokasaresbcTBe €IMHCTBEHHOCTH, MOJb3Y-
acb 3anaueit 1005, y6enuTbesi, 4To XapakTepPUCTHUECKHe MATPHIbl ABYX
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MOTOOHBIX 2KOPIAHOBBEIX MaTpHll B u C 3KBHUBAJIEHTHBI, U U3 COBMAJEeHHUS
3/1eMeHTapHbIX fenuteneil Matpul, B — AE u C' — A\E, cHOBa NpHUMeHss
sanady 1033, y6enurtbesi, uto Marpuuibl B U C' coBNagaoT ¢ TOYHOCTHIO
JI0 TIOpSIiKA KJIETOK.

10 0 0 O 0

01 0 0 0O 0

00 1 0 0 0
1086. 00 0 1 0 0

00 0 0 -2 0

00 0 0 0 =2

-1 0 0 0 0 0

0 -1 0 0 O

0 0 -1 0 0 O
1087. 0 0 0 -1 0 O

0 0 0 0 -1 0

0 0 0 0 0 5

1088. 3anaua mnocraBseHa HeBepHO. TaKUX MHBAPHAHTHBIX MHOXH-
Tesell y Matpuibl A — AE ueTBepTOTO MOPSIAKA He MOXKET ObITb.

2 0 0 =1 0 0

1090. |0 2 1. 1091. 0 -1 1
0 0 2 0 0 -1
-3 0 0 1 0 0
1092. | 0 -3 1 1093. |0 1 1
0 0 =3 0 0 1
2.0 0 0 0 0
1094. | 0 -2 1 1095. |0 0 1
0 0 -2 0 0 0

0 0 1 0 0
1096. 0 1 1097. {0 2 O

0 0 0 0 3

1 0 1 0 0

1 1 1099. |0 1 O

0 1 0 0 -1

1100.

1102.

(
o
(
[

o O = o O W o O = o O =
[es)
[en)



Omsemeol 401

1 0 O
1103. (0 =« 0 |,
0 0 £°
rae € = —1 + 24v/3 — onHo n3 KommIeKcHbIX 3HaueHni /1.
100 0110
1104. [0 2+ 317 0 1105.
0 0 9_3i 0 0 1 1
! 00 0 1
2 1 0 0 1 1 0 0
0 2 0 O 0 1 0 0
1106. 00 2 1 1107. 00 -1 1
0 0 0 2 0 0 0 —1
010 0 1 1.0 O ...-0 O
000 0 0 1 1 0 0 0
1108. 00 0 1 1109. |0 0 1 1 0 0
0000 0O 0 0 0 ... 0 1
1110. To xe, uto B 3amaue 1109.
1111. To xe, uto B 3amaue 1109.
n 1 0 0 ... 0 O 10 0 0
0 n 1 O 00
0 0 1 0 0 0o 2 0 ... 0
112. " .13, oo 3 ... 0
0o 000 S0 e
0 0 0.0 0 n 000 "
ag O 0 0
0 (%) 0 e 0
1114. 0 0 a2 ... 0 ,
0 0 0 ... an-1
TIe g, @1, ..., Qn—1 — BCE 3HAUEHHs Val, T. e. ap = a(cos 2k 4

+isin Z5) (k=0,1,2,...,n — 1).
1115. Opna kaetka 2KopiaHa ¢ YHC/IOM «¢ Ha TJIaBHOH AHMAroHaJH.
1118. B noJsie panyoHanbHbIX Yrces Mogo0Ha MaTpHLe

1 0 0
0 2 0
0 0 3

1119. B noJie BelecTBEHHBIX YHCEJ MMOA0OHA MaTpHUIle

2 0 0
V3 0

0
0 0 V3
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1120. B noJsie KoMMJIeKCHBIX Ynces Nogo0Ha MaTpHLe

1 0 0
0 2+3 0
0 0 2—3i

1121. He nono6Ha nuaroHasbHOH MaTpule HH B KAaKOM IOJe.

1125. [luaronasbHasi MaTpula C 3JeMeHTaMH Ha IJIaBHOHW QUaroHa-
JIM, PaBHBIMH HYJIO WJIH eUHHLE.

1126. [lnaronanspHast MaTpuua C 3j7eMeHTaMHM £1 Ha rVIaBHOH 1Ha-
rOHaJIH.
3ameuanue. YTBepXKAeHHe He BEPHO [ MaTPHL Hal MOJEM Xapak-

2
Tepuctvku 2. Hanpumep, (1 1) = F v marpuua (1 He MPHBO-

0 1 01
JUTCS K MaroHa/bHOM B CHJIYy €JMHCTBEHHOCTH KOPAaHOBOH (hOPMBI.

1127. Eciu n — nepuop MaTpuubl A, T. e. HauMeHbllee M3 HaTy-
pasbHBIX uuces k, s Kotopeix A" = E, 10 nuaronanbHas Marpuua
YMeeT Ha TJIaBHOH JMaroHajlu HeKOTOpble U3 1 3HaueHuil kopHs /1.

Sameuarue. PesynbTaT He BepeH; /S MaTpPHIL HaJ MOJSMH KOHeu-
HOH XapaKTepUCTHKH, HarnpumMep AJis MaTPHULBl NOPsiAKa < p Hal roJjeM
XapaKTePUCTHKH p:

121 0 0
A:011 0
0 0 0 1

crnpaBeninBo paBeHcTBo AP = FE.
1128. a) X —1;0) A

1129, Jlnsa cxansipueix Matpull A = aF u TosbKO asst HUX. s
JIaHHOTO T0psJIKa m TaKas MaTpHLia TOJNbKO OJHA.

1130. (A — o)™

1134. > — 4\ + 4.

1135. A2 — 5\ +6.

1136. Hanpumep, n7s mMaTpHiL

100 0 1 10 0
01 0 0 010 0
00 1 1 “ 00 1 1
00 0 1 00 0 1

e(N) = (A =1, (\) = (A —1)?, HO 3TH MaTPULLI He MOAOGHB B CHITY
€IMHCTBEHHOCTH 2KOPJaHOBOH (hOPMbI JH000H MaTpPHLBL.
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aF C’éakil 0,30/“2 C;‘:’akfg’ s_lak”“rl
k 1 _k—1 2 k-2 n—2 k—n+2
0 e Cra Cia «
1137. k k k ,
0 0 0 0 . o

npu k < n — 1 3gech caenyer nonoxuth Cp =1 u Cp maa k < s.
1138. Ykxaszanue. [lonoxute A = aFE + H u B paBeHCTBe

"(a "o ) ) (q
f@) = f() + 10 @ -0y + L oy T o g

o)+ s!
(s — crenenb mHorounena f(z)) nosoxuts z = A.

1140. Onna keTka YKopaaHa ¢ YHCJIOM o Ha JHATOHAJH.

1141. Ecnum n > 1 nopsanok knaetku 2Koppana A c¢ myjnem Ha aua-
roHaJIM, TO JKOpPAaHoBa (opMa MaTpuikl A? COCTOHT M3 JIBYX KJETOK C
HyJIeM Ha AHaroHaJ/d, HMeIOLIUX NOPsAKH n/2 npu ueTHoM n u (n—1)/2,
(n+1)/2 npu HeuetHOM n.

Yxazanue. Tlonbaysich 3anadyedl 1130, HalTH MHUHMMAaJbHBIE MHOTO-
unenbl Matpuil A u A% W MoKasaTh, UTO KJETKU XKOPAAHOBOH (DOpMbI
MaTpuibl A? UMeIOT MopsiiKY He Bbilie n/2 s yeTHoro n U (n + 1)/2
IJst HeueTHOro n. [IpoBepuTh, 4TO Ae/UTeNb MUHOPOB Dy_o(A) MaTpu-
upl A% — \F pasen enuHulle, U jajee -10KasaTh, 4TO 3KOpJaHOBa (hopma
MaTpuiibl A? cosiepuT He Gosiee IBYX KJAETOK.

1143. Vickomas MaTpula COLEPKHT JABe K/aeTkH 2KopaaHa ¢ uhc/aoM
o Ha QMaroHas v, UMeLHX MOPSAKH 1/2 NpH 4eTHOM n uau (n — 1)/2
u (n+1)/2 npu HeueTHOM n.

Ykaszanue. IIpuMeHHTb 1Be MpeabIAyILIHe 3aauH.

1144. Pewenue: Tlyets A = TBT !, rne A — naHHas Matpuna u

B 0
B»
B =
0 By,
~— ee xopaaHoBa (opma ¢ KaeTkamu KopaaHa
A 10 ... O
B; — o X 1 ... 0 (i=1,2, k)
0O 0 O Ai
Torna A = T'"'B'T’. Tyets
0 0 1
0 1 0
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HMeeT TOT K€ MOPSNOK, 4To B;, u

H, 0
Ho

0 Hy,
HenocpeacTBenHbiM nepeMHoKeHHeM Haxoaum: B = H; ' B;H; u, 3Ha-
aur, B’ = H 'BH. Tostomy A = T 'H 'BHT' =
=T 'H'T'ATHT = C7*AC, rne C = THT’' — cumMeTpHuye-
cKasi HeBbIpOXKJeHHas Martpuua. Ilonokum D = C~'A. Torma D' =

= A'C’™' = CT'ACC™! = D. Takum o6pasom, marpuua D Takxe
cummerpuyHa 1 A = CD.

1145. Ecau A1, A2, ..., A, — XapaKTepUCTHHUECKHE UHCJIA MaTPULII
A (c yd4eTOM MX KpaTHOCTH), TO XapaKTepPUCTAUECKHe YHC/Ia MaTPHIIBI
Ay (Takxke ¢ y4eTOM HX KDaTHOCTH) DaBHBL 4HCHAM iy, Aip ... Ai,

I<ii<ia<--- < ip < n), T. e. BCEBO3MOXKHbBIM [POU3BEIEHUSAM T10 P
U3 XapaKTepUCTHUYECKHX YMCes MaTpULbl A.

Yxasanue. BbISICHUTB, UTO NMpPH H3MEeHEHHH HyMepalHuH COueTaHHH
no p u3 uucen 1, 2, ..., n marpuua A, nepexoauT B MONOCHYyIO e
MaTpHly, UCI0Jb30BaTh 3aady 970, nepeliTu K »KopHaHOBOH (opme A;
U NPHUMEHUTb CBOHMCTBA aCCOLMHPOBAHHBIX MATpHL U3 3anaun 969.

1146. Ecau A1, A2y ..., A\, — XapakTepucTHyeckue uucaa A u p1,
., g — XapaKTepucTHUeCKHe unucaa B, To XxapaKTepuCcTHIeCKHe YHcaa
A x B pasub Ay (i =1,2,...,p;7=1,2,...,q).
Pewenue. TIycTb KpoHEKepOBCKOe Npou3BeneHne A X B onpenesnsier-
sl pacrioJiokeHHeM ai, Qia, ..., Qpq nap uucena (i,5) (i = 1,2,...,p;
j = 1,2,:..,q). Tpaucnosuus o; 4 «; BbI3bIBaeT B Matpuue A X B
MepecTaHoBKY ¢-U M j-H CTPOK W ¢-TO U j-rO CTOJIOLOB Y, 3HAYMT, Ie-
peBefeT 3Ty MaTpully B MonobHyio el (samaua 1049). Tak kak mo6as
NepecTaHoBKa CBOAUTCS K PsIAy TPAHCIO3ULHUH, TO XapaKTepPUCTHUECKHE
4xc/Ia BCceX KPOHEKePOBCKHUX NPoH3BeleHHH A X B coBNafamoT U MOXKHO
paccMaTpuBaTh, HanpuMmep, paBoe mpsMmoe npousseenue A x B (3a-
naua 964). Iycts A pasusercs C~'A;C u B = D™ 'B;D, rae A; u
B, — xopnauoBbl MaTpuubl. [Ipumensis cBoicTBO B) 3amaun 963, Haxo-
miM Ax-B=C7'A;0x-D™'B;D = (C™*x-D™1)(A; x-B;)(C'x-D).
ITo cBoiictBy 1) sanaun 964 umeem: C~ ' x-D~* = (C'x-D)~'. 3Hauwr,
Matpuubl A X -B u Aj x -B; MogoOHbl U UX XapaKTePUCTHUECKHEe YHCIIa
coBnanaioT. Ho A; X -Bj siB/sieTcss TPeyronbHOH MaTpHLEH ¢ 3JeMeHTa-
mMu Ay (i=1,2,...,p; 5 =1,2,...,¢) Ha IJIaBHOH AMArOHAJH, UTO H
JI0Ka3blBaeT Hallle yTBep:KIeHHE.
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1147. Ykasanue. Tlokasats, uto g(A) = h(A) Torna u TOJBKO TO-
raa, koraa g(A) — h(A) neantes Ha ().

1149. B naHHOM c/yuyae MUHUMaJbHBIH MHOTOUJIEH COBIAJaeT C Xa-
pakTepucTHdeckuM (C TOYHOCTBIO JI0 3HaKa). (\) eCTh OOBIUHBIN HHTEP-
NOJIIUMOHHBIA MHOTOUJIeH JlarpaHixka.

R~ (A=ME)...(A= M 1 E)(A=Xp11E)...(A=\,E)
f(A)_ka(A’“) = A0 Ok = X 1) e = A1) o Ak = An)

rae A1, A2, ..., A, — XapakTephUCTHYecKHe dyucaa maTpuisl A (1o ycio-
BHIO pa3/MuHble).

=1

1150. 7(X) ecTb OGBIUHBIN HHTEPHOMSLUOHHBIH MHOTrOUMEH JlarpaH-
Xa.
- A=ME).. (A= N1 E) (A= X\ E)...(A-\E
k=1

Y5V TG VRS VN 15 VS5 VS S Y 6 VA W)

1151. Pewenue. TlokaxkeM, BO-NepPBbIX, YTO €CJH HHTEPIOJSLHOH-
Hblil MHorodseH Jlarpan:xa—CusbBecTpa 7(\) CyllecTByeT, TO OH OIpe-
nensietcst pasercteamu (1) u (2). Tlycts

r(A) _ 5 Qk,1 [07R
w()\)_kz:l[()\_k/\k)rk +-..+7()\_/\k)] (3)

— pasJsiozkeHHe NpOOH Ha MPOCTeHIIHe. YMHOXKAsT 3TO PaBEHCTBO Ha (),
nosnyuuM paseHctBo (1). JIns ycTaHoB/eHusi paBeHCTB (2) YMHOXHM pa-
BeHcTBO (3) Ha (A — \g)"™*. Tlosyuum

)\ T — Tk
1;:(;) = a1 T an3(A—=Ak) - A= AR) T (A=A (),
(4)
rae ¢(\) — pauHoHasbHAas (YHKLHs, MMEIOLas CMBICA TMPH A = Ag

BMeCTe €O BCEMH CBOMMH MPOH3BOAHBIMU. Bepsi oT 06enx yacTeil paBeH-
ctBa (4) (j — 1)-10 NpPOM3BOAHYIO TPH A = M\, M MOJB3YsACh TEM, UTO
3HaueHust r(A\) U f(A) Ha CreKTpe MaTpHLBl COBMALAIOT, Mbl H MOJYUYHUM
pasencTBa (2). Bo-BTOpBIX, MOKaXkeM, 4To MHOTo4JeH (), onpeneseH-
Hbli pasenctBamu (1) u (2), sBASETCS HHTEPTIOSLMOHHBIM MHOTOUIEHOM
Jlarpanxa—CuabBectpa aas GyHKUMH f(\) Ha crekTpe MaTpuusl A. M3
pasenctBa (1) BuaHo, uto cremenb r(\) Huxe crenenu (). Hanee,
OJI0KHUM

Sok()\) = ag1 + Oék,g()\ — Ak) +o Qe ()\ _ Ak)rk.—l.

U3 pasencTs (2) caemyer, 4to mpu A = \j 3HaueHus GyHKUUH @k (\) U
ee MPOM3BOAHBIX MOpPsiAKA j < T, COBMAZalOT COOTBETCTBEHHO CO 3Haue-
HUSIMH (PYHKIMH d}fk (AA)) ¥ ee TPOU3BOIHBIX TOTO ke mopsiaka. [losTomy,
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nosarast A = A B paseHctBe (A = Y 7 _, ¢k(A)x(A) n paBeHcrBax,
MOJIyYEHHBIX M3 HEro j-KpaTHeIM AH(pepeHunpoBanueM (j < k), Mbl
MOJIyYUM

rO0) =FfP0N) G=01,...,re—1; k=12_..,5),

T. e. 3HaueHus r(A) U f(\) Ha creKTpe MaTPHUIbl COBMAAAIOT.

1152. f(A) = [aE+b(A— M E)](A—XE)3 + [cE +d(A - \E) 4
=+ e(A — >\2E)2](A — AlE)Q, roe

_ f) _ 3 1 )
T v T S AV o i)
_ f(2) B 2 1 ,
c= a2 — Ap)2’ d= _(Ag ——A1)3f()\2)+ mf (A2),
e:; /\)_#f/(/\)—ﬁ-l;f"()\)
(AQ_)\1)4f( 2 ()\Q—Al)S 2 2‘ 2'()\2_)\1)2 2).

1154. Ykasanue. [lokazaTb, uTO 3HaUEHHsS HWHTEPIOJSIIUOHHOTO
MHorouJsieHa Jlarpan:ka—CumbBectpa 7(X) aas f(\) Ha crekTpe MatpH-
upl A coBmajawoT co 3HaueHHsMH f(X) Ha CleKkTpe KaIod KiaeTku Ay,
W MpUMeHUTb 3anauy 1147.

155, 7(A) = £(0) + f/(O)X+ L5244 L7 1O) ynt

2! (G
" (n—1)
O o) SR f((?gl))(vo)
f(A) = 0 f(O) f/ 0) ! (n_g)(v())
0 0 0 f(O)

f(A) umeer cMblea s 110604 GyHKUMU f(A), LI5S KOTOPOH ompeneseHbl
snauenns f(0), f/(0), ..., fO7D(0).

1156. r(\) = f(a) + f(a)(A — a) + f’;(!a>(/\ —a)? At
M(A_a)nfl'

(n—1)!
fle) flo) B e
A= 0 f@ fle) .. T
R il

f(A) umeer cmbica ajst 1060# GyHKUHH f(N), 11T KOTOPOH CYIIECTBYIOT
snauenns f(a), f'(a), ..., f" "V (a).

1160. Yxasanue. IIpuMeHUTb MpeABIAYILYIO 3a/1auy.
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3.9100 _ 9 3100 (3100 _ 5100
o2, (%o "oty o gior
s [(—24 25 (71
1163. 2 <_25 %) 1164. £ 1 9)
1 (12 2 0 2.
1165. £ (3 13) + 3 )} BCErO HeTbipe MaTpHILI.
4e—3 2-—2e 27 —e?
1166. (6e 6 4— 3e)' 1167. (62 0 )
3e—1 e —3e+1
1168. 3¢ e+3 —3¢—-3|=(—-2A"+A+E.
3e—1 e+1 —3e
3 —15 6
1169. |1 -5 2|, ecau OpaTb BellleCTBEHHOE 3HaueHHe JIOra-
1 -5 2
pucma. OOb1iee perieHre UMeeT BUL
34 2min —15 6
1 —5 4 2min 2 R
1 -5 2 4+ 2min

rae i = v/—1 u n — aw0boe YUCIo.

1170.

1171.
1172.
1173.

1174.

1175.

1176.

1177.
1178.
1179.

1180.

1181.

1182.
1183.

()

1 -1/

Yrasanue. VcnonbsoBath 3amauy 1159.
Yrasanue. Vicnonb3oBath 3amauy 1159.
le?| = e, 11 s = a11 +az2 + -+ + @ny — CJ€A MATPHLBL A.
Yxasarnue. Vicnonb3oBate 3anauy 1161.

yi +95 — 3.

YL =y — 3.
yi — 3.
yi—ys —y3 —ui.

Y + Y5 — Y3

Yi+Hys — Y3 o1 =y —gY2+gys, T2 = 42— gYs, T3 = 3¥s.
yi + 3 — v 271:%% + Yo, To = Y2 + Y3, Tz = —Y2 + Ys.
Y2y — 2 a1 = Y1 — Yo — Y3, T2 = Y2 + Y2 — Y3, T3 = Y3
v+ o o = V20§V B+ VB, v = — VBt

+ 3V3ys, 3 = $v3y2 + $V/3ys.

1184.

Yi+ys —v3 o1 = =3y — Tya+ 2VBys, 22 = —Ly1 + e,

T3 = 3y1 + V2.

1185.

T4 = Ya.

Y — Y3 1 = Y1 — Y2 — Y3, T2 = Y1 + Y2 — Ya, T3 = Ys,
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1186. 7 +y3 — 3 — vyl 21 = 2vB3y1 — V1Y + 2 V/8bys —
— 525 V629y4, T2 = 1V 15y2 — & V/85ys + 35V/6294, w3 = 1-V/85ys+
+ 595 V6294, 24 = 5-v/629y4.

1187. 2y? + 10y2 + 190y3, y1 = 1 — %xg + a3, Y2 =

- 1
Y3 = 10T3-

Ys =
1189. 2y7 + 6y5 — 6y3 + 2y3; y1 = Lz1 — 2xa, Y2 =
= $T3+ 324, Ys = ST4.

Y3

Yi—1 = Ti—1; Yi = Tiy Yi+1 = Tit+1; -

1188. 3y —30y5 +530y3; y1 = T1+ 222 — L33, Y2 =
1

%1‘3.

1190. =1 = y1 — 3y2 — 6y3; T2 = y2 + 3ys; T3 = 3.

lpy—

1
3 70L3»
1 1

3T2 = 553,

1 1
5%2 + 53,

191, z1 = 2v/2y1 +V2y2 + 5y3; 2 = 1v2y1 + ys; 3 = ys.
1192, 21 = ys, 22 = V2y2+ys, 73 = V21— 3v/2y2— (3+2v/2)ys.
1193. 5 y1 = @171 + 22 + -+ + QnTn; Y2 = T2} Y3 = T3; ...

194, yi + Ju3 + Gu3 + qui + -+ S

y1:$1+%(3¢2+$3+-“+$n);
Y2 = T2 + (T3 FTa 4 - + Tn);

Yn = Tn
195, yi —y3 —yd~ Jvi — 5¥5 — 36— — mom
y1:%($1+$2)+$3+$4+"'+1’n§
y2 = 5(z1 — 22);
y3:x3+%(3¢4+$5+"'+$n)§

ys=xa+ (x5 + 26+ - + Tn);

Yrasanue. CBecTH K Npeablayllel 3anaye.

. Yn = Ty, ecam a; # 0.

2.
Yns

1196. Ecau n uetHo: v —y2 +vy3 —ys + - +y2_1 —y2;

Yi = 7Zi+zi+21+z"'+2 (:=1,3,5,...,n—3);
Yi = 7%_172#““ (1=2,4,6,...,n—2);

_ Tp—1+Tn _  Tp—1"Tn
Yn—1 = 2 ) Yn = 2
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2 2 2 2 2 2
Ecnu n HedeTHO: yT — Y2 + Y3 — Y1+ -+ Yn—2 — YUn_1;
y; = DT (G =135 ... n— 2);
T 1T+ Tiq i =246 1):
ysz (Z* PR 7...,71— )7
Yn = Tp.
1 2 2.2 1,2 .
1197. n=2 + y2 + -+ §yn—2 + §yn—lv
_ _ zotz3t-tEn .,
Y1 =21 n—1 ’
_ _ zatagt+Tn,
Y2 = T2 n—2 )
Yn—1 = Tn—-1 — Tn;
Yn = Tp.
n—1

Ykasanue. IlpencraBute opMmy B Buie fi1 =
2

n 2
- n Ei:l Ty —
— i<j ZiT; U NPUMEHUTb METOA HWHIAYKHHH. ﬂpyI‘OI/l NYyTb COCTOUT
B CjeAyolleM: COBEepPIINB l'lp€06p830BaHI/I€ 21 =T1— 8,22 =2T2—8S,
Zn—1 = Tn—1

L)

— 8 Zn = Tp, ¥ CJOKHB 3TU paBeHCTBa, npusesieM Gopmy
S (- 5)? K Bny: 2(2 2

nauu 1194, nonyunm 2y75 + 2y2 ¥a y3 +oot 1yn 1. [Ipu aTOM CBSI3B
CTapblX M HOBbIX HEH3BECTHBIX M0JY4aeTCs CPABHUTE/BbHO CJIOKHOH.

1<J ZiZj . HCHOHbSyH OTBET 3a-

1198.
Yr =
Y2 =
Ys =

(n— 1)yt —y3 = v3 —

2.
=

N[= = o=

(1 + 22+ 23+ -
(—x1+x2+a3+---
(—z1—22+ 23+

+ Zn);
+n);
+ )5

ObpaTtHoe npeoOpa3oBaHHe HMeeT BHI: X1

=Y2 — Y3 ...

ITn—1 = Yn—1
Ykazanue. TIpuMeHUTD

npeo6pazoBaHue
zn=x1+T2+ -
Zz2=x2+ T3+ -
Zn = Tn

=4z -2 — - —Tno1 + Tn).

Yi — Y25 T2

+ Tn;
+ Xn;

1199. Yxasanue. JlokazaTeqbCTBO aHaJOTHUHO MOKA3aTeJNbCTBY 3a-

KOHa WHEpPLHH.
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1200. Ykasarue. Vicnonb3oBaTh MpeAblIYLIYIO 3a1a4y.

1201. dopmel fi U f3 3KBHBaJEHTHbI MeX1y CO00H M He SKBHBa-
JIEHTHBI opme fo.

1202. ©opmbl fo U f3 IKBUBaJEHTHbB MeXAY COOOH M He IKBHBa-
JIEHTHBI (opme fi.

1203. B xommiekcHOH o006JacTh n + 1; B BElIeCTBEHHOH 00J/acTH
(n+1)(n+2)
5 .

1204. Panr — 4eTHoe 4YMCJIO, CUTHATypa paBHA HYJIO.

1205. {"%ISI + 1}, rze [x] o603Hauaet HauGoJIbllIee L1e0€ YUCHO0, He
NIPeBOCXOASIIEe .

1210. Ykasanue. JIns 1OKa3aTesNbCTBA yTBep:KJAeHHS §) PacCMOT-
petb popmy f: = f+eg, rie € > 0 U g — cymMMa KBaipaToB HeU3BeCT-
HbIX. [1py m0KazarenbcTBe HEOOXOAUMOCTH MPOBEPHUTH, UTO fe > 0 U UTO
1715 COOTBETCTBYIOIIMX [VIaBHBIX MUHOPOB D u D. opm f u f. umeer
Mmecto: D = lim._o D.. [Ipu nokasatenbcTBe JOCTATOUHOCTH MTPOBEPUTD,
pasnaras D. no creneHsaM &, 4yto D. > 0, W 1MoKasaTb, 4TO AJS JIOOBIX
3HaYeHUH uUMeeT MecTo f = lim._¢ f-.

Ipumepvi: opma fi = —x3 uId HeBLIpOXKAeHHAs dopMa fo =
= —23 + 22123 UMEIOT YIJIOBble MHHOPHI HEOTPHLATEbHBIMH, HO CaMH
He SIBJISIIOTCS HEOTPULATEIbHBIMH.

[lpu noKasaTesbcTBe YTBEPIKAEHHs B) MPUMeHHUTH 3anady 1208.

[lpu moKasaTesbCTBe yTBeprKAeHHUs I) MPUMeHUTh 3aaauy 916 u npu-
BefieHMe f K HOPMaJbHOMY BHAY, 0Ka3as, uto A = D' BD—(BD)'(BD),
rne D — marpuua npeobpasoBaHusi, a B — maTpulia GopMbl B HOpMaJib-
HOM BHIIE.

1212. A > 2

1213. A< \/5/3.

1214. 0,8 < A < 0.

1215. TpeGyeMmbIX 3HaYeHHH A He CYLIECTBYeT.

1216. TpeGyembIX 3HaYeHHH A He CYLIECTBYeT.

1217. Yxasanue. Mlyets g = f + 1%, tne | = c1z1 + -+ + Catn.
MeHsis MOpSIIOK HEM3BECTHBIX, MPUHTH K CJaydaw ¢, 7 0, COBEpLIUTb
npeo6pasoBanue y; = x; (i =1,2,...,n—1), y, = é U 10Ka3aThb, 4To
15 HoBBIX popM Dg, = Dy, + 2 Dy_1, tae D1 — YTJIOBOH MHHOD
nopsiika n — 1 dopmbl f1.

1218. Ykasawnue. IlpencraButs opmy f B BHUIe

a A1n 2
f:a11<$1+£$2+“'+imn) + fi(za, ..., xn)
ai ai

U, TI0JIb3YSACh IPeJbIAYLIeH 3a1auel, nokasaThb, 4to Dy=a11Dsi1<ai1Dy,.
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1219. Ykazanue. Vicnonb3oBaTh KaHOHUYECKUH BUJ JaHHOH (DOPMEL.

1220. Pewenue. OueBunno, uyto (f1 + f2,9) = (f1,9) + (f2,9).
ITpuBoast o6e dopMbl K HOpMA/bHOMY BUAY, HafizeM f = > ., | Y g =
=i 22, The Yi, z; — JMHeliHble YOPMBI OT T1, T2, ..., Tn. B cuay
OTMeYEeHHBIX CBOHCTB KoMmosuuuu umeem: (f,g) => .., Z§:1(jz'27 23).

PaccmoTpuM ofHo 13 caaraembx (y2,2°), mae y = S 1 _, akxy, 2 =
= 22:1 bkl‘k. Torna y2 = 22,1:1 ArAITERT], 22 = 22,1:1 bkbll’kxl;
(y2,z2) = Z:,lzl akalbkbmkaﬁl = Z::l akbka:k 2 0 npu JI0OBIX
BELeCTBEHHBIX 3HAYEHHSIX X1, ..., Tn. OTciona (f,g) > 0, yeMm yTBep-
Kaenue a) nokasaro. [lyctb renepb f > 0 u g > 0. Popmy g npuse-
IeM K HOPMaJbHOMY BHAY: g = Y ., Y7, TH€ yi = > i1 @i Ts (i =
=1,....n) u |Q| = lgi| # 0. Torna (f,9) = Y7, (f,yi). Ho y =
= Yo GG, otkyna (f,yi) = YT @kqiqarive =
= Z?,k:l a;jk(qijx;)(qrrr) = 0 B cuny f > 0. Ecau mpu HekoTOopom
t Gepem 3HaueHue m; # 0, TO CylIeCTBYyeT i Takoe, 4To gi; # O (uHaue
GblI0 Obl B BEPTHKAJbHBIX uepTax (@ = 0). 3Hauut, B cuay f > 0 Takxke
(F:93) = 27 e @inlgiszs) (giwer) > 0 n(f, g) > 0.

1221. Ykasanue. Tlpu noKasaTessCTBe yTBepXKIAEHHs 6) PacCMOT-
petb GopMmBbl fi, = Zf,].zl aijriv; (k=1,2,...,n).

1222. Ykasanue. Heo6xomumocTh ye/1oBui (2) cenyeT U3 HeM3MeH-
HOCTH  YIJIOBBIX ~MHHOPOB ~TIPH  TPEYTOJbHBIX  MpeoGpa3oBaHHUsSIX
(cM. mpenpayLytO 3ama4y).

Tax e noKkasbiBaloTcsi paseHctBa (3). JlocTaTouHOCTb MOXKHO J0Ka-
3aTh HHAYKIHEH MO YUCTy HEHU3BECTHBIX 7.

1224. fi = 297 + 393 g1 = yi +v3 o1 = y1 + V3 w2 =
=1y = —13Bys.

1225. fi'= yi + 43 g1 = 4y7 — 205, 21 = —2V2u1 + 3V2ys;
T2 = 1vV2y1 — 12y,

1226. /1 = 9y7 + 95 — 3: g1 = ¥i +u5 +ud w1 = V22
Ty = gy1 — %\/iy?,; T3 =Sy — %\/in + %\/iys.

1227. fi =y +y3 +yi — 3yl g1 = yi +y3 +yE +uls o =
=y1+y2+ Y3+ yYs; T2 = Y2 — Ya; T3 = %yl — %y2+ %ys— %y4;
Ta=3Y1 — 3Y2 — Y3 + 5Ya.

1228. fi = yi +2u5 + 23 — Tyds g = yi +y3 + U5 +ui 1 =
= 2ys+ 2ys+ 2ys; T2 = 2y2 — 2Ys + FYa; Tz = Ys — 2ya; Ta = Y1.

1229. fi = yi +2y3 — 3y g1 = ¥i + Y3 + s w1 =y — 2
Tp = —Y2 + Y3, 3 = —3y2 + 2ys.

1230. ¥xasanue. [lokasaTb, YTO KOPHH A-ypaBHeHHs Mapel (HhopM He
M3MEHSIIOTCST TIPH JII0OOM HEBBIPOKIEHHOM JIMHEHHOM MPeoGpa3oBaHHU
HEU3BECTHbIX.
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1231. Hesnbss, Tak Kak KOpHH A-ypaBHeHus 1 =+ %z

1232. Hesnbssl, Tak Kak KOPHH A-ypaBHeHHs i%zx/g

1233. Tlpu noxxonsiiedl HymMepauuu uMeer Mecto: A = 1 (i =
=1,2,...,n).

1234. 3y} — y2 — 5y3.

1235. 5y — y2 — 2u3.

1237. DxBHBaJEHTHbI.

1238. DxBHBaJEHTHbI.

1239. =1 = 12y1 — 17y2; x2 = by1 + Ty2.

1240. x1 = y1 + 2y2; x2 = 3y1 + 2y2.

1242. Ykasanue. TlokasaTh, YTO XapaKTePUCTHYECKHH MHOTOYJIEH
|A — \E| He u3MeHsIeTCst IPU OPTOTOHANBHOM MPe06pa3oBaHuK (POPMBEI f.

1243. 4y7 + 4y3 — 2y3.

1244. 647 + 6y3 + 9y3.

1245. 47 + V/3y3 — V/3y3.

1246. 3yf + (1+VIT)y3 + (1 - V1T)y3.

1247. Z cos n+1yk

Yrcasaﬂue PaccmotpeTh yiBOeHHYI0 (OPMY M pellaTh aHaJOrHYHO
sanaue 1084.

1248. 3y7+6y5+9y5: 71 = 2y1— 2ya+ 2ys; w2 = Zy1+2ya— Sy
T3 = —%yl + %yz + %ys.

1249. 9y7 +18y5 —9y3; o1 = 2y1 + 2y2 — 2ys; 22 = — 2y + 2y +
+ %ys; T3 = §y1 ~ %y2 + §y3.

1250 3y% —|—6y§ ng; 1 = %yl + %yl + %yzsi T2 = —%yl —

y2 + ys, T3 = \}gyl — \%yQ

1251. 5y1 -y -y 1 = fyl T Jgv2 + J5ys 2 = syn o+
+ %ZD - %ys; xr3 = %?ﬂ \/yz

1252. 9y7 + 18y5 4+ 18y3; w1 = 2y1 — 2yo + 2ys; 22 = 241 — Syo —
—2ysi a3 = 2y1 4 2y2 + 5ys.

1253. 3yi —6y5; 21 = Zy1+ 2V2y2 + 2V 2ys; 22 = Ly1 — 2205
T3 = %yl + %yz - %\/iy&

1254. 9y7 +9y5 — 9y3; o1 = 2y1 + 2V2y2 + 2V 2ys; 32 = Lyr —
- %\/iys; T3 = §y1 - %\/iyz + %\/ﬁys.

1255. 2y + 4y5 — 2y5 — 4yi; 1 = S(y1 + Y2 + ys + ya); T2 =
= ( Y1+ Y2 +ys —ya); T3 = %(—Zh —y2 + Y3+ ya); x4 = %(yl —
—y2 +ys — ya).



Omsemeol 413

1256. 4yi+8ys+12y5 —4y3; 1 = %(yl +y2tys+ya); T2 = %(yl—
—ys +ya); T3 = %(y1 +yY2—Ys —Ya); T4 = %(y1 — Y2+ Y3 —Ya).

1257. 5y7 — 5y5 +5y3; 21 = 2V5(2u1 + v2); 22 = V6 (31 — 242);
3 = %\/5(23/3 +ya); x4 = %\/5(—113 + 2y4).

1258. 2yf — 4y3; x1 = 2vV2(y1 +ys); 22 = 2V2(y1 — y3); w3 =
3V2(y2 +ya); 24 = 5V2(y2 — ya).

1259. 997 + 9y5 + 9y3; 21 = y1; 22 = (Y2 + 2ys + 2ya); w3 =
= 3(2y2 + Y3 — 2ya); T4 = 5(2y2 — 2ys + ya).

1260. 5y7 + 5y5 + 5y5 — 8yi; 1 = +V5(2y + ys)' Ty =
é\/g(—y1+2y5); T3 = Y3, Ta = 1—3\ﬁ(2y2+3y4) T5 = ﬁ(3y2—
— 2y4).

1261. 4y? + 4y3 + 4y3 — 6yi — 6y5: m1 = y1; w2 = £V5(y2 + 24a);
x3 = 2vB(—2y2 +ya); 4 = 5v10(ys + 3ys); w5 = 1O\/_O(?’y:z, —ys)

1262. 5y7 — 5y5 + 5y3 — 5yi + 5y3; 21 = E2V5(2y1 + y2); 22 =
= %\/g(yl — 2y2); w3 = 1—10\@(33/3 + ya); a4 = Tlom(—ys + 3y4);
x5 = 1vV5(2ys + y6); w6 = 2vV5(ys — 2y6):

1263. n+1y1+2y2+ gy = (@ bz )
tzim1 -1z =1,2,...,n).

]

= 1+
Yi \/2(171[ 1+ a2+ -
1264. = 2 2y2 2y§—~ = %yi; npeo6pazoBaHre MOXKHO B3SITb
TO K€, UTO U B npenbmymeﬁ 3ajade.

1265. Yxasanue. TlokazaTb, UTO NPHU OPTOTOHANBHOM MpeobpasoBa-
HHUHU KBaJPaTHYHOH (hOPMbI XapaKTEPUCTHUECKHUI MHOTOYJIEH ee MaTPHULbl
He U3MeHseTcs.

1266. Popwmbl f 1 h OPTOrOHAIBHO SKBHBANEHTHBI MEXKIY CO00M, HO
HEe OPTOTrOHAJLHO 3KBHUBAJIEHTHBI (hOPMeE g.

2/3 -2/3 -1/3 1 0 0
1269. Q= 2/3 1/3 2/3 |;B=10 4 0
1/3  2/3 —-2/3 0 0 7
V50 1\/
1270. Q = %1 5 —%2 5 —E (
3 3

1271. Yxazanue. Tlonb3ysich yKa3aHHeM K 3amaye 1074 1oKa3arb,
4TO XapaKTePUCTHUECKHe 4Hcia MaTpULbl A — A\oE MOJy4aloTcst BbIUH-
TaHHEM Ao M3 XapaKTepUCTHUECKHX UYHCeJ MaTpulbl A, U NPUMEHHTb
3anauy 1242.

1272. Yxazawnue. [IpuMeHUTDb NpeNbIAYILYIO 3a1auy.

1274. BerecTBeHHas KBajpaTHas MaTpUlia C MOJOXKHUTENbHBIMU Y-
JIOBBIMM MHHOpPaMHM TOTJ@ M TOJbKO TOTJa OPTOrOHaJ/bHA, KOra OHa §iB-
JISIeTCsl eIMHUYHOH.
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1275. Pewenue. Kpagpatuunas dopma f ¢ matpuieii A’ A nonoxu-
TesibHO onpenenena (3apaua 1207); 3HauuT, TPeyroJbHbIM NpeoGpasoBa-
HHUEM ee MOXHO MpPUBECTH K KaHOHMYECKOMY BHIY C MOJIOXKHTENbHBIMU
kos(punnenTamMu A1, A2, ..., A, (3amaua 1222). Ecau C' — wmatpu-
1a atoro npeo6pasoBanusi, D — QuaroHajbHas MaTpula ¢ dJeMeHTaMH
VA1, VA2, ..., v/ Ay Ha auaronanu (mpuuem Bce 3HAaUYEHHst KOPHeH B3SIThI
noNoXkuTeNbHEIMHI), U B = DC, 10 A’A = C'D?*C = B’'B, e matpu-
na B ynosneTBopsieT TpeGoBanusaM 3anaun. Iomoxum Q = AB~!. Torna
QQ = (AB™Y)-(AB™") = (B))""-(A’A)-B~' = (B')""-B'B-B~} =
= E, 1. e. Mmarpuua @ oproroHaneHa U A = QB; ecan ele A = Q1 B,
10 MaTpuna Q' - Q1 = BB] ' opToroHa/ibHa U TpeyroJbHa, ¢ M0J0MKH-
TeJIbHBIMH 3JIeMeHTaMH Ha IMaroHajd. 3HaYMT, 3TO eIMHUYHAs MaTpPHLA,
oTkyna Q = Q1 u B = By.

1276. Pewenue. Jlokaxem yTBep)KeHue a) 1/ MpeACTaBieHus A =
= QB tpeGyemoro Buaa. Marpuua A’ A cuMMeTpudHa, W KBaapaTHuHas
(opma ¢ 3To# MaTpHILel MoMoKUTENBHO onpeaeaenna (3anaua 1207). Tlo-
3TOMY CYILIECTBYeT OpTOroHaJbHas Matpuua P takas, uto A’A = P'CP,
rie C' — nQuaroHajbHas MaTPULA C MOJIOXKHUTEJbHBIMH 3J€MEHTaMH A1,

A2, ..., Ap Ha auaroHanu. Ilyete D — nuaroHaspHas Marpuia c sJe-
MeHTaMU VA1, VA2, ..., VA, Ha OHaroHasau, npuyeM B3SIThbl MOJIOKHU-

TeNbHble 3HaueHHsi KopHs. Ilosoxkum B = P'DP = P~'DP. Orciona
crefyeT, 4to B — cUMMeTpUyecKas MaTpulla C MOJOXKHUTeJbHBIMU Xa-
PaKTEePUCTHUYECKUMH YHMCAaMH. 3HAUMT, KBaapaTHuHas QopMa ¢ MaTpu-
1ell B MoNoXHUTENBHO ONpelesieHHa U yIJIOBble MUHOPBI €€ MOJIOXKHTeJIb-
uel. Jlanee A’A = P7'CP = P7'D’P = P"'DP - P7'DP = B>
Mosoxum Q = AB™*. Torna A = QB u Q'Q = (AB™)" - (AB™!) =
=B"Y(A'A)-B7' = B7'B?. B~! = E. 3nauut, matpuua @ opToro-
HaJlbHa.

[Tyctb paHbl nBa mpexacraBieHus tpedyemoro Bupa: A = Q1B1 =

= Q2B». Torna A’A = B? = BZ. O6o3naunm yepe3 A1, A2, ..., Ap;
1, 2y ..y fn V1, V2, ..., Vp XapaKTepUCTHUECKHE YHCJa COOTBET-
ctBenHo g A’A, Bi, Ba, pacro/ioxeHHble B HeBO3DACTAIOLIEM TOPS/L-
Ke. Bce 2T uMca MOJMOXKHUTETbHBI U p? =N=v}({=12..,n)
(sapaua 1077). 3nauur, pu; = v; (i =1,2,...,n). [lycts C' u D — aua-
rOHaJ/IbHble MAaTPHULbl C dJeMEHTaMU A1, A2, ..., An H 1, U2, ..., ln

Ha auaroHau. CyllecTBYIOT OpTOroHa bHble MaTpHllel U u V' Takue, 4To
B, =U'DU, By = V'DV. 3nauur, B? = U'CU, B3 = V'CV, otkyna
U'CU =V'CV, CUV' =UV'C. Marpuua W = (w;;)? = UV’ nepe-
craHoBouHa ¢ C'. [TokaxkeM, yTo oHa nepectaHoBoyHa ¢ D. Ecan A\; # A,
To, BhlYHcasis daeMeHT Matpulbl CW = WC' B i-#i cTpoke U j-M cT0J16-
e, HaiineM, uto w;; = 0. TakuM o6pasom, ecau npeacTaBuTb Matpuuy C'
B BH/I€ KJETOYHO [HAaroHaJbHOH MATPHUIbl C AHATOHANbHBIMU KJETKaMH
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Ci, Ca, ..., Cf Tak, 4To B KaXKAOH KJeTKe JHarOHaJbHBbIE 3JIEMEHTHI
OIMHAKOBEI, @ B PasHbIX KJEeTKaX — pas3J/nuHbl, To MaTpuua W sBasercs
KJIETOYHO JMAroHaJ/bHOH C AMaroHaJbHbIMU KjaeTkamu Wi, Wa, ..., Wy
Tex ke mopsiikos, uto U Cq, Coa, ..., Ck. Ilo noctpoennto matpuusl D
OHa TaKKe Oy/eT KJETOYHO NHAroHasJbHOH C AMaroHa/bHbIMHM KJeTKaMH
Dy, D, ..., Dy Tex xe NOPSAKOB U PABHbIMU JHAroHaJbHBIMH 3JI€MeH-
TaMM B Kaxao# kjaerke. Tak kak D;W; = W;D; (i = 1,2,...,k), 10
DW = WD. Orciona DUV’ =UV'D; U'DU =V'DV, 1. e. By = Bs.

[Tosb3ysich (DYHKUHMSMH OT MaTPHL, MOXKHO MPOBECTH J0KAa3aTeilb-
ctBo Kopoue. Eciiu A = Q B — npeficTaBieHne HCKOMOTO Buaa, T0-A"A =
= B?, B = /A’A, npuueM XapaKTepucTHUeCKHe yMcaa B MooKUTeb-
bl Takum o6pasom, B siBasercs 3HaueHueM dyHKuuM /A (rae Gepercs
apugmerrueckoe sHauenue KopHst) mpu A = A’A. Tak kax xapakrtepu-
cTHYecKUe ydcia MaTpuibl A’ A MON0KUTEIbHbI, TO 3TO 3HAYEHHE UMeeT
CMBICJI, OMpeJeseHo OIHO3HAUHO M, KaK MHOTOYJIEH OT CHMMETPHYECKOH
marpuusl A’ A, Gymer marpuuedl cummerpudeckoi (samaun 1148, 1151).
osaras Q = AB™ !, y6enumcsi, KaK BbIlIe, YTO () OPTOTOHAJbHA.

[pencraBienne A = B2(Q)2 mojyyaeTcsl aHaJOTMYHO MPH MOMOLIU
marpuusl AA’. Yreepxaenue 6) NOKasbiBaeTCs Tak ke, Kak a), C 3a-
MEHOH MOJIOXKHUTEJIbHO ONpe/ieseHHbIX ()OPM 3PMHTOBBIMU MOJIOXKHTEIbHO
ompenesieHHBIME (POPMaMH. YTBepKIeHHE B) CJAeAyeT U3 eNHHCTBEHHOCTH
MpeNCcTaB/IeHnH, yKa3aHHbIX B @) U B 6). OHO MOXKeT 6bITh I0KA3aHO TaK-
Ke TIpMBeJleHHeM MaTpulbl B B caydae 1) u mMatpuusl A B caydae 2) K
JIMaTOHAJILHOMY BHIY TNpPH TIOMOIIM OPTOrOHaMbHOH (yHUTapHO!H) MaTpH-
ubl (cm. samauy 1595) Torna us yTeepxkaeHus 1) Jerko cienyer eivH-
CTBEHHOCTb TpPeJCTAB/EHHH, YKasaHHbIX B a) U 0).

BEKTOPHBIE MPOCTPAHCTBA U UX NIMHEMAHDIE
NMPEOBPA3OBAHMA
1277, (1,2, 3).
1278. (1,1,1).
1279. (0,2,1,2).
1280. x; = —27x) — 7lzh — 4la%; xo = 927 + 2025 + 9% 23 =
= 4a) + 1224 + 8xf.

1281. x; = 22} + % — xly; w2 = =32 + 25 — 204 + 25 23 = 2) —
— 22) + 2@} — @ly; w4 = ¥ — @b + 7h — @i,
(o (n) (o
1282. ) ao, a1, az, ..., an; 6) f(a), f'(a), L5520
1 —a o o (=1)"a”
_ 2 _1\yn—1 n—1
1283. 0 1 200 3o (=1)" na
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B sroit matpuue B (k + 1)-M crosnbue CTOSIT unca
(_a)k7 Cllz_l(_a)k_l7 C:_Q(_a)k_27 HERN Cli(_a% 17 07 07 EERN} 0.

1284. a) TomeHsI0TCA MecTaMH [Be CTPOKH; 6) MOMEHSAIOTCS MecTa-
MM JIBa CTOJOLA; B) MPOU30HAET CHMMETPHUYHOE OTPa’KeHHe MaTpPULIbI
OTHOCHUTEJIbHO ee LIeHTpa.

1285. He saBasercs.

1286. He saBasiercs.

1287. {BasieTcs, ecau maHHas MpsiMast MPOXOAUT depe3 Hauamo Ko-
OpAMHAT, He SIBJISETCH B NPOTHBHOM CJyyae.

1288. SBasiercs.
1289. He siBasieTcs.
1290. He siBasieTcs.
1291. {Basiercs.
1292. He siBasieTcs.
1293. {Basiercs.

1294. Bce mpocTpaHCTBO; BEKTOPBI, JeXKalide B J060H MJIOCKOCTH,
MPOXOASILIEN Yepe3 Hayalo KOOPAHMHAT; BEKTOPHI, JeXkKallhe Ha J000H
NpsIMOH, POXOAsILIEN Yepe3 Hayad0 KOOPAMHAT, H CaMO Havyaso KOOPAH-
HaT, T. €. OfMH HYJIeBOH BEKTOD.

1295. He BepHo.

1297. Basuc o6pasytor, Hanpumep, BekTtopel (1,0,0,...,0,1),
(0,1,0,...,0,0), (0,0,1,...,0,0), ..., (0,0,0,...,1,0). PasamepHocTb
paBHa n — 1.

1298. basuc obpasyloT cienyionide BeKTOphl: ecau k — Homep 6a-
3HCHOTO BEKTOpPa, TO €ro KoOopAanHaTa ¢ HOMepoM 2k — 1 paBHa eIHHHIIE,
a ocTajbHble KOOPAMHATh paBHbl Hymo, k = 1,2,...,[*], rze [z]
0603Ha4yaeT HaubOJbllee LeJ0€ YUCI0, He MpeBocxofsiiee x. Pasmep-

n+1

HOCTh paBHa [ZEL].

1299. bBasuc 06pasyioT BeKTOpbl, yKa3aHHbIe KaK 0a3HCHbIE B OTBETE
npefblAyllell 3a1au, ¢ 100aB/eHHEM elle OJHOTO BEKTOpa, Y KOTOPOro
KOOPAMHATBEl C YeTHBIMM HOMEpPaMH DaBHBl €IHHMIE, a C HEYeTHbIMH —
nymo. Pasmeprocts pasHa 1+ [241].

1300. Basuc 06pasyioT BEKTOPbI (1,0,1,0,1,0,...) "
(0,1,0,1,0,1,...). PaamepHocts paBHa 2.

1301. Basuc o6pasyior, Hanpumep, matpuusl Ei; (i, =1,2,...,n),
rae E;; — MaTpuLa, 3JeMeHT KOTOpOH B ¢-H CTpoKe M j-M CTOJOLE pa-
BEH eIWHHIe, a BCE OCTaJIbHbIe 3JIEMEHThI PAaBHBI HYJIIO. pa3MepHOCTb
paBHa n’.
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1302. Basuc o6pasyior, Hampumep, MHOrouneHs: 1, =, =%, ..., ="
PasmepHocTb paBHa n + 1.

1303. Basuc o6pasywor, Hanpumep, matpuusl Fy; (i < j; i,j =
=1,2,...,n), tne F;; — martpuua, y KOTOpoH 3jeMenTsl fi; = fj; = 1
a BCe OCTaJIbHble 3J1€EMEHThl paBHbI HYJ/I0. PasmMepHOCTb paBHA w

1304. Basuc o6pasyior, Hanpumep, matpuusl Gi; (i < j; i, =
=1,2,...,n), rie G;; — MaTpuua, 3JeMeHTbl KOTOpOH g;; = 1, gji =
= —1, a Bce ocra/nbHble 3/JEMEHThl paBHbl HY/10. PasMepHOCTb paBHa
n(n—1)

—_—.

1308. bBasuc ob6pasytor, Hanpumep, BekTopel (1,0,0,...,0,—1),

(0,1,0,...,0,-1), ..., (0,0,0,...,1,—1). PasmepHocTs paBua n — 1.
1310. Pasmepnoctb paBHa 3. Basuc o6pasytoT, Hanmpumep, BeKTOPHI
ai, az, a4.

1311. Pasmepnoctb paBHa 3. Basuc o6pasyior, HanmpuMep, BEKTOPbI
ai, a2, as.

1312. Hamnpumep, 1 — 23 — x4 = 0, x24 x3 — x4 = 0.

1313. HaanMep, x1—x2—2x3 =0, 1 —x2+ 224 =0, 201 + 22 —
— X5 = 0.

1317. s=3,d=1.

1318. s=3,d=2.

1319. Pewenue. Tpasuio 1) noxkaseiBaetcs serko. Jokaxem mpa-

Buao 2). Tak Kak 4ucaa Ti1, ..., Tik, Yil, - .., Yi YAOBJIETBOPSIIOT
pasenctey (1), 10 ¢; = Z;zlyijbj = Zlexijaj. [To3TOMy BEKTOpHI
c; (i=1,2,...,d) npunannexar kak L1, Tak u Lo, a 3HauuT, ¥ UX Me-

peceuenunto D. [lycts @ — m060ii BekTop D. OH BeIpakaeTcsi Kak dyepe3
6asuc L1, tak W yepe3 6asuc Lo. 3Hauut, & = anai + -+ + apar =
= Bib1 + >+ [Bib;. dro 03Hayaer, UTO CTPOKA uMcesa i, ..., Ak, 1,
..., Bu.ecTb peuienne cucteMbl ypasHenuii (1) W moTomy JMHEHHO BbI-
paxkaeTcs depes (hbyHmaMeHTaJbHYI cucteMy pemenuii (2). Ilycts 1,

.45Yd — KOo3(pQHULHEeHTbl 9TOro BblpaxkeHus. Torpa (3; = ijl’}/i’}/ij
(j=1,2,...,1), otkyna

1 I, d d 1 d

z =Y fibj = Z( ’Yi%‘j)bj = Z’Yz(Z yij”j) =Y i
Jj=1 Jj=1 “i=1 1=1 Jj=1 =1

Urak, mo6oi BekTop * € D JuHEHHO BbIpaXkaeTcs uepes BeKTophl (4).

Haxoweu, cucrema (4) nuHeiino He3aBHCHMA, TaK Kak MaTpULA KOOPIH-

HaT 3THX BEKTOpOB B Gasuce by, ..., by comepxut munop (3) mopsigka

d, OTJINYHBIH OT HYJS.
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1320. Basuc cymmbl 06pasyioT, HanpuMep, BEeKTOPH a1, a2, by. ba-
3MC MepeceyeHHst COCTOUT U3 OJHOT0 BeKTopa ¢ = 2a1 + a2 = b1 + b2 =
= (3,5,1).

1321. bBasuc cymmbl 06pasyioT, HanpuMep, BEKTOPH a1, a2, a3, bs.
Basuc nepeceuenns, nanpumep, b1 = —2a1 + a2 +as, b3 = ba1 —az —
— 2a3.

1322. Basuc cymMMBbl COCTOMT, HanpuUMep, U3 BEKTOPOB ai, G2, @3,
b:. Basuc nepeceueHuss — HanpuMep, U3 BEKTOPOB €1 = a1 + a2 + a3z =
= b1 +b2 = (1,2,2,1); Co — 2(11 +2a3 = b1 —|—b3 = (2,2,2,2)

1328. Tlpoekuus Bektopa ey Ha L mapansenbHo Lo MMeeT i-10 KO-

opauHary “=L, a ocTanbHble — =, npoekuusi Ha Lo napannensHo Lj
HMeeT BCe KOOPAHHATH PaBHBIME 1/m.
112 ... 1)2
329, 4, - |12 1 12,
/2 12 ... 1
0 1/2 1/2
4| V2 0 1/2
-1/2 —1/2 . 0

1334. Ykaszanue. PaccmoTpeTh napameTpuyeckHe YpaBHEHMS Ips-
MBIX & = ao+ait, ¢ = bo+bit, rie ao, a1, bo, by — naHHble BEKTOPLI.

1335. BekTopsl ag —bo, a1, bi DOMKHBE OBITH JUHEHHO 3aBUCHMBI.

1336. VckoMble ycsioBHSI COCTOSIT B TOM, 4TO BEKTOPHl @i U by JH-
HeHHO He3aBHCHMBI, a BEKTOpP @ — bo JMHEHHO BBIpaykaeTcs 4epes ai
u bi. Ecin ag—'bo = tia1 + t2bi, To TouKa mepeceueHUs 3anaeTcs
BEKTOPOM ag —tia1 = bg + t2b1.

1337.(=2,—5,-1,1,-1).

1338. (0,1,-1,—2,-3).

1339. Heobxonrmble W NOCTaTOYHbIE YCJIOBHUS COCTOSIT B TOM, UTO
YeTBepKa BEKTOPOB ag — ¢, bg — ¢, a1, by JUHEHHO 3aBHCHMa, a KaxKaas
U3 IBYX TPoeK ao — ¢, a1, b1 u bg — ¢, a1, b1 n1uHeliHO He3aBUCHMA.
Hckomasi mpsimasi ©MeeT ypaBHeHHe x = ¢ + dt, rie d = \i(ao — ¢) +
+ A2a1 = A3(bo — €) + Aub1, mpuuem KO3QDHUIMEHTH A1 U A3 OTIHUYHBI
OT HYJISL.

Touku nepeceuyeHust STON MPSMO# ¢ NaHHBIMH NPSIMBIMU HMEIOT BUJL

Ao 1 A4 1
= Za; = —d b —b = —d.
ao /\1a1 c+)\1 u 0+/\3 1 C+)\3

1340. x = c + dt, tne d = (6,7,—8,—11); M:1(2,2,—3,—4),
Ms(—4,-5,5,7).
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1341. ¢ = ¢ + dt, rne d = (1,1,0,3); Mi(2,3,2,1),
M>(1,2,2,-2).

1344. Ecny nBe MJIOCKOCTH TPEXMepPHOTO MPOCTPAHCTBA MUMEIOT 06-
IYI0 TOYKY, TO OHH HMeIT 00Illyl0 MpsiMyl. Eclu MaI0ocKoCTb U Tpex-
MepHOe JIMHeHHOe MHOroo6pasue 4eThIPeXMEPHOro NPOCTPAHCTBA MMEIOT
00LLYI0 TOUKY, TO OHH HMelT o0llylo npsimyw. Eciu nBa TpexmepHbIX
JIMHEHHBIX MHOroo0pa3usl 4eTblpexXMepHOro POCTPaHCTBA UMEIOT OOILY0
TOUKY, TO OHM MMEIOT OOLILYIO MJIOCKOCTb.

1345. Ina ynob6cTBa KaacCH(pUKALMK pasHbIX ClydyaeB BBENEM- JIBE
MaTpuubl: A — MaTpuua, 1Mo CTo/0LaM KOTOpPOH 3amucaHbl KOOPAWHATHI
BEKTOPOB a1, a2, b1, ba, B — marpuua, nosyueHHasi u3 A npuIiucbia-
HHMeM CToJ10611a KOOPAHHAT BeKTopa ao — bo. Ilyctb panr A = rq, panr
B = r2. Bo3MOXeH OiMH U3 LIeCTH CIy4aes:

1) 71 =4, ro = 5. [1I0CKOCTH He JIeKaT B OIHOM YeThipeXMepHOM

MHOr006pasuu (I0CKOCTH aGCOMIOTHO CKPENIHBAIOTCS).

2) r1 = ro = 4. [1J0CKOCTH MMEIT OHY OOILYI TOYKY, 3HAYMT,
JieXXaT B OJHOM YEThIPEXMEpPHOM, HO He JleXKaT B OJHOM Tpex-
MEPHOM MHOro0Gpasuu (II0CKOCTH aGCOMIOTHO MEPeCeKarnTes).

3) 71 =3, r2 = 4. [1N10CKOCTH HE UMEIOT OOIMX TOUEK, JIEXKAT B Of1-
HOM YeTblpeXMEPHOM, HO HE JlesKaT B OJHOM TPEXMEPHOM MHOTO-
o6pasun  (TMIOCKOCTH CKPEIIMBAIOTCS  MapaJiebHO  TIPSAMON,
MMeHHO: 00e OHH NapaJlyie/ibHbl NIPSIMOH C ypaBHeHHeM a1ty +
+ astz = bits + baty).

4) 71 = ro = 3. [l1ockoCTH JeXXaT B TPEXMEPHOM MPOCTPAHCTBE 1
rnepeceKalnTCs 10 NpsiMoH.

5) 71 =2, ro=3. [IN0CKOCTH He MMeIOT OOIIKMX TOYEK, HO JieXKaT
B OJIHOM. TPeXMepHOM MpOCTpaHcTBe (MI0CKOCTH Tapasie/ibHbl).

6) 71 =72 = 2. [110CKOCTH COBMANAIOT, 2 => r1 = 2, TaK Kak 00e
napsl BEKTOPOB @1, a2 U b1, by JMHEHHO He3aBUCUMBI.

1347. Yxazawnue. BecTn nokasaresbcTBO HHIYKIMEH 1Mo uucay k.

1348. Okrasap ¢ BepmuHamu B toukax: (1,1,—1,—1), (1,—1,1,—1),
(1,-1,-1,1), (-1,-1,1,1), (—1,1,-1,1), (—=1,1,1,—-1).

Yxasanue. Tlpu onpeneneHu KOOPAMHAT BEPIIMH YYecTb, YTO Bep-
ILIMHB KICKOMOT'O CEUeHHsI IOJPKHBI ObITh TOUKAMU MepeceyeH st CeKyIero
TMOANPOCTPaHCTBA ¢ pedpaMu Kyba U YTO BIOJb KaxKa0ro pebpa Kyba TpH
KOOPAMHATBI paBHbl 1, a yeTBepTas MeHsercs ot +1 po —1.

1349. Terpaszap c BeplIMHAMU B TOUKAX:

s 1 11 L .
4T T a) 44T )

NN JLr s
4T ) 4T T a)

Yxkasanue. HaliTh npoekuun BepLIHH.
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1350. Yxaszanue. IlpuHATb NaHHBIH KOHel AMAaroHaJjH 3a Hauyajo, a
pebpa, U3 Hero BEIXOASIIHE, — 338 OCH KOOPAMHAT M MOKa3aTb, YTO pac-
cMaTtprBaeMble TapaJsjesbHble JHHEHHble MHOr006pasus OmpenessioTcs
YPpaBHEHHUAMHU

z1i+x2+-F+zn=k (k=0,1,2,...,n),

a ToYkKa repecevyeHHs [UAroHa M ¢ k-M U3 3THX MHOr000pa3uil UMeeT BCe
KOOP/IMHATEI PABHBIMU OIHOMY U ToMy e uucay k/n (k=0,1,2,...,n).

1352. Bununeiinas ¢opma g 10omKHa ObITb CHMMETPHUYHA, T. €. @55 =
=aj;, (i, = 1,2,...,n), a coOTBeTCTBYIOUIaA el KBajpaTH4HAs (Gopma
f = >0 ,=1QijTiv; — TONOKUTENbHO ONpesieieHHast; (€i;€;) = aij
(4, 7=12. n).

1357. MO)KHO 106aBUTh BekTOpbl (2,2, 1,0), (5,—2,—6,—1).

1358. MoxHo no6aButh BekTophl (1, —2,1,0),7(25,4, —17, —6).

_2
3

%)
' 3)-

1, —2).

1359. OnuH us BeKTOpOB :I:( ,—=,
1360. Hampumep: (5, —1,5,—-1), (
1361. (1,2,2,-1), (2,3, -3,2), (2,
1362. (1,1,—-1,-2), (2,5,1,3).
1363. (2,1,3,-1), (3,2, —3,=1), (1,5,1,10).

1366. Hampumep: b1 = (2,—2,—-1,0), b2 = (1,1,0, —1).
1367. Hanpumep: 6z1~ 922 — 23 =0, x2 + x4 = 0.

| N\H |

| ww ;
N\H
NI

1369. Ilycte a1, a2, ..., ar — 6asuc L. Vem y B BUIe y =
= Z?Zl cjaj. YMHOXasi 3TO PaBeHCTBO CKa/spHO M3 a; U 3ameuas,
uto (a;,y) = (@i, ), nosydyaeM CHCTeMY ypaBHEHHH Z?zl(ai7 aj)c; =
= (as,x) (i =1,2,...,k), KOTOpass MO CMBICAY Ci, C2, ..., Ck JOJDKHA
HUMeTb eIMHCTBeHHOe peleHue. Haiins y, nonaraem z = ¢ — y.

1370. y = 3a1 — 2a2 = (1,—-1,-1,5); z = (3,0,—2, —1).

1371. y =2a:1 —a2 = (3,1,—-1,-2); z = (2,1, —1,4).

1372. y = (5,—5,-2,—1); z = (2,1,1,3).

1373. Yxasarue. BriBecTH COOTHOLIEHHE

| —ul* = |(& — 20) — yI” + |y — (u—z0)|*,

rie y — OPTOrOHaJbHAs MPOEKUUst & — xo Ha L.
1374. a) 5; 6) 2
*1375. Yxasauue. Tlonoxum € —xg =y + 2z, rney € L, z € L™,
To samaue 1373 d? = (z,z). [lyetb y = A1a1 + daas + - - + \pay.
W3 mocnennero cronbua onpenenutens G(ai,asz,...,a,, & — To) BH-
JecCThb Hpe]lbl]lyHlI/Ie CTOJI6U,I)I, YMHO>K€HHBI€ COOTBETCTBEHHO Ha )\1,
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A2, ..., Ak, U [OKA3aThb, 4TO Ha MecCTe (@i, T — X() TMOJYUHTCS HYJb, a
Ha Mecte (& — xo, & — To) OyaeT (x — xo, 2) = (2, 2).

1376. Yxazanue. Ilycts w1 € P1, us € P2, y — opTOroHajbHas
npoekunss €1 — 2 Ha L. BoiBecTu paBeHCTBO

lur — us|® = |(z1 — @2) —y* + |y + (w1 — @1) — (w2 — x2)[°.

1377. 3.

1378. Pewenue. TlpyuMeM oIHY U3 BepLIMH MEPBOH rpaHH 3a HAUaJI0
KoopauHar. IlycTe npyrue BepLIMHBI ePBOH I'PAaHU 33a1aI0TCSI BEKTOpPaMH
1, T2, ..., Tj, & BEPIIMHB BTOPOH IPAHU — BEKTOPAMH Lk41; - - ., Ln.
HMiem paccrosiHHe MeXay JHHEHHBIMH MHOT00Opa3UsiMH, OMpeleseHHbI-
MM BepLIMHAMU 3THX rpaHell (samaua 1346). dtu mMHOrOOGpPasus —

ziti+-+ ety U (Tpg1 —Tn)thpr+ - F (a1 — Tn)tn—1 + Tn.
HMckoMoe paccTostHHe PaBHO JJIMHE OPTOTOHAJIBHOMN COCTABISIONIEH 2 BEK-
TOpa T, OTHOCHTEJIBHO MOAMPOCTpaHcTBa L, HATSIHYTOrO Ha BEKTOPHI X1,

ceoy Thy Thpl — Ty -+ ., Ty—1 — Ty YMHOXKAS PABEHCTBO

Tn =T1t1 4+ Fxpts+ (1 — Tn)ter1+ -+ (o1 — XTp) o1+ 2

Ha BEKTOPHl X1, . .., Ty Thtl — Ln, - .., Tn—1 — Ty, TOJYUUM yDaBHE-
HUS:
1 1 1
ot —tot o ot = =
v+ 52 ++ otk = 5
1 1
Sttt ot = =
Sl +la+-+ Sl %
VA T
2 1 2 2 k = 27
bort + Stega d ot ot L
k+1 2 k+2 2 n—1 27
Mber i o ot S
k+1 k+2 2 n—1 27
1t + ! tk+2+ +t =
2 k+1 2 n—1 — 2’
OTKy/a, CK/lablBasi epBbie k W nociennne n — k — 1 ypaBHeHWUi, Jerko
HAXOMHM: t1 = -+ =t = 1575 thy1 = -+ = tn—1 = 1. Tloatomy
z = m""+1n+_“k‘+z" - mltﬁ_lﬂ”‘ Orciofa BUAHO, UTO Z COEIMHSIET LEHTPbI

JAHHBIX TPaHed.
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Tax kak paccTosiHMe MeXay MHOrooOpasusiMH, ompeie/leHHBIMH Bep-
LMIMHaMM JaHHBIX TpaHel, M0 N0Ka3aHHOMY PaBHO PAacCTOSIHUIO MeXAy
LIEHTPaMH 3THX I'paHel, TO OHO U OYyeT pacCTOsTHUEM MeKIy STHMH rpa-

HsiMu. Bo3Bozsi B KBafpaT Bblpa)keHHe M/ Z M M3BJIeKasl 3aTeM KOpEeHb,
. . n+1
HaxomuM: |z| = \/72(n_k>(k+1).
1379. Ykasanue. Haiitn « us ycaosus (x — ae, e) = 0. Ilpu noka-
3aTeJIbCTBE €IMHCTBEHHOCTH 00€ YacTH PaBEHCTBA (v e+ 21 = az2e+ 22
YMHOXKHTb CKaJISIPHO Ha €.

1380. Ykasanue. PaccMoTpeTh CKaslspHBIH KBaipaT BeKTOpa Yy =
k

=x— Y e, tae a; = (x,e;), 1 IPUMEHUTH CBOUCTBA B) W T) Mpemsl-
ﬂymeﬁz??alﬂaqn.

1381. ¥kasanue. IlepBbiil c1oco6: paccMOTpeTb CKAMAPHBIM KBaapat
(z 4 ty,x + ty) Kak HeoTpHLATeJbHBII KBaAPaTHbIH TpexuseH OT t.
Bropoii croco6: npu y # 0 npeacTaBuTh T B BUle = ay + 2, Tle
(y,z) = 0, mokasathb, uto (x,z) > a’(y,y), IpUUeM 3HaK paBeHCTBA
HMeeT MeCTO TOTZa M TOJbKO TOTAA, KOIja & = vy, U BBISICHUTB, YTO

(z,y9)? = *(y,9)(y,y) < (z,2)(y,y).

Tperuit crnoco6: mpUMeHHTb HepaBeHCTBO 3anaud 503 K KoopauHaTtam
BEKTOPOB & U Y B OPTOHOPMHPOBAHHOM OasHuce.

1382. Ykasanue. IlepBblii cioco6: paccMOTPeTb CKasspHbIA KBaapat
(x + ty,z + ty), roe t = s(x,y), KaAK HEOTPULATEJNbHBIH KBaIPATHBIH
TpexuseH oT s (s — neHcTBuTenbHOE). BTopoit cnoco6: mpu y # 0 noJo-
XKUTb T = Yy + z, TIE o — KOMIUIEKCHOe uKcio U (y, z) = 0, mokasartb,
uyro (x,x) > ad(y,y), NIpuUeM 3HAK PaBEeHCTBA MMeeT MeCTO TOrAa H
TOJIBKO TOTJA, KOTJla & = vy, U BBLIICHUTB, 4TO

(z,y)(y,z) = aa(y,y)(y,y) < (z,%)(y,y)-

Tpetnit crnoco6: MpUMeHHTb HepaBeHCTBO 3anaud 505 K KoopauHaTtam
BEKTOPOB & M Y B OPTOHOPMHPOBAHHOM OasHuce.

1384. (J7 f(a)g(e)da) < [1F(@)]? da - [ lo(e))? da.

1385. AB=BC = AC =6; LA=/B=/C =60°.

1386. AB = 5, BC = 10, AC = 5V/3; ZA = 90°; /B = 60°;
£C = 30°.

1389. Ykasanue. Eciu peGpa 3agaHbl BeKTOpaM# ai, @2, ..., Gnp,
TO paccMOTpeThb BhIpakeHHe |ai + az + - -+ + an|?.

1390. Yxasanue. Paccmorpers Bhipaxenue |z + y|? + |z — y|*.

1393. Ilpu HeyeTHOM n OPTOrOHAJ/BHBIX AHMAroHajell HeT, MpU n =

— Lok _ k1
= 2k uckomoe uucyio pasHo ;Cp = Cy ;.
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1394. a - /1, limn_)ooa n = oo.

1395. n = arccos -  limp oo on = 55 2 = 60°.

1396. R = “‘2/5. Hpun:1,2,3R<a; npu n =4 R = a, npH
n>4R>a.

1398. Yxazanue. IlokasaTp, 4TO Haya/jo AHATOHATH MOMKHO COENM-
HUTb ¢ JII0OOH ApYyro#l BepLIMHON Lenoukoil pedep, U BOCMOJAb30BATHCS
npeabAyllel 3anavyei.

1399. Yxaszarnue. Vicnonb3osath 3agauy 1379.

1400. Pewenue. cos(x,y) = ‘f‘f’y)‘ = ‘(y"f’y)‘ = %; cos(zyy') =
= ot = ET = B ;y}COS(y y') < | = cos(w,y): Suax pa-

BEHCTBA BO3MOXKEH TOTd U TOJIbKO TOrAa, Koraa cos(y,y ) =1, 1. e. 1o
3anaue 1399, korna y' = o -y mpu a > 0.
1401. arccos \/g
1402. 60°.
1403. 30°.
1405. arccos %
Ykasanue. Tlycts a; — Bexktop u3s Ag'B A; (i = 1,2,3,4). Paccmor-
peThb 1Ba BeKTOopa aiti1 + astz U astz + asty; ToKasaTb, 4TO KBajpaT

(ty+12)% (ta+t4)?
KOCHHYyCa yrJjla MeXAy HUMH paBeH PIC Earpy: )(t2+t3t4+t2),
2

IPM YCJOBHH, UuTo 17 + t1ta + 13 = 1.

¥ HaWTH
MakcuMyM (yHKUHH (t1 + t2)
1406. 45°.

Ykasarnue. Vckatb MHWHUMYM YIJIOB BEKTOPOB BTOpOfl IIJIOCKOCTHU C
WX OPTOTOHAJBbHBIMHU MIPOEKIHAMU Ha MEPBYIO MJIOCKOCTD.

1407. Yxasanue. Tlokasatb, uto Kaxpas us cucteM f,...,f, u
g1,---, g ABAAETCS 6a3UCOM MOANPOCTpaHcTBa Ly, HATAHYTOrO Ha BeK-
TOPHI €1, .. ., €k, 4TO (fi,gj) = 0 npH 7 # j, HAKOHeL[, UTO B PaBEHCTBE
g, = cafy+ -+ cuf), Bce KoapPUUUEHTB C1, C2, ..., Ck—1 PaBHBI
HYJIIO.

1408. Yxasauue. Tonoxus (z? — 1)® = wy(z), nposeputh, 4To

(9) _ : +1,,(F) J
wy”(£1) = 0 npu j < k u, unrerpupys mo uvactam [ w, (z)z’ da
HECKOJIbKO pas, MoKa [0 3HAaKOM HHTerpasa He HMCUYe3HeT MHOXKHTEJb
BUIa x°, MOKa3aTh, YTO ITOT UHTErpas paBeH Hymo npu j =0,1,...,k—
-1 BbIBeCTH oTciona TpefyeMoe paBeHCTBO: f+ i (2) Py () dz = 0 mpu

J# k.
1409. Po(z) = 1, Pi(z) = z, P2(z) = 1 (32° —1), Ps(z) = 3 (52" —

— 3z), Pi(z) = (362" — 302° + 3); Pu(z) = 5 X
k k— @) 25—k _ k k—j 13:5-...(2j=1)

x Lo~ T Clagtme? ™ = S (D G e X

X1’2]7k, HpI/I‘-IeM B 3THUX Bblpa)KeHI/IHX cJenyeT BBINNYCTHUTL BCe cJara-

€Mble C OTPpHULATE/JbHBIMU MMOKa3aTeJsIMU CTEIEHH .
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1410. (/2.

Pewenue. Tlonoxum (2% — 1)% = wug(x) ¥ BLIYMCAHM CKaJSPHBI
kBagpar (Py, P). ViHTerpupyst no yactsiM, HaxoauM

+1 +1
[ aP@ P @de =~ [l @l @) da =
—1

—1

+1 +1
:(-1)’“/ uk(a;)uf“(a;)da;:(%)!/ (1—2)*(1 +2)" da.

—1
CHOBa HHTErpupys 1o 4actsaM, HaXxoouMm
1 k k k ! k k
/ (=242 de= - [ (o) (1t de =
-1 E+1J,

B k! —+1 \) (k!)222k+1
RUENCETINCD /_1 1+ 2™ d= ey

OTKyZa

(k!)222k+1 - 2

(Px, Pr) = @k)(2k+1)  2k+1

2k)!
22k (k‘) ( )
1411. P.(1) =1.
Yrasanue. TIpuMeHUTD K BblpaxKeHHI0 Py () = 2klk, dzk [(z4+1)* (z—
— 1)’“] npasuiio Jlel6Huua nuddepeHIHPOBaHUS TPOU3BEIEHHS.

k

1412, P(x) = Cifu(@), ae Cp = oy = b = 1802l
crapiuuii Koaduurent Muorounena Py(z) (k=0,1,...,n).

Yrasanue. Vicnonb3osats 3anaun 1407, 1408, 14009.

1414. Ykasanue. Tonoxus z™ = [2" — f(z)] + f(z), nokasars, uro
MHHHMYM JIOCTHTaeTCsl TOTa U TOJIBKO TOraa, Korja f(xz) — opToroHasb-
Hasl cOCTaBasiiolUlasi AJsi £ OTHOCUTENbHO MOANPOCTPAHCTBA MHOrOUJe-
HoB crenenu < n — 1 (3apaua 1373), u npumenuts 3agaun 1410, 1412 u
1413.

1415. g(a1,a2) paBeH KBajgpaTy MJOLIAAH Mapajjenorpamma, Mo-
CTPOEHHOT0 Ha BEKTOpax ai, az; g(ai,a2,as) paBeH KBagpaTy o0bema
rnapajiyie/ienunesa, OCTPOEHHOTO HA BEKTOPAX a1, G2, a3.

1416. Yxaszanue. PaccmMoTpeTb cHCTEMY ONHOPOAHBIX JHHEHHBIX
ypaBHEHHUH ¢ ompenenuteneM g(ai,az,...,ak).

1417. Ykaszanue. VickaTb B3aUMHBIH 0a3UC M3 COOTHOLUIEHHH

Zc]kek (G=1,2,...,n).
k=1
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1418. a) T = (S5))7'; 6) T = (5)F—1. 3nech wrpux o3Hauaer
TPAHCIOHUPOBaHHE, a yepTa — 3aMeHy 3JIeMEHTOB KOMIIJIEKCHO COIps-
2KEHHBIMH.

1419. Yxazanue. IlepBriii crioco6: Mokasarte, UTo onpeaeanTens ['pa-
Ma g(ai,...,ay) paBeH KBaipaTy MOLY/Js ONPeNeUTe s U3 KOOpIHHAT
BEKTOPOB @1,..., @) B JI0O0OM OPTOHOPMHPOBAHHOM 0asnce k-MepHOTrO
TMOANPOCTPAHCTBA, COJEPIKAILEero 3TH BEKTOPHI.

Bropoii crioco6: nokasarte, 4To HeoTpULATe/IbHAS KBajpaTHYHas (hop-
Ma (a1z1 + -+ + @pTr, @11 + -+ + arT) OT X1, ..., T SBJSET-
Csl MOJIOXKHUTEJ/IBHO OIpe/ie/IeHHOM TOrZa U TOJbKO TOTJa, KOrda BEKTOpHI
ai,...,aj JUHEHHO HE3aBUCHMBI.

Tperuii crioco6: nosb3ysick HEM3MEHHOCTBIO onpefeauTess [pama npu
OpTOTOHAJH3aIMK BeKTOpOB (3amada 1415), mokasaTe, uTo ecsiu BEKTOPHI

bi,..., by mosydeHsl U3 @i,..., Q) MPOLECCOM OPTOTOHAIU3ALUH, TO
glai,...,a;) = |bi]®...|bg|?, u npumenuts 3anauy 1413
1
1421. W.

Yrasanue. TlepBbii cnocob: 3aMeTHB, YTO HCKOMOE PacCTOsIHHE paB-
HO [IJIMHe OPTOTOHAJBHOH COCTaBJSIOLIEH BeKTOpAa —&' OTHOCHTEJBHO
MOANPOCTPAHCTBA MHOrOYJIEHOB CTEeNEHW He Bblllle 7 — 1, MPUMEHHTb
npeablAylLylo 3anauy U 3anady 418.

Bropoit croco6 (He ucnosbsyiommi 3anaun 418): nckomoe paccrosi-
HHe aeT MHHUMYM HMHTerpaJja fol [f(x)]? dz, rae f(z) — MHOrOUMeH n-ii
CTENEeHH CO CTapLIMM K03 (PULHEHTOM, paBHbIM eIHHHLE. DTO MO3BOJSET
M3MEHEHHEeM [Pe/leJIOB HHTErPUPOBAHKS CBECTH 3ajady K COOTBETCTBY-
folleMy 3KCTpeMaJsbHOMY CBOHCTBY nosiuHoMa Jlexkanapa (samaua 1414).

1422. Ykasanue. Ilpumennts 3agaun 1413 u 1415.

1423. |D? < 1, > |aij|?, mpuuem 3HaK paBeHCTBa HMeeT Me-
CTO TOTAA W TOJBKO TOLAA, KOraa Jau6o ».,_, awdje = 0 (i # j; j =
=1,2,...,n), mubo onpenesuTess D CONEpPKUT HYJIEBYI0 CTPOKY.

1424. Yxazanue. B BekTopHOM mpocTpaHcTBe R, BBECTH CKaJsipHOe
npoussenenne (T,y) = >0, QijTiYj, TAE Tiy. ooy Tn K YL,y Yn —
KOODPIMHATBI COOTBETCTBEHHO & M Y B HEKOTOpOM 0asuce ei,..., en
npoctpaHctBa Ry, nokasate, uto Dy = g(e1,...,en), U NPUMEHHTD
3amauy 1422.

1425. Ykasanue. Vicnonbsosats 3anady 1210, r).

1426. Yxazarnue. IlpuMeHHUTb CBOHCTBA 3IPMHUTOBBIX (OPM, aHaJIO-
rMUYHblE CBOHCTBAM BELLECTBEHHBIX (hOPM, yKasaHHbIM B 3anade 1210 (cm.,
Hanpumep, [antmaxep @. P. Teopust marpuu. — M.: Tocrexusaar, 1953,
rn. 10, § 3, 9).

1427. Yxkazanue. Vcronb3oBaTh paccyKAeHHs TMePBOTO U TPETbErO
cnoco6oB, YKa3aHHBIX B 0TBeTe K 3afaue 1419.
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1428. Ykazanue. TlpumennTs 3anauy 1422.

1429. Pewenue. TlycTb mporecc opTOrOHAIM3ALMHK MEPEBOANUT BEK-
TOpPH! @1,...,ak, b1,...,b; B BEKTOpH C1,...,Ck, d1,...,d;, a BEKTOPEI
bi,...,b; — B BeKkTOpHl €1, ..., e;. OpTOroHa/bHasi COCTaBJISALLAs BEK-
TOpa e; OTHOCHTENBHO MOANpocTpaHcTBa L;, HATAHYTOrO HA @1, ..., Gk,
bi,...,b;—1 coBnanaer c d;. B camom gnene, b; = y, + e;, rue y, auHed-
HO BbIpaKaercs uepes3 by,...,b;_1, a €; OPTOroHa/NeH K 3THM BeKTOpaM.
e;, = y; + z, e y; € L;, a z oproroHasneH Kk L;, HO Torna b; =
= (y, +y}) + z, tne ¥y, + y; € L;, a z oproronasen L;. 3nauut, 1o
sapaue 1413 z; = d; u |d;| < |e;|, mpuueMm 3HaK paBeHCTBa 3aBEIOMO
MMeeT MecTo MpH ycJoBuu (2), motomy 4to e; = b; — y, Bblpaxaercs
yepes b1, ..., b;, u, 3HaUNT, OpPTOrOHANEH K @1, ..., ak; by,... , bi—1. Ilo
3anave 1415 nmeem

glar, .. ap, by, by) = (Jea” - fel?) - (Jdif” - [dif*) <
< (el lexl*) - (lea|* - lei]*) = glarsei. ar)g(ba,... by),

uto nokasbiBaer HepaseHctBo (1). Ilpu yemosun (2) |di| = e
(4 = 1,2,...,1) u nHepaBeHcTBo (1) oBpamiaeTcs B pPaBEHCTBO.
Ecmu ai,...,ar nim by, ...,b; nuHelHO 3aBHCHMBI, TO MpaBas 4acThb
nepasenctBa (1) o6pamaercs B Hyab, @ TaK KaK JieBask 4aCThb HEOTPULLA-
TeJIbHa, TO Mbl CHOBA IOJIyYaeM. PaBEHCTBO.

[lycts, o6paTHO, HepaBeHcTBO (1) oOGpamaercsi B paBeHCTBO.
Torna no mpensinywmenmy |egl? ... |ex|? - |dil*. .. |di]* = |e1]? ... |ex]* x
x|e1]?...|el|*, oTkyna sm6o cymectsyer i < k Takoe, uTo |c;| = 0,
T. €. ai,...,Q) JUHEHHO 3aBUCHMBI, JHOO CyllecTBYyeT 7 < [ Takoe, 4TO
|di| = lei| = 0,1 e. bi,...,b; auHeitHo 3aBUCHMBI, 160 |di| = |e]
(i=1,2,...,1), 0TKyna c/leayeT, 4To BCe €;, a 3HAUuT, U Bce b; (Kak ux
JIMHeHble KOMOWHALMHK) OPTOTOHANBHBI K @1, . . ., Gk, T. €. BBITIOJHAETCS
yenosue (2).

1430. Ykasanue. [IpuMeHUTb NpeAbIAYILYIO 3a1auy.

1431. Ykazanue. llpumennts 3anaun 1425 n 1429.

1432. Ykasanue. [lpumenuTs 3anauun 1426 u 1429.

1433. Pewenue. a) Tlyctb uncaa cuctembl (1) sB/ISIOTCA pacCTOSHH-

SIMH BCEBO3MOXKHBIX nap BepiiuH My, My, ..., M, n-MepHOro CUMILICK-
ca, npuyem
ay; = M;M; (4,7 =0,1,2,...,n; 1> j). (2)
O6o3Haunm dyepes e; BekTop, uayuwmi us Mo B M; (i = 1,2,...,n).
Torna nmeem
2 .
ai0:(6i7ej) (7’:1727"'771); (1)

a?j:(ei_eﬁei_ej) (i7j:1727---7n§ Z>]) (3)
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s »srtux PaBEHCTB HaxXOAWM CKaJiipHble TPOU3BENEHHUS BEKTOPOB
€1, ..., €n:

(ei,ei) = a;0 (i:1,2,...,n); (2)
(ei,e;) = —2 0000 (,j=1,2,...,n; i>j). (4)

HpI/IMeHHH 9TH COOTHOLUEHHd, HalulleM MaTpUuly FpaMa BEKTOPOB
€1, ..., €en!

a1 a0 + aio — a1 o ano + @10 — An1
2 2
a20 + aio — a21 a . ano + a20 — An2
2 20 2 (5)
ano + @10 — Anl  Gno + G20 — Gn2 3
2 2 n0
Tak kak Touku Mo, M1, ..., M, He nexar B (n— 1)-MepHOM MHOTOOGpa-
31U, TO BEKTOPHI €1, €2, ..., €, JUHEeHHO He3aBUCHMbL. OO03Hauast uepe3

Dy, yrioBo#i MUHOp mopsaka k maTpuubl (5) u npuMenss sagauy 1419,
noJyyaem

D >0 (k=152,...,n). (6)

Urak, ycnosus (6) aBAsiOTCS HEOGXOAMMBIMH JJIs TOTO, YTOOBI YMC/IA

cucrembl (1) GbIM PacCTOSIHUSMH BEPIIMH 7.-MEPHOTO cHMIJIekca. [lo-

KaXKeM, 4TO 9TH YCJOBHS N0CTaTouHbl. [Ipu BhIMONHEeHHM ycaoBui (6)

marpuna (5) siBnstercss Matphileil [pamMa JIHHERHO He3aBUCHMOM CHCTEMBI

BEKTOPOB €1, ..., e, (cM. 3amady 1352 umu 1210, B)). [TosToMy BepHEHI
pasencTBa (4), oTkyna BhiTekarT paseHcTBa (3). [IpuHuMas Hauano Ko-
opauHat 3a Mo, a‘koHell BekTopa e; 3a M; (i = 1,2,...,n), moayuum

BBINOJIHEHHE paBercTs (2), 4To U Tpe6oBaioCh.

B caydae 6) HEOGXONHUMBIM U IOCTATOUHBIM YCJOBUEM SIBJISETCS HEOT-
PHLATELHOCTb BCEX IVIaBHBIX (a He TOJbKO YIJIOBbIX) MHHOPOB MaTpH-
ubl (5). Heo6xomuMocTh J0KasbiBaeTcs Tak ke, Kak M B cjyuyae a), C

TOH pasHHUIeH, 9YTO BEKTOPH! €1, ..., €, MOTYT OBITb JHHEHHO 3aBUCHMBI.
JlocTaToyHOCTh N0Ka3bBaeTcsl NpH MmoMmolny 3agaun 1425 uim 1210, r).
1434. <c95a —51na>
sina  cosa
0 0 1 01 0
1435. {1 0 O], ecan e; mepexomut B ez, u (0 0O 1],
01 0 1 0 0
eC/IH ez MePEXOIHT B €. L.
1 0 0 1 0 0 3 3 3
1436. (0 0 0]. 1437. (0 1 0. 1438. |1+ 3+ %
0 0 0 0 0 O 111
3 3 3
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1439. Ilepsble k 31eMeHTOB IVIaBHOH AHAroHaJqd MaTpHLbl Mpeobpa-
30BaHHUs PaBHBI €IMHHUIIE, @ BCE OCTaJbHbIE 3JIEMEHTbl PaBHBI HYJIIO.

1440. B i-M cronbue MaTpulbl NpeoOpa3oBaHUsl CTOSIT KOOPAHHATHI

BekTopa b;, B 6asuce ai,...,an.
0o 1 1
1441. ¢ juuefino, A, = (2 0 1
3 -1 1
1442. ¢ He sBAsIeTCS JUHEHHBIM.
1443. ¢ He sByseTCS TUHEHHBIM.
1 -1 1
1444. ¢ quneiino, A, = (0 0 1
0 1 0
2 —11 6
1445. |1 -7 4
2 -1 0
-6 11 5
1446. 1 [ —12 13 10
6 -5 =5
1 2 3
1448. B 6asuce e1, e2, ez matpuua (2 4 6|, B 6asuce by, bo,
3 6 9
25
bs Matpuna | — % 2 —4
8 -2 6
a b 0 0
c d 0 0
1449. a) Tlpu ymHOXKeHHHU cjieBa 00 a bl
0 0 ¢ d
a 0 ¢ O
6) TIpU YMHOXEHHH ClpaBa 0 a 0 c
b 0 d 0
0 b 0 d
01 0 O 0 01 0 0 ... 0
0 0 2 0 0 0 01 0 ... 0
1450.3)0003 0;6)0001“'0.
0 0 0 O n 0 00 0 ... 1
000 0 ... 0 000 0 ... 0
1451. B wmarpuue mnepecTaBssieTcsl -1 U j-s CTPOKH W i-H W j-H

CTOJIOLBI.
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1 0 2 1 -2 0 1 0
2 3 5 1 1 -4 -8 -7
1452.2) | o T 0 5159 1 4 6 4
1 1 2 3 1 3 4 7
1 0 0 1 2 2
1453. [0 2 0| 1454. (3 -1 -2
0 0 3 2 -3 1
44 44 109 93
1457. (_291/2 _25). 1458. (34 29)
1461. n>.

1464. Yxkazanue. TlpuMeHNTb TIPEIBIAYILYIO 33a4y U OMNpefeseHue
(GyHkuun oT Matpuusl (3anaua 1148).

1465. A\ = X2 = A3 = —1. CoOGCTBeHHbIE BEKTOPbl MMEIT BH],
c(1,1,-1), rne ¢ # 0.
1466. \1 = X2 = A3 = 2. CoOcTBeHHble BEKTOPHl HMEIOT BHI

c1(1,2,0) + ¢2(0,0,1), tme ¢1 ¥ c2 HE PaBHB HYJIIO OIHOBPEMEHHO.

1467. A1 = 1, A2 = A3 = 0. CoGcTBeHHbIe BEKTOPBI /151 3HaUeHHus |
umeior Bux ¢(1,1,1), a nns A =0 — Bux ¢(1,2,3), tae ¢ # 0.

1468. \i = X2 = A3 = 1. CoOcCTBeHHble BEKTOPHl HMEIOT BHI
¢(3,1,1), rne ¢ # 0.

1469. \; = 3, \a = A3 = —1. CoOcTBeHHbIe BEKTOPH IS A = 3
umeior Bux ¢(1,2,2), a nnis A = —1 — Bux ¢(1,2,1), toe ¢ # 0.

1470. A1 ='X2 = 1, A3 = —1. CoGcTBeHHble BeKTOpHl At A = 1
umetoT BuI ¢1(2,1,0) + c2(1,0,—1), a pg A = —1 Bux ¢(3,5,6), rae
€1 ¥ C2 He PaBHbI HYJIO ONHOBPEMeHHO U ¢ # 0.

1471. A1 =1, Ao =2+ 3¢, A3 = 2 — 3i. CoOCTBeHHbIe BEKTOPHI JJIsI
A =1 nmeror Bug ¢(1,2,1), nas A =2 + 3¢ — Bun ¢(3 — 3i,5 — 34, 4),
s A =2 — 3t — Bun (3 + 3¢, 5+ 3¢, 4).

1472. A1 = X2 = 1; A3 = A4 = 0. CobGcTBeHHBIE BEKTOPBI 11 A = 1
umeior Bux ¢(0,0,0,1), a s A = 0 — Bug ¢1(0,1,0,0) + ¢2(0,0,1,0),
rie C' # 0 1 ¢1 U c2 He PaBHBI HYJIO OJHOBPEMEHHO.

1473. A1 = A3 =1, I3 = Ay = 0. CoOcTBeHHble BeKTOPHl AJsi A = 1
umetot Bua ¢1(1,0,1,0)4+¢2(0,0,0,1), a mas A = 0 — Buz ¢1(0, 1,0,0)+
+ ¢2(0,0,1,0), e uucaa ci ¥ c2 He PABHBI HYJIO OJHOBPEMEHHO.

1474. A = 2. CoGctBeHHbIe BeKTOphl MMeioT Bum ci1(1,1,—1,0) +
+¢2(1,1,0,1), rie ¢c1 U c2 He PaBHBI HYJO OXHOBPEMEHHO.

1477. Ykasanue. Ilpumenuts sagaun 820 u 1476.
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1479.
ai :(17 1a 1)’ 1 0 0
a: =(1, 1, 0), 0 2 0
az =(1, 0, —3) 0 0 2
11

1480. Marpuua K AvaroHaJbHOMY BHAY HE TPUBOAMTCS.
1481.
a1 =(1, 1, 0, 0), 2 0 0 O
az = (1, 0O, 1, 0), 0 2 0 O
as = (1, 0, 0, 1), 0 0 2 0
as =(1, -1, -1, -—1); 0 0 0 -2

1482. Marpuua K AMaroHajJbHOMY BHAY HE TPUBOAMTCS.
1483.

ar =( 1, 0, 0, 1), 1 0.0 0
az =( 0, 1, 1, 0), 0.1 0 0
as =( 0, -1, 1, 0), 00 -1 0
ags =( -1, 0, 0, 1) 00 0 -1
1484. Hanpumep:
1 0 -1
0 1 -1 0
T=]20 Y., ,
o1 ... 1 0
1 0 ... O 1

rie BO BTOPOH AMaroHa/lM 3JeMeHTbl Bhllle IJIaBHOH AHMAaroHa/lM PaBHBI
—1, a HUXKe +1; NIpH HEUETHOM 7T Ha INePeCceueHHH AUaroHanedl MoxkeT
cTosITh Kak +1, Tak u —1. JlnaronanbHas marpuna B nMeeT Ha IVIaBHOH
IUaroHa/ y cBepxy n/2 npu 4eTHoM n U (n + 1)/2 npu HeueTHOM 7
3JIEMEHTOB, PaBHBIX +1, a OCTa/bHBIE JIeMeHThl PaBHbI —1.

Ykaszanue. PaccmoTpeThb JHHeliHOe NpeoOpa3soBaHHe ¢ n-MEPHOTO
NPOCTPAHCTBA, MMelolllee MaTpuUly A B HeKOTOpoM Oasuce, HalTH Oa-
3MC, COCTOSILIMH M3 COOCTBEHHBIX BEKTOPOB 3TOro Npeobpas3oBaHus, U
NPUMeHUTb 3ajauy 1477.

1486. JlioGble 1Ba 3M1€MeHTA O U Qtyy— 41, PABHOOTCTOSIIIIHAE OT KOH-
LIOB NMOOOYHOH AUAaroHasH, HNOJKHBI JHO0 006a ObITh OTJIMYHBI OT HYJIS,
aubo o6a obpamiarbes B HYJb.

Yxazanue. PaccmoTperb JHHeliHOe mNpeoOpasoBaHHe ¢ n-MEPHOTO
MpPOCTPAHCTBA, COOTBETCTBYIOLlee MaTpulle A B HeKOTOpoM 6asuce, H
npuMeHsTh 3anauu 1117, 1132, 1484.

1487. EnuHcTBeHHOE cOOCTBEHHOE 3HaueHHe —\ = 0; cOOCTBEHHbBIE
BeKTOpr — MHOT'OYJIEHBI HyJIeBOIL/'I CTeIleHH.
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1491. Pewenue. CHauasa 10KaXKeM PaBEHCTBO
pasm.L = pasm.@oL + pasm.Lo, (1)

rae Lo — nepeceuenve L ¢ aapom ¢~ 0 npeo6pasopanus . Jas 310ro
6as3y ai, a2, ..., a, noanpoctpaHctea Lo O0MOJAHUM BeKTOpaMu bq,
bo, ..., by no 6asni L (nmpu Lo = O OTCYTCTBYIOT BEKTODH @;, TPH
Lo = L — Bektopnl b;). Bektopsl b1, pba, ..., pb; 06pasyior 6a3y
@L. B camom pene, ecain y € oL, To y = gz, rie * € L. Ecmn .=
= Zle oia; —&—Zﬁ:l Bibi, T0 Yy = px = 22:1 Bipb;, Tak Kak pa; = 0
(i=1,2,...,k). Bexkropsl pbi, pba, ..., @b, TMHEHHO HE3aBUCHMBI, TaK
KakK H3 Zi:l Bipb; = 0 cienyer Zf;:1 Bib; € Lo, otkyna Zi:l Bib; =
= Zle aia;, M 3HauuT, B; =0 (i =1,2,...,1).

Urak, pasm.L =1 + k = pasm.pL + pasm.Lo.

a) Uz (1) B cuny Lo C ¢~ '0 naxonum

pasm.L = pasm.pL + paam.Lo < pasm.pL + ned.p;
pasm.L — ned.o < pasm.pL.

Hanee, pasm.pL = pasm.L —'pasm.Lg < pasm.L.

6) Tlonoxum ¢ 'L = L' Tak kak 0 € L, 10 ¢ '0 C ¢ 'L =
=L'uL' Ny '0=¢ 0. MMpumenss (1) ¢ samenoit L na L',
TOJTYUHM

pasm. L’ = pasm.pL’ + ned.o. (2)
Tak kak @L'" C L, 1o pasm.pLl’ < pasm.L u mo (2)
pasm.L’ < pasm.L + ;med.p, 4eM 10Ka3aHO BTOPOe M3 Hepa-
BEHCTB 6).
[Mokaxem, uto L' = L N pR,,.
Tak kak L' C L u oL’ C ¢R,, 10 pL' C LN ¢R,. Ecu
x € LNyR,, 10x =g’ tnea’ € ¢ 'L = L', 1. e x € oL
Oreiona L N R, C pL’.
Tak kak pasm.(L + pR,) < n, TO, UCMOJB3Ysl CBSI3b Pa3MEpPHOCTH
CyMMBbI U TepecedeHHs OANpPocTpaHeTs (3anaua 1316), monyuum

pasm.pL’ =pasm.(LNgr,) =pasm.L+pasm.pR, —pasm.(L+¢pR,) >
> pasm.L + pasm.pR, —n = pasm.L — ned.¢p.

Orciona B cuay (2) Haxogum
pasm.L’ = pasm.pL’ + ned.p > (pasm.L — nedh.p) + ned.o = pasm.L,

ueM [0Ka3aHO MePBOe U3 HEPaBEHCTB 0).
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1492. Ykasanue. PaccmoTpeTh mpeoOpas3oBaHusl ¢ U 1) MPOCTPaH-
ctBa R, ¢ marpuuaMd A U B W NpUMEHHUTb MpPeIbIYILyI0 3a1ady K
noxnpoctpancTBy L = Y R,,.

1494. EnuHcTBeHHOe coOcTBeHHOe 3HaueHHe A = 1. CoGcTBeHHble
BEKTOpPBI UMeOT BUL c1(a1 + 2a2) + c2(az + a3 + 2a4), tne ci, ¢z He
paBHBI HYJIIO OZHOBPEMEHHO.

1495. Ykasanue. PaccmoTperh MaTpully npeobpa3oBaHus ¢ B 06a-
3HCe, MEPBBIMM BEKTOPAMH KOTOPOTO SIBJSIIOTCS JIMHEHHO HE3aBHCHMBIE
coOCTBEHHbIE BEKTOPHI (o, MpHHAJIeKamue Ag. Hpyro# myTe cBsizaH ¢
npuMeHeHHeM 3anauu 1074.

1501. HyneBoe mpocTpaHCcTBO M MOANPOCTPaHCTBO Ly -cocTosiiue
U3 Bcex MHoroujeHoB ctenedn < k (k=0,1,2,...,n).

1503. MuBapuaHTHEIMH NPOCTPAHCTBaMM OyAyT: ‘HYyJeBOe MOANPO-
CTPaHCTBO U J11000€ MOANPOCTPAHCTBO, HATSIHYTOE HA KaKyl0 YrOAHO MOA-
CHCTeMY BEKTOpPOB 6a3uca ai, az, ..., Qn; X UHCIO paBHO 2.

Yrasanue. [pumensisa 3anauu 1495, 1502, nokasatb, uTo M060€e HEHY-
JleBoe WHBapHaHTHOe MOAMPOCTpaHcTBO L HMMeerT 6asuc, sBJASIOLIMACS
TIOZICUCTEMOH BEKTOPOB @1, @2, ..., Gnp:

1504. [Ipsimasi ¢ 6a3ucHBIM BeKTOpoM a1 = (2,2, —1), Jaobas nps-
Masi miockoctd L ¢ GasucHbIMH BekTopamu az = (1,1,0) u a3z =
= (1,0,—1), T. e. mI0CKOCTH T1 — ®2 + x3 = 0, camMa 3Ta MJIOCKOCTb
L, n06ast MI0CKOCTh, TPOXOASLLAs Uepe3 BEKTOP @, BCE MPOCTPAHCTBO H
HyJIeBOE MOANPOCTPAHCTBO.

1505. Tlpsimast ¢ GasucHbiM Bektopom (1, —2,1), miockocTh ¢ Ga-
aucHeIMH BekTopami (1,1,1) u (1,2,3), T. e. MJIOCKOCTb C YpaBHEHHEM
z1 — 2x2 + x3 = 0, Bce IPOCTPAHCTBO U HYyJNEBOe MOANPOCTPAHCTBO.

1509. A1 = 1, A23 = 0. KopHeBble MOANPOCTPAHCTBA COCTOSIT M3
BekTOpoB Wit A1 = 1: ¢(1,1,1); nast A2,3 = 0: ¢1(1,1,0) + c2(1,0, —3).

1510. A1 = 3, A\2,3 = —1. KopHeBble MOANPOCTPAHCTBA COCTOST M3
BEKTOPOB st A1 = 3: ¢(1,2,2); 151 A2,3 = —1: c1(1,1,0)4c2(1,0, —1).

1511. X; 23 = —1. Bce mpocTpaHcTBO siBJIsSieTCsl KOPHEBLIM TOATPO-
CTPaHCTBOM.

1512. X1 2 = 2, X34 = 0. KopHeBble MOANPOCTPAaHCTBA COCTOSIT M3
BEKTOPOB:
oS A2 =2 C1(1,0,170)+02(170,0, 1);
st A3 =0:  ¢1(1,0,0,0) 4 ¢2(0,1,0,1).
1515.

a) Jlo6Goe uyMc/I0 o SBJAsETCS COGCTBEHHBIM 3HadeHHeM. COOTBeT-
CTBYIOIL[MEe €My COOCTBEHHble BEKTOpPbl HUMEWT BHI ce™™, rue

c#0;
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6) KopHeBOe TOAMPOCTPAHCTBO, COOTBETCTBYHOIIEE YHCIY r, COCTO-
UT U3 BceX GyHKUMH Buaa (ag+ a1z + -+ + anz™)e*”, rue ao,

ai, ..., G, — JObe YUCJa U N — J11000€ LieJI0e HeOTPULIATeb-
HOE YHCIIO0.
1517. Ecau MuHMManbHBIH MHOrouwdeH g(\) = A" — ¢, A"71 —
—Cno1 A" — ... — 1, TO MaTpHLIA NIPe0BPa3OBAHUS ( UMEeT BUJL
00 0 ... 0 a
1 0 0 ... 0 e
0 1 0 0 c3
0 0 0 1 cn

a 1 0 0
0 a 1 0
0 0 O «

1520. Tlpyu n = 2 mMOBOPOT MJOCKOCTH Ha yrosa « # km He obJa-
IaeT WHBApHAHTHBIMU NpsiMbIMH. [ToxampocTpaHcTBo L TOraa M TOJIBKO
TOTJA COOEPXKHUT MPSIMYI0 HEMOABHXKHBIX TOUeK, KOraa mnpeobpa3oBaHue
(1, MHIYLMPOBaHHOe Npeodpa3oBaHueM ¢ Ha L, obsnanaeT co6CTBEHHBIM
3HAUeHHEM, PaBHBIM eIHHHLE.

1523. Vxasarue. Tlpu mokasaTeNbCTBe yTBEPKAEHHUS a) MCIIOJIb30-
BaTb paBeHCTBO 1 = hi(AN)ui(A) + ha(A)uz(N), tae ui(N) u ua(N) —
MHOTOUJIEHBI OT A; 6) BBIBECTH M3 a).

1524 g(\) = (A — 1)*(A —2). R3 = L1 + Lo, rae L1 umeer 6asuc
fi=e1, fy=e2—e3, a Ly — 6asuc f3 = es.

Yrasanue. Ipn otbickauuu g () ucnonb3oBath 3anady 1485.

1525. g(A\) = (A—2)(A—3). R3 = L1+ Lo, rne L umeer, Hanpu-
mep, 6asuc f, = e1 +e2, f, =e1 —es, a Ly — 6asuc 2e; — ez — 6Ges.

1526. g(\) = [\ — (a,a)]\. R, = L1 + Lo, rne L, HarsinyTOo Ha
BeKTOp @ U L2 06pa3oBaHO BCeMH BEKTOPAMH, OPTOTOHAJNbHBIMU K @.

1527. Ecan Ao — coGCTBeHHOe 3HaueHHe ¢, TO KopaaHoBa (opma
COCTOMT U3 OIHOH KJIETKH MOpsiiKa n C Ao HAa AHArOHAJH.

1529. Pewenue.

A) Tonoxum f;(N\) = % (i = 1,2,...,5). MHoroujeHbl

fi(\) B3aUMHO MPOCTEI. 3HAUMT, CYLIECTBYIOT MHOTOU/IEHbI hi(N)
(i =1,2,...,s) takue, uro 1 = Y7 | fi(A\)hi(N\), oTkyna mis
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J1000T0 BEKTOpPA I:
S
T = Z xi, (1)
i=1

rie ®; = fi(p) - hi(p)z € P;, Tak kak (¢ — \ie)im; =
= f(e)h ( )x = 0 no teopeme 'amuabrona—Kasau, B cuiy xo-
Topoit f(p) = 0.

EnuncTBeHHOCTb passoxenus (1) pocratouno aokasatb 1
x = 0. [IpuMeHsist K 06eUM YacTsM paBeHCTBa y._, &; = 0 mpe-
o6pasoanue f;(p), monyunm: f;(p)x; = 0, Tak Kak f;(p)x; =
= 0 npu j # i. Janee, u fi(A\)(A — \i)¥ BsaumHo HpoCTHI.
3HauMT, CyLeCTBYIOT MHOrouseHbl p(A) U g(A) Takue, 4ro

=pNfi(N) + e = 1)

OTKyZa

= p(p) fi(@)xi + a(p) (e — Nie) i = 0.

DTHUM 10Ka3aHo, UTO NMPOCTpaHCcTBO R, ecTb npsimas cymma
noanpoctpancts P; (i = 1,2,...,5), © MOCTpOeHHE MCKOMOTO
Gasuca cBeJleHO K caydaw b). B ciydyae MMHHMaJbHOTO MHOTO-
y/eHa paccykaeHus aHanoruunel (cM. sagauy 1523).

B) ﬂOCTaTO‘{HO JA0Ka3aTb, UTO YKa3aHHO€ IMOCTPOEHHE Ha KaxXIA0M

mare BO3MOXKHO (T. €. BEKTOpHI, NOMOJHSieMble 10 Gasuca Ry,
JIMHEHHO He3dBHCHMbI) M YTO BEKTOPBl BCEX MOCTPOEHHBIX Ce-
puit obpasyrot 6asuc npoctpaHctBa R),. Kaxkmo# cepun B mat-
prle npeo6pa3oBaHHs ¢ COOTBETCTBYET, OUEBHIHO, KOPLAHOBA
KJeTKa C HyJeM, a B MaTpHlle npeo6pa3oBaHusl ¢ = Ao + ¢
COOTBETCTBYET KJleTKa C Ao Ha AHArOHaJH.

B03MOKHOCTb MOCTPOEHHS Ha KaXKAOM LiIare H0Ka3blBaeTcs
UHAYKTHBHO i h =k, k— 1, ..., 1. [Ipu h = k BekTOpHI Jt0-
6oro 6asuca Ri_1 BMecTe ¢ BeKTOpaMHU BBICOTH! k, HAYMHAIOLIU-
MM CepHM MepBOro IIara, no MoCTPoeHHI0 o6pasyloT 6asuc Ry.
[Ipennonoxkum, 4To y»Ke MOCTPOEHbl CEPUU C Haua/JbHBIMH BeK-
TOPaMHM BBICOTHI > h+ 1, MpHueM Bce BeKTOPbl BBICOTH h + 1 T10-

CTPOEHHBIX CePUH T1,..., Tp BMECTE C BEKTOPAMH Yy, ..., Y,
qmoboro 6asuca Ry o6pasytor 6asuc Rp4+1. [lokaxem, 4To Bek-
TOPBbl BBICOTH h: x1,...,1x, MNOCTPOEHHBIX CEpUil BMecTe C
M00bIM 6a3uCOM Z1,..., 2, AA Rp_1 JUHEHHO HE3aBHCHMBI.
[Tycts

p

Z Cﬂba)i + Z djzj =0. (2)
j=1

i=1
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B)

[lpumensis Kk o6eMM HacTsIM 3TOTO PaBeHCTBA INpeobpaso-

Banne "1, monyunm " >P_ cxi = 0. [Tostomy BekTOp
> P_, cix; npuHasnexuT Ry ¥ IHHeHHO BhIpa)KaeTcs yepes ero
Gasuc yq,...,Y, Y3 JMHEAHOH HE3aBUCHMOCTH BEKTOPOB
Tl Tp, Y1r--r Yy (kak ©Gasuca Rj.1) BHITEKaeT, 4To
ci =0 (G =1,2,...,p). Tostomy u3s pasenctBa (2) BhITeKa-
er,uto d; = 0 (j = 1,2,...,7); 3TUM [0Ka3aHO, YTO BEKTOPHI

BBICOTBI h TIOCTPOEHHBIX paHee CepUil BMeCTe C BEKTOPaMH Ji0-
6oro 6asuca Rj_1 MOXHO JONOJHHTb A0 Oasuca Ry. IlpuHas
JIOTIOJIHUTEIbHBIE BEKTOPBI (€CJM OHHM CyIIECTBYIOT) 3a Havasb-
Hble BEKTOPbl HOBBIX CEpPUH, Mbl HaXOLHUM, YTO MPEANOJOKEHHE,
clesiaHHOe Bbillle As1 Rpy1, BbIONHEHO Tenepb Ans Ry, W no-
CTPOEHHE MOXKHO BECTH JaJbllle.

[lycTe ykasaHHOe TNOCTpPOEHHE BbIMOJHEHO aas h = k,

k—1, ..., 1 (B neficTBuTeNbHOCTH 6a3uC BCErO MPOCTPAHCTBA
MOXKET MOJYYMThCS W paHblie, ueM Mbl-goiaem no h = 1). Tak
Kak R He nmeer 6asuca, TO M0 J0Ka3aHHOMY BEKTOPBI BBICOTHI 1
MOCTPOEHHBIX cepuil 06pasytoT 6asuc nas Ri; 3Ha4UT, 9TH Bek-
TOpHl BMeCTe C BEKTOPAMH BBICOTHl 2 MOCTPOEHHBIX CepUH 00pa-
3ytor 6asuc Ry u Tak panee.Haxonel, BeKTOpel BbICOTH < k—1
TMIOCTPOEHHBIX CEPUIl BMECTe ¢ BEKTOPAMH BBICOTH k 3THX cepuil
o6pasytoT 6asuc Ry. MHbIMU cl0BaMH, BeKTOPbI BCeX MOCTPOEH-
HBIX cepuil 06pa3yloT 6a3uc BCEro MpoCTpPaHCTBA.
[Tyets C' = Aj = MNoE. Tak Kak MaTpuLbl B u " MOLOOHBI,
T0 panr mMatpuisl C" pasen 1, (h=0,1,...,k, k+1). Kaxnoii
JKOP/IaHOBOM KJleTKe MaTpullbl A ; ¢ Ao Ha IHAroHa/lu B MaTpHLe
C cOOTBETCTBYeT KJeTKa TOro e IopsjKa ¢ HyJeM Ha JHaroHa-
. Eeam D Takas kjeTka nopsiika p, TO paHr kaetku D" mpu
h=0,1,2,...,ppaBedH p—h,anpu h=p, p+1, ..., k, k+1
paBeH Hymo. Kietke ¢ A\; # Ao MaTpuupbl Aj; COOTBETCTBYET B
matpuue C' KJeTka ¢ YhCIoM A; — Ag # 0 Ha nuaroHanu. Padr
JI0GOH ee CTeNeHU paBeH ee MopaaKy. Panr matpuust C* pasen
CymMMe paHroB ee kjeTok. [ToaTomy npu nepexope OT MaTpPHILbI
C"=! k marpuue C" paHr noHMKaeTcss POBHO Ha YMCJIO KJIETOK
mMatpuupl C' ¢ HyJeM Ha JAHaroHa/d, UMEIOLHX TOpSaKH = h.
Orcrozna

k
E i =rp-1—1n (h=1,2,... k). (3)
i=h

BriunTas oTClola aHaJOTMUHOE PAaBEHCTBO C 3aMeHOH h Ha

h+1 (npu h < k), noayuum cootHomenus (o) ang h =
= 1,2,..., k— 1. Tax Kak KJeTKH MOPSAKOB BBILE k C Ao
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Ha IMaroHasu B MaTpule Aj OTCYTCTBYIOT, TO Ty = T'k+1, U TIPH
h = k coortHomenue (3) faeT: T = rp—1 — e = re—1 — 2re +

+ Tk+t1, T. €. cooTHomenue (o) BepHO M 11 h = k.

3), 2
0, A;=1[0
1), 0
-2),
0)7 AJ -
1),
-8), 1
0, A;=1[0
~1), 0
1), 3
0), A;=10
1), 0
L1,
0, 0), _
0. 0, M=
_17 0)7
_17 0)7
0, 0),
07 _1)7 AJ N
7,0,

1530.
.fl = (17 4a
f2 = (17 07
f3 = (37 Oa
1531.
-fl - (1a _3a
f2 - (17 07
f3 = (1a 0,
1532.
fl - (Ga 6a
f2 = (37 17
f3 = (2a 1a
1533.
-fl - (37 1a
f2 = (17 07
f3 - (57 Oa
1534.
.fl = ( 17 17
f2 = ( _17 07
.f3 = ( 17 17
f4 G ( 07 07
1535
fl = ( _17 _17
.f2 = ( 27 1a
f3 = ( 17 07
f4 = ( 37 67
1536. IIpu yeTHOM n:
f1:el7 f2:e37 f32657~~~,

w

[Nl

O O OoON

SO ==

S O N

o= o o

oON OO

f%:e’ﬂ*h f%+1:62""7

== O O

— o O O

f.=en.

Marpuua A; cocTout M3 ABYX KJeTok KopaaHa mopsiaka n/2 ¢ Hy/eMm

Mo TIJIaBHOH JHMaroHaJu. HpI/l HEYEeTHOM 7n:

flzel, f2:l33, f3:€5,..., fnT-H —=€n, fnT-H+1:eQ7...7 fn:en_l.
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Marpuua Ay cocrout us AByX KieTok 2Kopnana nopsigkos (n+1)/2
1 (n—1)/2 ¢ HyZeM 1o rJaBHOH AHaroHaJH.

1537. ¢ siBasteTCs OTpaXKeHHEM MpocTpaHcTBa R, B HEKOTOPOM TIOJ-
npoctpancTBe Ly mapasiesbHO HEKOTOPOMY JOMOJHHUTEJIBHOMY TOANPO-
crpanHcTtBy Lo. WubiMu cimoBamu, R, ecTb npsmas cymma Li u Lo,

npuueM px = x, ecad ¢ € L1, v pxr = —x, ecid « € Lo.
Yxasanue. IlepBriii cnoco6: nmpuHsaTh 32 L1 1 Lo COBOKYIHOCTH BCe
&, N1 KOTOPBIX COOTBETCTBEHHO WX — & U Y& = —X, U NOJOXKHUTH

1 1
T = §(m+<pac)+ §(w—g0w).

Bropoi#i crnoco6: pacecmoTpeTs 6asuc, B KoTopoM Martpuua A, umeer
JKOpP/IaHOBY (hOpMY.

1538. ¢ sBJaseTCs NPOEKTHPOBAHHEM IPOCTpaHcTBa R, Ha HEKOTO-
poe moanpocTpaHcTBO L1 mapasiiesbHO HEKOTOPOMY JIONOJHHUTENbHOMY
nonnpocrpaHcTBy Lo. MHbiMu cnoBamu, R, ecTb mpsMas cymma L U
Lo, npuuem px = x, ecin « € Ly u px =0, ecin « € Lo.

Yxasanue. Tlepsblii cioco6: npuHsATh 38 L 1 Lo COBOKYTTHOCTH BCeX
&, IJIs KOTOPBIX COOTBETCTBEHHO & = & U @ = 0, U TOJOXUTb T =
= px + (x — px).

Bropoii crnoco6: paccmoTpeTs 6asuc, B KOTOPOM MaTtpuua Ap vMeer
JKOpP/LaHOBY (hOpMYy.

1539.

a) Jlna 6asuca e, ez, 3 MpeodpasoBaHue ¢ ONpeaeseHo TakK:

per = e, pes = es, pes = 0;
6).  pe; = ez, pes = —ei1, pez = 0 (B caydae OPTOHOPMHPOBAH-

Horo 6asuca ¢ OylaeT NPOEKTUPOBaHMEM Ha IJIOCKOCTb €1, ez,
COEJIMHEHHbIM C TIOBOPOTOM 3TOH MJIOCKOCTH Ha yroa m/2).

36
1541. (_1 _3).

—-36 —-37 —15
1542. | 30 30 14
26 27 9
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1544. ¢ — npoeKTHpPOBaHHe Ha OGUCCEKTPUCY BTOPOH U 4YeTBEPTOH
YeTBePTH MapalenbHo ocu Oy.

1545. Vxasanue. Tlokasate, uto eciv z € LY, uw € L3, 10 p*z = 0,
pru = u.

1547. Ykasanue. IlokasaTb, 4TO OPTOTOHAJBHOE NOMOJNHEHHE K Ofi-
HOMEPHOMY MPOCTPAHCTBY, MHHBAPUAHTHOMY OTHOCHTEJNIbHO COTIPSI?)KEHHOTO
npeo6pa3oBaHusl ¢*, HHBAPHAHTHO OTHOCHTEJBHO .

1548. Ykasanue. Tlonb3ysick npenpiaylied 3agaueil, MOCTPOUTD, 1le-
nouky noanpocrpaicts Ry, O L,—1 D --- D Ly, rane L, — k-mepHoe
TIOAMPOCTPAHCTBO, HHBAPUAHTHOE OTHOCHTENbHO (o, U MPHUMEHUTDb 3ala-
yy 1355.

1549. 3z1 — 3x2 + 23 = 0.

1553. Ykasawnue. PaccmoTpeTb paBeHCTBa

(soei’fj):(ei’SO*fj) (Z,]:1,2,,’I’L)
1554. Ykasanue. IlepeliTy K OPTOHOPMUPOBAHHOMY 6a3uCy.

128 313 454
1565. A1 = | 36 117 145
—61 =197 =245

5 5 3
1556. A1 = | -5 7. -2
3 6 0
203 -1
1557. A, =[5 2 -1
34 0
0 —4 4
1568. A1 =| 0 -8 7
-7 -2 5
1562. Hanpumep, npeoGpasoBaHue (, NepeBOAsllee BEKTOp & =
= (z1,%2,...,2Tn), 33laHHBIH KOOPAMHATAMH B OPTOHOPMHPOBAHHOM 0a-
suce, B BeKTOp & = (|z1|,z2,...,Tn), COXpAHsET CKaJsIPHBIE KBaApa-

Thl, HO He JIHHEHHO.
Yxazanue. JIns noxasaTesqbCTBa YTBEPXKAEHHUS O JTUHEHHOCTH (p TI0-
KasaTb, UTO

(plaz +by) — apx — bpy, p(az + by) — apx — bpy) = 0.

1563. a) UA™' = A'U; 6) UA™! = A'U.
1566. Yxasanue. TlokasaTh, UTO CyIIECTBYyeT BEKTOD T = Tj —
— kL (GbiTh MOXKeT, paBHBI HYJI0), A5 KOTOPOTO (&), ;) = 0



Omeemol 439

. k—1
(i =1,2,...,k — 1), 4T0, NOJOKHUB, Y}, = Yj, — Y, QiY;, NOJYIHM
CHCTEMBI BEKTOPOB 1, ..., Tk—1, Tk U Yqs---sYp_ 1, Yk C PABHBIMH MaT-
punamu 'pama, ¥ IpUMeHHUTb METOL MaTeMaTHUeCKOH MHIYKLHH.
1567. Yxasanue. IlpumennTsb 3anauy 1499.

1569. Peuwenue.

a) Ecmn gz = Az, 10 (pz,0z) = A\(2,2) = (z,2), oTkya A\ =
=1lu|A=1

6) l_[yCTb pz1 = )\121, Yz = )\222, )\1 7é )\2. TOI‘Jla (Zl,ZQ) =
= (pz1,922) = AMa(21, 22), OTKyaa, yMHOKAS HA A2 U IIPHHH-
Mast Bo BHMMaHHe, 4To A2 A2 = 1, Haiinem A1 (z122) = Aa(21, 22)
", 3HauuTt, (z1,22) =0.

B) Ilyctb X MY — cToa6UB KOOPAMHAT T U y. [lepexons K Koop-
IHHaTaM B paBeHcTBe ¢(x + yi) = (o + (i) (@ + yi), monydum
AX 4+ AYi = (aX — BY) + (X + aY)i, otkyna, npupaBHHUBast
NeHCTBUTEIbHBIE U MHHMble YacTH, HaxomM AX = aX — Y
AY = BX + aY, uto noxaseiBaeT paseHctBa (1). YmHoXas
TOUJIeHHO TiepBoe M3 pasBeHCTB (1) camo Ha ce6si U MpUMeHsS
cooTHouenne o + 42 = 1, noayuum (px,px) = (x,x) =
— (o® + B2)[a]? = o?af? + Alyl* - 205(=, y). Mepennonan
pasenctsa (1), Haxonum

(o, py) = (2,y) = (o + °)(x,y) =
=af(jzl® — [y|*) + (@ - 5%)(z,y).

Takum o6pasom, ans seanund |x|?> — |y|? u (z,y) nocse coxpa-
leHust Ha (3 moJiyyaeM CHUCTEMY ypaBHEHHH

Bzl =y ) +2a(z,y) =0,  a(lz]’~|y|*)—26(z,y) =0,
TaK KakK onpenenmenb CUCTEMBI OTJIUUEH OT HyJIH, TO
= |y*=0 u (z,y)=0.

r) Ecau ¢ nmeer BeulecTBeHHOE COOCTBEHHOE 3HAYEHHE, TO UMEET-
csl OHOMepHOe MHBapHaHTHOE MOANPOCTPaHCTBO. B mpoTHBHOM
c/lydyae MepexoiuM K yHHTapHOMY HpOCTpPaHCTBY. MMeHHo, Ge-
peM B yHUTapHOM npocTpaHcTBe R, OpTOHOPMHPOBaHHBIA Gasuc
e1,...,en. Bektopsl u3 R;,, uMeollde B 5TOM Gasuce Belle-
CTBEHHbIE KOOPAMHATBI, 00Pa3yioT €BKJIUI0BO IPOCTPAHCTBO Ry,
BaioxkenHoe B R,,. [Ipeo6pasoBanue o umeeT B 6asuce ey, . . ., €n
BellleCTBEHHYI0 OPTOrOHaJlbHYI0 MaTpuLy A. DTa MaTpuLa B 1aH-
HOM Gasuce OMNpenessieT YHUTapHOe npeobpasoBaHue ¢, COBNa-
nawomee ¢ ¢ Ha R,. [Ipeobpasosanue ' uMeeT co6CTBEHHOE
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3Hauenve « + i, rae § # 0. Ecau @ + yi — cooTBeTCTBYIOIIUN
eMy COOCTBEHHBIH BEKTOP U &, Y — BEKTOPHI C BellleCTBEHHbIMU
KOOPAMHATAMH, TO BBINOJHAIOTCH PaBeHCTBA (1). 3HauuT, nox-
NPOCTPAHCTBO NpocTpaHcTBa R, HATSHYTOE Ha BEKTOPHl T U Y,
WHBapHaHTHO OTHOCHTENBHO (.

1570.

a)

6)

JLnsi m060# yHUTapHOH MaTpHLbl A CylecTBYeT YHUTapHast MaT-
puna @ Ttakasi, uto Matpuua B = Q' A(Q nuaroHajbHas c 3Je-
MeHTaM{ JHArOHaJM, PABHBIMU IO MOMYJIIO eIHHHIIE.
IlpoctpanctBo R, siBJsieTCS NPSIMOH CyMMOH OPTOTOHAJBHBIX
OJIHOMEPHBIX U JIByMEPHBIX TMOANPOCTPAHCTB, HHBAPHAHTHBIX OT-
HOCHUTeJbHO . [IpeobpasoBanue ¢ oCTaBsieT BEKTOPHl OLHOMED-
HbIX MOANPOCTPAHCTB HEM3MEHHBIMHM MJIM MeHsSieT UX Ha MPOTH-
BOTIOJIO>KHbIE, @ HA IBYMEPHOM IMOANPOCTPAHCTBE BBI3bIBAET MO-
BOPOT Ha yroJa ~y. Jnsi n060# OpTOroHasibHON MaTpHubel A cy-
IIeCTBYeT OPTOrOHa/bHAasi MaTpuua (). Takas, 4to mMatpuua B =
= Q' AQ viMeeT KaHOHMYECKMH B[, YKa3aHHbIH B 3anade.

Ykasanue. ViconbaoBate 3anauu 1567 u 1569 u npuMeHsITH METOL
MaTeMaTH4eCKOH HHIYKIHH.

1571.
f=a,
1
fa= 7501,0,-1),
1
fa= JE(-2,1)
1 0 O
B={[0 1 0
0 0 -1
1572.
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1573. 1
fi1= ——(—2—-V2,-4-3V2,V2),
V42 + 282
1
= ——(6v2,-2— 2,2 —72),
.f2 \/8_4( )
= ——(0,1/42 — 28v/2,1/42 + 28V/2;
1 0 0
0 —247v2 _ \/42428V2
B = 12 12
0 42+428v2 —247/2
12 12
Lo 3 W36 0
— 1 3 _ 1 1 1
1574. B= |0 L S| Q=|1v3 -6 -1v2
— 1 1 1
0 =2 3 3V3 =5v6  3V2
1 0 0 W2 V2o
1575. B= |0 z WVBlLQ=1v2 —1v2 o
0 —3V3 3 0 0o -1
100 0 /2 1/2 1/2 —1/2
o1 o0 o 2 12 1720 1)2
176. B= o 1 o {29~ /2 —1/2 1/2  1/2
000 =1 -1/2 1/2  1/2  1/2
1 0.0 0 1 0 1 0
o =1t 0 o0 1 1 0 -1 0
1577. B=| 0 <0 o Q=12 o 1 o 1
00 0 -1 0 0 -1 0 1
10 0 3 2 -4
1578. B= [0 i 0], Q=|-2 Li 2
0 0 —i 1, _2; 2
3 3 3

1584. ¢ — nnbGo TOXKIECTBeHHOe MpeoOpa3oBaHUe, JUOO CHMMET-
pHSI OTHOCHMTEJNbHO HEKOTOPOro moampoctpaHcTBa L pasmepHOCTH k =

=0,1,2,...,n—1, 1. e. pxr = x nis qoboro x us L u pxr = —x 11
J060r0 & M3 OPTOrOHAJBHOTO AomoHeHnss L™,
1585.

fl = (2/3’2/371/3)’

.f2 = (2/3v _1/37 _2/3)’

fs=1(1/3,-2/3,2/3);
9 0 0

B=1[10 18 0
g

0 -9
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1586.
1 1
f17<7277270)7
1 1 4
f2_< 187 \/E’ 18>a
2 21
£:=(5-33)
9 0 O
B=|10 9 0].
0 0 27
1587.
1= —=(1,-3,0)
1 \/ﬁ ) ) ’
1 .
fQZE(LZaO)a
f3:(07071)7
2 00
B=10 4.0
0.0 4
1+i 144
1588.B:(8 01>,C:<13 @)
B V3 V6
(2 0y . (2-i 1
1589.B_(0 8>’C—m(_1 2+i>.

1590. Yxazanue. Ilycts F;; — MaTpula, y KOTOPOH B i-H CTPOKE U
J-M cTosOlle CTOUT eIMHHMLA, 8 Ha OCTaJbHBIX MeCTax — HYJH. Paccmort-
peTb MaTpHllbl Bcex MpeoOpa3oBaHUi B OPTOHOPMHUPOBAHHOM OasHce:

E117E217 .. .7En17E12,E227. . ,Eng,. . .,Enn.

1591. a) UA=A'U; 6) UA = A'U.

1592. JBe BellecTBeHHble KBapaTHUHble (DOPMbI TOTA U TOJBKO TO-
r1a NPUBOAATCS K KAHOHUYECKOMY BHY OJHHUM H TeM 2Ke OPTOrOHaJbHbIM
npeo6pa3oBaHHeM, KOTJa UX MaTpHUIBl epecTaHOBOUHB. J[Be MOBepXHO-
CTH BTOPOTO MOPsifIKAa TOTZ@ U TOJbKO TOTAA MMEIOT NapaJiesbHble IJ1aB-
Hble OCH, KOT/Ia MaTpHLbl U3 KO3((HULIHEHTOB MPH U/€HaX BTOPOH CTeNeHH
UX ypaBHEHHUH MepecTaHOBOYHBI.

Yxazanue. JlokazaTb, 4TO MOANPOCTPAaHCTBO L Bcex COOCTBEHHBIX
BEKTOPOB 11pe00pa3oBaHus ¢, MPUHALJIEXKAIIMX OOIHOMY U TOMY e c00-
CTBEHHOMY 3HauyeHHI0 A, OyIeT MHBapUAaHTHBIM OTHOCHTEJNbHO BTOPOrO
npeo6pa3oBaHus 1.
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1593. Ecau

a1 bi1

ai2 b'2

A»L = ¢ )51 Bi = ¢

Gin bin
(1 =1,2,...,n) — cTON6UBI, ABAAILINECS OPTOHOPMUPOBAHHBIMHU COG-
CTBEHHBIMH BEKTOPaMH COOTBETCTBeHHO P u Q, To n? marpuu Xgj =
=A—1iBj (i,j=1,...,n), rae B k-it cTpoke u [-M cTO/NGLE MATPHLbI

Xi;j CTOMT TmpousBeleHHe a;rbj;, 06pa3yl0T OPTOHOPMUPOBAHHEIH Gasuc
COOCTBEHHBIX BEKTOPOB NpeoOpas3oBaHUH ( W v, MpuUyeM. JI0OOH TakoH
6asuc nosyvyaercss yKasaHHBIM CIIOCOOOM M3 HEKOTOPBIX OPTOHOPMHPO-
BaHHBIX 6a3MCOB COOCTBEHHBIX BEKTOPOB MaTpull P U Q).

1594. Ecau, Hanpumep, JHHelHHOe NMpeoOpa3oBaHUe @ MJIOCKOCTH B
OPTOHOPMHPOBaHHOM Oasuce 3anaHo matpuuei(§ 7°) ¥ BekTOp T =
= (1,1) 3amaH KoOpAHHATAMH B TOM ke Oasuce, 10 (px,x) = —1.

1595. Ykasanue. Moxuo wucmonb3osath 3agady 1276 B). Ilporre
paccMOTpeTh MaTpHLbl NpeoOpa3oBaHufl ¢, ¥, X B OPTOHOPMHPOBAHHOM
6asuce cOOCTBEHHBIX BEKTOPOB N1Pe06pPa30OBaHUs X.

1596. Ykasanue. CyiiecTBoBaHUe 10Ka3biBaeTCsl, Kak B 3anade 1276.
EnnHCTBEHHOCTD TpOIEe [0KA3aTh, MOJb3YSCh NPeAbAYILeH 3anauet.

1597. CoGcTBeHHble 3HAYeHHsi MpeoOpasoBaHusi ¢ marpuued (3 7)
paBHBI 3, —1, T. €. He SIBJISIOTCS 00a MOJOXKHUTENbHBIMH.

1598. (%ﬁ %ﬁ> : (éﬂ 3 2).

L ive) \Lve tva
WA\ (1 iV
w57 07) (e )
14/3  2/3 —4/3 2/3 —1/3 2/3
1600. [ 2/3 17/3 2/3 | -| 2/3 2/3 -1/3
—4/3  2/3  14/3 —-1/3 2/3  2/3

1602. Yxaszanue. HaliTu HeBbIpOXKAEHHOE TPpe0Opa3oBaHKe X TaKoe,
uto x* = ¢, ¥ M0Ka3aTh, 4TO MpeobpasoBanye Y X ABJASETCH CaMO-
COTIPSA2KEHHBIM.

1603. Vxasanue. IlycTb @1 W 11 — caMmoconpsiKeHHble Npeodpa-
30BaHHd C HEOTPpULATEJbHBIMH cOOCTBEHHBIMH 3HAUEHHSIMU TakKHue, 4To
0! = ¢ u Y? = 9. Ecim ¢ HEeBLIPOXKAEHHO, TO, TONOXKHB X = @111,
nokasarb, uTo X" = @] '@Ye1.

1605. Yxasanue. PaccMoTperh MaTpully Npeo6pasoBaHus B 6asuce
COOCTBEHHBIX BEKTOPOB.
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1606. Yxaszanue. PaccMoTpeTb OPTOHOPMHPOBAHHBIH 6a3nC, B KOTO-
pOM MaTpHLa ¢ AHaroHajsbHa, U COBEPLIUTb Mepexol K HOBOMY 0aswcy.

1607. Ykasanue. Tlokasate n1UCTPUOYTHBHOCTDL OMeEpalUK Mepexona
or Au Bk C. PaccmoTpeTh JiMHelHble TpeoOpa3oBaHus ¢, 1, X, 3a1aH-
Hble B HEKOTOPOM OPTOHOPMHPOBAHHOM 0asKce YHUTAPHOIO MPOCTPAHCTBA
R, marpuuamu A, B, C. Pa3tutb npeo6pasoBaHus ¢ W 1 Ha CyMMbl
HeOTpHUIlaTe/IbHbIX CAMOCOIpSI’)KeHHBIX MpeoOpa3oBaHuil paHra 1 ¢ mar-
puuamut Ap ... A, u By ... B;. [loabsyscs 3anaueir 1606, nokasate, 4To
npeo6pasoBanue ¢ matpuueit (A;, A;) B ToM ke Oasuce HEOTPULATE/b-
Ho. Hakonel, mosb3ysich 3anadeii 1604, nokaszatb, uTo npeoGpasoBaHue
X HEOTPHLATENBHO.

1609. Ykazanue. Jloxa3biBaeTcsi aHAJOTHUHO COOTBETCTBYIOLIEMY
CBOHCTBY CaMOCOIIPSI)KEHHOTO NMPeoOpa3oBaHHUs.

1610. Pewenue. CpoiicTBa a) u 6) IOKa3bIBAIOTCS aHAJNOTHYHO COOT-
BETCTBYIOIIUM CBOHCTBAM CaMOCOIPSI2KEHHOT0 Ipe06pa3oBaHusl.

JlokasaTe/IbCTBO CBOHCTBA B): MycTh X MY — cTO/NGLB KOOpAHHAT
COOTBETCTBEHHO @ W y. [lepexonst K KOOpAHHATAM B paBeHCTBe ¢(x +
+yi) = Bi(x+yi), nonyaum: AX+AYi = —BY +3Xi, orkyna, npupas-
HHUBasl NeHCTBUTEbHbIE U MHUMbIE UacTH, HaxonuMm: AX = —3Y, AY =
= BX, uro nokaswiBaer paBeHctBo (1). Tak Kak maTpuia A BeliecTBeH-
Ha, TO [JIsl BEIIECTBEHHOrO0 BEKTOPA z BEKTOp @z ¥ uuciao (pz,z) Be-
mwectBeHHBl. [loatomy (pz,2) = (2 — pz) = —(2,p2) = —(¢z,2)
u, 3HauuT, (pz,z) = 0. YmMHokKas BTOpoe U3 paeHctB (1) Ha y, Hail-
nem: B(xz,y) = (ey,y) = 0, otkyna (x,y) = 0. YMHOXKas MepBoe U3
pasencts (1) Ha y, a’BTopoe Ha & M CKJaAbiBasd, MOJYYMM BBHAY Bellle-
creenHocty uncaa (¢y,x) = B(z, ), uro B(lz|* — |y|*) = (pz,y) +
+ (py,z) = (¢2,9) + (T, 0y) = (pz,y) — (pz,y) = 0, oTkYn2 || =
= lyl.

JlokasaTe/IbCTBO CBOHCTBA T): €CJH MPeoOpa3oBaHHe ¢ HMEeT uuC-
70 O COBCTBEHHBIM 3HAUEHHEM, TO HMeeTCsl OLHOMEPHOe HHBAapHAHTHOE
TIOAMIPOCTPAHCTBO. B MPOTHBHOM cilydyae mepexofiuM K YHHTApHOMY Mpo-
erpaHcTBy. MiMeHHO, GepeM B YHHTapHOM npoctpaHcTse R, opToHOpMHU-
POBaHHBIH 6asuC e1,...,e,. Bekrops u3 R, UMewIIHe B 3TOM 06a3u-
Ce BellleCTBEHHbIe KOOPAHHATHI, 00pa3yIoT eBKJIHI0BO MPOCTPAHCTBO Ry,
Bnoxkennoe B R.. IlpeoGpasoBanue ¢ uMeeT B Gasuce e, ..., €, Be-
I[eCTBEHHYIO KOCOCUMMETPHUeCKy1o MaTpuly A. Dta MaTpuua B JaHHOM
Gasuce ompeielisieT KOCOCMMMETPHUECKOe Mpeobpa3oBanue o’ YHUTApHO-
ro npoctpanctea R, conanawmee ¢ ¢ Ha R,. [IpeoGpasoanue ¢’
uMeeT coOcTBeHHOe 3HaueHue 3; # 0. Eciin @ + yi — cooTBeTCTBYOWIMN
COOCTBEHHBII BEKTOp, Tle & U Y — BEKTOPbl C BELIECTBEHHBIMH KOOp-
JIMHATAMH, TO BBIMOJHAIOTCS paBeHcTBa (1). 3HaYMT, MOAMPOCTPAHCTBO,
HaTsSIHyTOe Ha & W Y, HHBapDHaHTHO.
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1611.

a) Jlns mo60ii KOCO3PMUTOBOH MaTpULBl A CyIlecTByeT yHUTapHas
Matpuna (Q Takas, uyto Matpuna B = Q 'A(Q nuaroHaibHa
C YHCTO MHHMMBIMH 3JIeMEHTAaMH Ha JHaroHa/ju, HEKOTOpble U3
KOTOPBIX MOTYT PaBHSATbCS HYJIIO.

6) TIpocTpaHCTBO ABASIETCS NPSAMOI CyMMO# OPTOrOHAMIBHBIX MEXKY
coOO0H OIHOMEPHBEIX M JIByMEPHBIX MOANPOCTPAHCTB, HHBAPHAHT-
HBIX OTHOCHTeJIbHO . IIpeoGpasoBaHue ¢ NepeBOAUT BEKTOPH!
OJIHOMEPHBIX MOANPOCTPAHCTB B HYJ/b, @ Ha JBYMEPHOM IOANPO-
CTPaHCTBE, COOTBETCTBYIOLIEM KJETKe f)ﬁg , BbI3bIBAeT MOBO-
pOT Ha yroJ m/2, COeAHHEHHBIH C yMHOXKEHHeM Ha 4HCI0 —[3.
Jlns 060 BelleCTBEHHOH KOCOCHMMMETPUYECKOH MaTpHlbl A
CYLIECTBYeT BellleCTBeHHas OpPTOrOHaJbHAas Marpuua () Takas,
uto marpuia B = Q 'AQ uMeeT kaHOHHueCKUil BHM, MpuBe-
JeHHBIH B TEKCTe 3a1ayH.

Yrasanue. Vicronbaosate 3anauun 1609 u 1610 u npuMeHHUTb MeTOLN
MaTeMaTH4eCKOH HHIYKIHH.

1614. Ecin A — xocoapmuToBa Marpuua, To mMarpuua B = (E —
—A)(E+A)~" — ynurapHas, He UMEIOIIas XapaKTepUCTHIECKOTO YUCIIa,
paBHOro —1, u, 06paTHO, ecau A — yHHTapHas MaTpHLa, He HMeloLlast
XapaKTepPUCTHUECKOT0 YHCa, paBHoro —1, to matpuua B = (E—A)(E+
+ A)~! kocospmuTOBa. AHajioruuHas CBA3b UMEeTCS MeXK/Ly BelllecTBeH-
HBIMH KOCOCHMMETPHYECKHMH M OPTOrOHaJIbHBIMH MaTpHLIAMH.

Peuwienue. PasbepeM /ullib cay4ail yHUTapHOro pocTpaHcTsa. IlycTs
B paeHcTBe (1) ¢ = KococHMMeTpuyeckoe npeodpasopanue (p* = —).
Torna

P =(c40") He—¢")=(e—p) T (e+p)=(ctp)(e—p) =9,

Tak Kak € + ¢ ¥ (¢ — @)~ mepecTaHOBOUHBI. 3HAUHT, 1) YHUTApHO. 3a-

MeTHM, uTo (£ & @)~ cymlecTBYIOT, Tak Kak uHcaa +1 He SBJSOTCS
COGCTBEHHBIMH 3HaueHHAMHU ¢ (3anaua 1610, nynxkT a)). Jasee,

1

et =(c+o)ct+o) T +e—p)leto)  =20E+9)" ()

M, 3HAUMUT, ¢ He HMeeT COOCTBEHHBIM 3HaueHHeM uncsa —1. Kpowme Toro,
 BbIpa)kaeTcsi uepe3 v MpH MOMOLIM PaBEHCTBA, aHAJOTMYHOrO paBeH-
ctBy (1). B camom zesie, u3 paBencTsa (o) Haxonum: €+ = 2(e+1) *,
p=2+Y) —e=20c+Y) " —(e+P)e+P) = (e —P)(e+
+1)~!. TlycTh, o6patHo, B paBeHcTBe (1) ¢ — yHHTapHOE NpeoGpa3oBa-
HHe, He MMelollee COOCTBEHHBIM 3HadeHnem duciaa —1. Torna ™ = (e +
T ) He—9 ) =(e+e ) He—9 ) =(p+e) lpp Hp—¢) =
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=—(e—p)(e+p) = —9, Tak KaK € — p U (¢ + ¢) ' mepecraHOBOU-

bl. 3HauMT, ¥ — KOCOCHUMMeTpHueckoe npeo6pasoBaHue. Kpome Toro,
( BBIpa’KaeTcst uepe3 i IPH MOMOLIM PABEHCTBA, aHAJOTMUHOIO DaBeH-
ctBy (1). D10 MOKa3BIBaeTCS CHOBA TIPU MOMOLIU paBeHCTBa () MOCTIOBHO,
KaK Bbille. Takum 06pasom, paseHcTBo (1) 0ToGpaxkaeT Bce KOCOCHMMET-
puueckue npeo6pasoBaHUs Ha YHHUTapHble, He HMeollHe COOCTBEHHBIM
3HauyeHHeM uuciaa —1, U 006paTHO, MPUYEM ONHO M3 3THUX OTOOpaxKeHHH
siBJIsleTCsl 0OpaTHBIM /I APYroro. ATo JoKasblBaeT, 4To o6a oToOpaKe-
HHSI B3aUMHO OJHO3HAUHEL.

1616. Ecsn martpuua A — KocoapMuToBa (MJM BEIECTBEHHAS KOCO-
CHMMeTpHUecKas), To MaTpuia e! — yHutapHa (COOTBETCTBEHHO OpTO-
rOHaJIbHa).

1617. Pewenue. Tlo 3anaue 1559 npeoGpazoBanue e? OymeT caMo-

conpsizkeHHBIM. Ecat Aq, ..., A, — COOCTBEeHHBIE 3HAUEHHS @, TO OHHU
BellleCTBEHHBl M 10 3ajaue 1161 co6cTBeHHEle 3HaueHHs e? GynyT e !
>\7L

. , T. €. € TOJ0KUTEJbHO ONpeeseHHO. HoxameM 4To pas-
JHYHBIM CaMOCONPSI’KEHHBIM NPe0GpPasoBaHHsIM ¢ U @ COOTBETCTBYIOT
pasauyHble Mpeobpa3oBaHus e? U e’ [lyctp ¥ = e  obnanaer
OPTOHOPMHPOBAHHBIM 6a3MCOM COOCTBEHHBIX BEKTOPOB @i, ..., Gn, THE
pa; = \a; (i =1,2,...,n). [lyets'a’ — n060i cOGCTBEHHBIE BEKTOP
npeo6pasoBanust ¢’ co sHadennem \'; @’ = Y ' | x;a;. Torna no 3ana-
ye 1464 e?'a’ = eMa' = Y &N ziai. C apyroit cTopons, efa’ =
=37 ziefa; = >0 w eA"al; TaK KaK e*”/a’ =e%a’, 0 x; =0
LIS BCeX 4, NI KOTOphIX e # e | u e = e), ecou z; # 0. Tak
Kak \; 1 )\ BellecTBeHHBl, TO U3 x; # 0 caeayer \; = X\ . [lostomy
pa' = 3T xipar = Y wihia; = Yo wiNa; = Na' = ¢'d.
Tak kak ¢’ obsafaer 6a3kcoM COOGCTBEHHBIX BEKTOPOB M HA 3TOM Gasuce
coBmanaer ¢ ¢, 10 @ = . IlycTs 1) — M060e MOJNOKUTENBHO OMpe-
nesieHHoe mpeoGpazoBanre. CyllecTByeT OPTOHOPMHPOBAHHBEIH 0asuc, B
KOTOPOM MaTpHLla v AHAroHajbHa C TOJOXKUTENbHBIMH 3J1€MEHTaMHU i1,
M2, ~.., fn Ha auaroHamd. [oaoxum N\; = Inp; (0 = 1,2,...,n),
[He \; — BellleCTBEHHOe 3HaueHWe Jorapudma, U MycTb npeodpasoBa-
HUe ¢ B TOM e 0asuce 3aaHO JAHArOHA/IbHOM MaTpULEH ¢ /eMeHTaMHu
A1, ..., A, Ha guaroHasnd. [IpeoGpasoBaHue ¢ caMOCOMPsIKEHHOE, U
P =e”.

1625. Ykasanue. [lpumenuts 3apauy 1507.
1626. Ecau r — paHr ¢, To unc/I0 TaKuxX npeobpa3oBaHuil paBHO k.

1627. Ykasanue. JlokazaTb paBeHCTBO
(px — Iz, px — Ax) = (¢ x — Az, o*x — Ix).

1628. Ykasanue. IIpuMeHUTb MpeAbIAYIIYIO 3a/auy.
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1629. YVxasanue. IlpumeHuTs 3anauy 1627.

1630. Yxazanue. IlpumenuTs 3anaun 1627 u 1629.

1631. Vxasanue. HeckonbKko pa3 mpuMeHHTb 3anady 1629.

1632. Yxazanue. Ilpu noxkaszatenbcTBe HeOOXOAMMOCTH TPUMEHHUTH
IBe Mpeablaylide 3agadd. [Ipu nokasaTesnbCTBe DOCTATOYHOCTH IMOKa-
3aTb, UTO NpeoOpa3oBaHHe ¢ YHUTAPHOrO MPOCTPAHCTBa, obJajaollee
HOpMaJ/IbHBIM CBOHCTBOM, 00/ajaeT OPTOHOPMHPOBAHHBIM 0a3MCOM COO-
CTBeHHbIX BeKTOpPoB. Ciyuail eBKJIHAOBA MPOCTPAHCTBA CBECTH K CJIyUaio
YHUTapHOTO.

1633. Yxazanue. IIpuMeHUTDh NpeapIAYILYIO 3a1a4y.

AOMNOJIHEHHME

1634. 1) Ia; 2) na; 3) na; 4) na; 5) Het; 6) Het; 7) Her; 8) na; 9) Her;
10) nma; 11) nma; 12) wmer; 13) nma; 14) nma; 15) npa; 16) na;
17) uet; 18) na; 19) met; 20) na; 21) na; 22) na; 23) na; 24) na; 25) HeT;
26) na; 27) na; 28) na; 29) na; 30) na; 31) xa; 32) Her; 33) Het; 34) na;
35) net; 36) na.

1637. Ykasanue. TlepBeifl crnocod: Tokasatb, 4to |a| = 1 nas Jio-
6oro a W3 gaHHoi rpynmsl G nopsigka n. [lpu n > 1 B3sTb B G 3/1€MeHT
b = cosv + isint ¢ HaUMEHBUIMM MOJOXKHTENBHBIM apryMeHTOM ) U
MoKasaTb, 4TO

G =11,b,0%...,b" "}
Bropoii crioco6: nosbaysich Teopemoit JlarpaHxa, mokasate, uto a’ = 1
HJ1s1 io6oro a us G
1638.
a) Opua Tpynna — UMKJAMUecKas Tpynna 3-To MOpsika C 3JeMeH-
TaMH e, a, b U Tabauuei

(&
a

blb e
B npe/ncTaB/ieHHH MOACTAHOBKK MOXKHO TOJIOKHTh: € — eIHHHUIIA,

a=(123),b=(132).
6) JlBe TPYIIIbL:
1) uuk/aMYeckas Tpynna 4eTBePTOrO MOPSAKA C 3JeMeHTa-

MU €, a, b, ¢c ¥ Ta6J1H|ue151:
e

Q ofo®
QR

b
b
e
a

o o8 o
[SYES ISR
o 0 Qe
QO 0 oo
Q2 0o 0|0
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B npexncraBieHHH NOACTAHOBKAMH MOXKHO IIOJIOXKHTb:

e —emuHnna, a = (1234), b= (13)(24), c=(1432);

2) ueTBepHasi TPyMIa C 3JEMEHTaMH e, a, b, ¢ u Tabiuuei
| e a b ¢

e|eabc
ala e ¢ b
b|b ¢ e a
clec b a e

B npexncraBjieHHH MOACTAHOBKAMH MOXHO [0JIOXKHTH:
e — emununa, a = (12)(34), b = (13)(24), ¢ =
= (14)(23).
B) JlBe rpymnmsl:
1) uwk/JMYeckasi TPymna MIECTOTO MOPSAKA C 3JeMeHTaMH
e, a, b, ¢, d, f v Tabnuue

e a b cod f
ele a b ¢ d f
ala b ¢ d [ e
b|lb cd f e a
clc d f e a b
dld <f e a b ¢
flf e a b ¢ d

B mpencraBieHHH MOACTAHOBKAMM MOXKHO TOJIOXKUTD:
e — ennHuua, a = (123456), b = (135)(246), ¢ =
=(14)(25)(36), d=(153)(264), f =(165432);

2) cuMMeTpUYecKas TPyMa TpeTbell CTereHH ¢ 3JeMeHTa-
MU'€; a, b, ¢, d, f u Tabauuen

e a b ¢ d f
ele a b ¢ d f
ala b e d f ¢
b|lb e a f ¢ d
clec f d e b a
dld ¢ f a e b
flf d ¢ b a e

B mnpencraBieHny MOACTAHOBKAMH MOXKHO IOJIOXKUT!
e — ennunua; a = (123), b= (132), c = (12), d =
—(23), f = (13).

Yxasanue. IlokasaTb, 4To ecau B rpynne G mopsjka n UMeeTcs
MHOXkKecTBO H 13 k 3jieMeHTOB, k < n, KOTOpOe caMo SIBJSI€TCS TPYNIoN
NpH OlNepaluy YMHOXKEeHHUs], 3aiaHHoi B (G, TO, YMHOXasi BCE 3JIEMEHTHI
u3 H Ha 3/1eMeHT x, He Jiexaluil B H, Mbl TOJy4UM Kk HOBBIX 3/1€eMEHTOB
rpynnel G. Tlostomy k > 5. 3a H MOXHO B3Th MHOXXECTBO 3JIeMEHTOB

e, a, a*, ..., a"7', rme a® = e. Hanpumep, B ciyuae B) 2), T. e. aas
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HeUK/JANYeCKOH rpynmnel G 1IecTOro nopsiaka, I0KHO ObITh k < 3. Ecan
6Bl GblI0 a® = e w51 J06oro a u3 G, T0 yeTblpe 3JeMeHTa e, a, b, ab
00pa3oBajy Obl TPYMIY, UTO HEBO3MOXKHO. 3HAUHUT, CYLIECTBYET 3JeMEHT
a, 171s Kotoporo a® = b # e, HO a® = e. YMHOKas 3JeMeHTH e, a, a’ Ha
HOBBIH 3JIEMEHT ¢, NOJYYUM BCE LIECTb 3JeMeHTOB rpynmsl G B BUIE e,
a, a®> =b, ¢, ac =d, a’c = f. Hago nokasars, uto ¢> =d?> = f> =emn
ca = a*c = f. Hanpumep, eciu 66 6BLIO ca = ac, TO, YMHOXKAS C/leBa
CHAuasia Ha ¢, a 3aTeM Ha a2, MOJIYUUM: a’cac = fd=e, otkyna fd = d?
U f = d, 94TO HEeBO3MOXKHO.

1639. I'pynna rerpasapa umeert nopsiiok 12, kyba u okrasapa — 24,
JofeKasapa U ukocasapa — 60.

Ykasanue. PaccMoTpeTh BpallleHHs], TepeBOAsIIHe TaHHYIO BEpLIU-
Hy A B HekoTopylo BepiuuHy B (He 06si3aTesibHO OTJMHHYIO OT A), H
nokasaTb, 4TO MOPSAOK TPYMIbl paBeH mk, TAe n — YKCJO BEpPIIHH H
k — uucno pebep, BHIXOASALIUX U3 OLHOH BEPLIUHBI,

1643. Yxasanue. Kaxnomy s/emMeHTy x AaHHOH rpynnsl G mocta-
BUTb B COOTBETCTBHE OTOOpa)KeHHe a — ax JJs1 JI0G0ro 3JeMeHTa a
u3 G.

1646. £1.

1648. Ykasanue.

a) Paccmotpers (ab)”” u (ab)P®, rne p — nopsaaok ab.

6) PaccMoTpets Eab;p, TIe p — NOpsiIoK ab W mokasatk, uto af =

=bP=e

Ipumep 1. JAns snemMentoB a # e, b = a~* yciosue (1)
BBIMOJIHEHO, a (2) — HeT. YTBepk/ieHue 6) He BBINOJHEHO, TaK
KaK MOpsiIKK a U b paBHBI MeKIY CO00# U He paBHbI €HHHULE, a
NopsiioK ‘ab = e paBeH efMHHUILE.

IIpumep 2. Dnementel a = (12), b = (123) cummerpu-
4ecKOH IpyNmbl S3 HMEIOT B3aWMHO MPOCTble MOPSIAKH 2 U 3.
Yenosue (1) He BoimosHeHo, Tak kak ab = (13), ba = (23),
a (2) BoinosineHo. YTBepKeHHe 6) He BBHINOJHEHO: a TopsaKa 2,

b nopsinka 3, ab nopsiziKa 2. .
B) O6e yacTh paBeHcTBa a” = b' BO3BBICUTb B CTeleHb S, PaBHYIO

nopsiaky b.
r) [lpumep 3. B umkaudeckoii rpynne {a} BocbMOro mopsjika sJe-
MeHTHl a, a®, a® uMeroT mopsaaok 8, Ho aa® = a mopagxa 2,

aa® = a® nopsnxa 4.

1649. 2) u 3) mas 1); 4) u 11) oaq 10); 1), 2), 3), 13), 14), nas 8);
15) nas 16); 20) u 21) mas 18); 20) nast 21); 24) nas 23); 23) u 24) nas
26); 29) u 30) nasa 31); 34) nas 36).

1653. BeckoneuHas LMKJIMYecKas IpyIna, Bce LHUKJIMIECKHe IPYIIbI
POCTHIX NOPAAKOB M eMHHYHAs [PYMIa.
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1654.

a) G ={a} {a’} {a’}, {e}:

6) —{a} {a®}, {a’}, {a"}, {a®}, {a®}, {a'*}, {e}.
8) G={eabc} {a}, {b}, {c}, {e};

F) NNPpUMEHAA 3allUCh NMOACTAHOBOK B LUKJAX, MMOJYUYHUM TNOATPYIIIIbI
Ss, {(123)), {(12)}, {(13)}, {(23)}, A{e};

1) HOpMasbHbIMU Aenutensmu oyayt Ss, {(123)}, {e}.

e) ¥Yxasanue. PasnoxeHde Ha UMKJBI MOACTAHOBKH M3 Ay MOXeT
comepKaTh JHIIb LUKKJABl AJAHHBL |, 1Ba LHUKAA JJIHHBl 2 WK OIMH
K aaudbt 3. [loatoMy A4 He MMeeT HHUKJIHUeCKOH NOATPYIIIIBL
mectoro mopsinka (cm. samady 1648 a), 6)) u Bce ee 3/eMeH-
Tl BTOPOTO MOPsiAKA MepecTaHOBOUHbI. 3HAUUT, A4 He HMeeT
NoArpymmsl, n3oMopdHoi S3. Ho /06as rpymnna mecroro nopsiz-
Ka ub0 ABJISETCS UMKJIHYECKOH, ubo usomopdua Sz (3amaua
1638 5))

1655. Bri6upaem B GG mo0ble 3JeMeHTHI: CHayana a # e, 3ateM b #
# e, a, 3aTeM ¢ # e, a, b, ab. OcranbHbIMK 3jeMeHTaMu rpymnnbl G Oy-
1yt ab, ac, be, abe. Tpynna G abesnesa (sapaua 1636). [pynna G umeer
cnenytoe 16 moxprpynm: {e}, {e;a}, {e, b}, {e,c}, {e,ab}, {e,ac},
{e,bc}, {e,abc}, {e,a,b,ab}, {e,a,c,ac}, {eb,c,bc}, {e,a,bc,abc},
{e,b,ac,abc}, {e,c,ab,abc}, {e, ab,ac,bc}, {e,a,b,c,ab,ac,bec,abc} =
=G.

1657. B aniuTHBHON 3amUCH BCe MOATPYIIIbI UMEIOT BHUJ

Go ={a}, Gi={pa}, Gz{p2a}, R
LG ={p"ta}, Gr={p"a} = {0}

Onu 00pasyroT yObIBAILLYIO LENOUKY MOATPYIN COOTBETCTBEHHO MOPSI-
ko g%, pFL pF2 L.
Ykasanue. Vicnonb3obaTs 3amauy 1656 6) uaM mokasath, 4To MOJ-
rpynna {sa}, e 0 < s < p*, comamaer ¢ moxarpynmoii {p'a}, rme
s:plt,0<l<kut1-xeﬂeﬂmca Ha p.
1658.
a) Ykasatue. PasnoxuTh MOACTAHOBKY Ha LHMKJbl ¥ IPOBEPHTD, 4TO
(i1i2i3 . ZZ) = (i1i2)(i1i3) . (’Lllk)

6) Ykasanue. Tposeputs pasenctso (14)(15)(1) = (if).

B) Yxasanue. TIpoBepUTh, UTO MPOU3BEJEHHE NBYX TPAHCTIO3UIHMH
CJIEYIONIMM 06pa30oM BhIpaXKaeTcsl uepes TPOHHbIE [HKJIbI:

(1) (ik) = (ijk),  (ig)(kl) = (ijk)(ilk).
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r)

Pewenue. Ilycte G — noarpynmna 3HakonepeMeHHOH rpynisl Ay,
NOopOoXKJeHHast MHO’KeCTBOM yKa3aHHbIX TPOHHBIX LIUKJOB, U 1, 7,
k — pasnuuHble uncaa, 66abHe ABYX (IpU n = 3 yTBepKAeHHE
OYeBH[IHO, a IPU N = 4 JaHHOe HHXKe J0Ka3aTe/]bCTBO COKpalla-
ercsi). Bmecte ¢ umkjom (124) rpynna G comnepuT 06paTHBIH
semenT (i21), 3ateM G CONEPKHUT

(125)(124)(521) = (Lag);  (G21)(E21)(127) = (24]).

[Tpu n = 4 rpynna G yxXe coiep:KUT Bce TpolHble LHKJbL, TIpu
n > 4 ona comepxur (12k)(1ij)(k21) = (i¢j k). 3uauur, G
COLEPXKHT BCe TPOHHBIE LMKJBI U [0 MYHKTY B) COBMAgaer ¢ A,.

1660. Yxasanue. Tlyctb K — MHOXKECTBO BCeX 3JIEMEHTOB I'DYIIIIbI
G, He mpuHamJexamux K H, u a — no60# snement us K. [lokasars,
4TO, YMHOXKasl a Ha BCe 3JeMeHTbl H, nosy4yuMm Bce vjeMeHTh K. Bbl-
BECTH OTCIOZla, YTO, YMHOXas a Ha Bce 3JeMeHThl 3 K, mosydyum Bce
sneMenTh M3 H. B uacTHocTH, a® npuHaajexut K H.

1661. Tlpumepom MOXKeT CJIYyKHTb UeTBepHasi TPyIma C 3JeMeHTa-
Mu e, a, b, ¢ (cm. otBer 3amaum 1638). OHa HMeeT Tpu HMKIMYECKHe
noarpynmnsl Broporo nopsinka: {a}, {b} u {c}.

Yrasanue. JlokasaTb, UTO NPH BO3BEEHUH B KBaJApaT BCeX TPOHHBIX
LMKJIOB Mbl IIOJIy4YUM CHOBA BCE TPOHHBIE LIUKJbI, H UCMO/b30BATb 3a1a41
1658 u 1660.

1662.

a)

6)

Yraszanue. Kaxnomy Bpawenuto terpasupa ABCD cooTset-
CTByeT IMOACTAHOBKA ero BepiuMH. [IpousBeneHHIO IBYX Bpallle-
HHH COOTBETCTBYET NPOU3BEJEHHE COOTBETCTBYIOMIMX MOJICTAHO-
BOK. I[ByM pa3MUYHBIM BpalleHUAM S U t COOTBETCTBYIOT IB€
passHUHble MOACTAHOBKH, TaK KaK HHaYe HeTOXKIeCTBEHHOMY Bpa-
uenuio st~ ' cooTBeTCTBOBA/A Gbl TOXKIECTBEHHAs TOJICTAHOBKA,
coxpaHsiolas Bce BepIIMHbl Ha Mecte. ITo oTBety 3anaun 1639
rpynna Tetpasapa u3oMopgHa NOATPyIIe ABEHAALATOrO NOPS-
Ka cuMMeTpudeckoit rpynmnbl Sy. Jlanee, MOXKHO J1MGO0 NPOBEPUTD,
4TO BC€ MOACTAHOBKH, COOTBETCTBYIOIIHE BPALlEHUAM TeTpasapa,
YeTHbIe, MO0 MCMOJb30BaTh 3anady 1661.

Pewenue. llenTprl TpaHel okTasapa SBJSIOTCS BEpLIMHAMHU KY-
6a. [Tostomy rpynnel ky6a 1 okrasapa usomopdHbl. Kaxkpomy
BpallleHHI0 Ky0a COOTBETCTBYeT MOACTAHOBKA €ro YeThipex Jua-
ronaneit. I[lpousBeneHuio BpalleHH COOTBETCTBYeT MpOHU3Bele-
HHe COOTBETCTBYIOLIMX MOACTaHOBOK. PaccMOTpPUM Bce Bpallle-
HUs Ky6a. DTo — TOXKJECTBEHHOe BpallleHHe, BOCEMb BpallleHHH
BOKPYT JuaroHaseil Ha yriel 27/3 u 47/3, wectb BpalleHHH
BOKDYT OCeH, NPOXOASAIIUX 4Yepe3 CepeiMHYy NPOTHUBONOJOXKHBIX
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pebep, Ha yrosl 7 U AEBATb BPalleHUH BOKPYT OCeH, IPOXOASIIINX
Yepe3 LEHTPh! MPOTHBONOJOKHEIX IpaHell, Ha yribl /4, 2w /4 u
3w /4. Uucno stux Bpamenuni: 1+ 8 + 6 + 9 = 24. Ilo orsery
3agaun 1639 MU HcueprnbIBaloTCsS BCe BpalleHus ky6a. Hemo-
CpPEe/ICTBEHHOH MPOBEPKOH yOexKaaeMcst, UTO TOJNBbKO TPH TOXKIe-
CTBEHHOM BpAllleHHH BCe UeThIpe JHAaroHaJM OCTAIOTCS Ha MecTe.
Orciona, KaK B MyHKTe a), BBIBOAMM, UTO Ipynna KyGa u3omopd-
Ha TIpyIIe MOACTAHOBOK YeTbIpeX 3J1EMEHTOB, HUMeollel nops-
IOK 24, T. e. cUMMeTpHYecKol rpymmne Sy.

Pewenue. 1leHTpbl rpaHell nonekasnpa SIB/IAIOTCS BepUIMHaMH
uxocasgpa. [losromy rpynmner nonekasapa u ukocasapa u3omopd-
Hbl. Jlsf Kaxkporo pebpa MKocasapa MMeeTcs OLHO. TPOTHBOIO-
JIO?KHOE TIapaJljiesibHoe eMy pefpo W fiBe Mapbl. MepreHIHKyJIsap-
HbIX K HeMy pebep: peGpa OJHOH Mapbl HAYMHAIOTCS B BepLIU-
Hax rpaHeil, NPUMbIKAIOIIKUX K JaHHOMY pedpy, a pebpa Apyroi
napsl NpUHALMEKAT PAHSAM, UMEIOLMM BepIIMHAMH KOHILbI 1aH-
Horo pebpa. Pe6pa onHOl W3 THX map napaJijiesbHbl, a PasHbIX
nap — MNeprneHAHKYJIspHbl Mexay. co6oid. Takum oGpasom, Bce
30 peGep nessaTcss Ha NATb CUCTEM IO IIeCTH pebep B Kax-
no# cucreme. Pe6pa onHo# crcTeMbl JM60 MapaJiesbHbl, JHOO0
nepreHANKYJISPHbL, a pefpa pasHBIX CHUCTEM He NapaJjesbHbl U
He NeprneHAuKy/spHbl. C Kaxao# cucteMoil peGep CBsI3aH OK-
Tas/p, BepPIIMHAMHU KOTOPOT'O CJyXKaT CepeluHbl peGep HaHHOM
CHCTEMBI. DTUM Ofpe/ie/ieHbl NATh OKTA3APOB, BIUCAHHBIX B HKO-
caszap. Kaxxgomy BpallieHHI0O MKOCasapa COOTBETCTBYET MOACTA-
HOBKA MSATH yKa3aHHBIX cucTeM pefep (MM COOTBETCTBYIOUIMX
MM OKTa31poB). [IpousBesieHIo IBYX BpallleHHil COOTBETCTBY-
eT MpoM3BeileHHe COOTBETCTBYIOLUIUX MOACTaHOBOK. PaccmoTpum
BCE BpalleHUs HKOCa’dApa. DTO — TOXKLECTBEHHOE BpallleHHE;
24 BpallleHUs BOKDPYT KaxK/IOH M3 LIECTH OCeH, MPOXOAALIUX Ye-
pe3 MPOTHBOIOJIOKHBIE BepIINHBI, HA yrasl 27/5, 47 /5, 67 /5
1 8m/5; 20 BpalleHUH BOKPYr KaxKIOH M3 IecsiTh OcCel, mpo-
XOAALIMX Yepe3 LEHTPbl NPOTHBOMOJNOXKHBIX TpaHeH, Ha YIJIbl
2w/3 u 4mw/3; 15 BpalleHUH BOKPYT KaXKIOH W3 MATHAALATH
oceil, TPOXOASIIMUX Yepe3 CepelUHbl NPOTHBOMNONOXKHBEIX pebep,
Ha yroJa m. Yucso atux Bpauwenui: 1+ 24 + 20 + 15 = 60. o
oTBeTy 3afaud 1639 MMM HCUepIBIBAIOTCS BCE BPALIEHUS HKO-
casznpa. HenocpenctBeHHo#l mpoBepkoil yOexxnaemcs, 4To s
KaXX1I0r0 HeTOXIECTBEHHOro BpallleHUs Hainercs pe6po, mepe-
BoJsillleecs JaHHBIM BpallleHHeM B Apyroe pe6po, He napaJijielib-
HOe W He MepIeHAHKY/IIpHOe K faHHOMY pebpy. [lostomy Tosb-
KO TOXIECTBEHHOMY BpAllEHHIO COOTBETCTBYET TOXKIECTBEHHas
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noacTaHoBka cuctem pebep. OTcrona, Kak B MyHKTe a), BBIBO-
IMM, 4TO I'PYINa HKocasapa u3oMopdHa noxarpyne nopsaka 60
cUMMeTpHUeckoi rpynnbl Ss. [lo 3amade 1661 sta moprpymnna
COBIMAjaeT Co 3HAKOMepPeMeHHOH rpynmnoi As.

1668. Yxasanue. a) Tlpumenntb samauy 1667. 6) IlokasaTb, 4To
KaXXIblH CMeXHbIH KJacc CONEPXKHT TOYHO OIHY TOACTAHOBKY, OCTaB-
JISIIOILYI0 Ha MecTe 4ucio 4.

1669. Ecnu B pa3noxeHUH JaHHOH MOACTAHOBKH S Ha HE3aBUCHMbIE
LMKJBl BCTpevaercs k; LHKJOB JJIMHbI 15, ¢ = 1,2,..., 7, IPUUYEM yUTeHbI
BCe LIMKJIbl, BKJ/IOYas W LMKJBl IJHHBL 1, TO YHCIO MOACTAHOBOK; Tepe-
CTaHOBOUHBIX C MOACTaHOBKOH 8, paHo [[7_, (ki)! - IFi. Cuutas 0! = 1,
MOXXKHO HCKOMO€ YMCJ/IO 3anucaTh MHave. [IycTb j; — 4HC/I0 LMKJIOB JJIH-
Hbl %, BXOASIILIMX B PAa3JiO’KeHHe MOACTAHOBKH S, rie 4= 1,2,...,n, "
€C/IM LIIMKJIOB AJIHHBI ¢ B PassioXKeHHH HeT, To mosoxkeHo j; = 0. Torna
uckomoe uneio pasHo [T, (4i)! - i¥4.

Yrasanue. LIukabl OOHOH W TOH Ke AJIMHBL [, BXOASIHE B DasJio-
JKeHHe s, NPHU TPaHC(HOPMHUPOBAHHH MOACTAHOBKOH ', MepecTaHOBOUHON
C S, MOTYT JIMLIb T€PECTaBATbCSA MeX1y COOOH, MpHueM IepBoe YHCI0
KaKoro-a160 LHK/Ia MOXKeT MepelTH B JII000e YHC/IO0 JIO0ro IMKJ/Ia TOH
JKe JUTMHBI, BXOASIIETO B Pa3J/0KeHHe TOACTAaHOBKH S.

1670. Yxasanue. Paccmorpers kKommyTatop hihohy 'hy ' atHX 37e-
MEHTOB.

1674. Ecny B pas3sokeHHWH JAaHHOH MOACTAHOBKH S Ha HE3aBHCHMBIE
LMKJBl BCTpevyaercs k; UHKJOB AJMHBI l;, ¢ = 1,2,...,r, Npu4eM yuTe-
Hbl BCe LMKJbI, BKJIKYAs M LMKJIBl JJIHHBl 1, TO HCKOMOE UHCJO PaBHO
" DTo UMCAO MOXKHO 3alUCaThb MHAue, NOJb3YACh APYTHM BEL-
1 (ki)l-thi
]:L);l;KEHI/IeM 3HaMeHaTeJs, yKa3aHHbIM B OTBeTe 3ajgadd 1669.

1675. Yxkasanus.

a) - O603HaUYUTb Uepe3 aj UMCJIO KIACCOB COMPSIKEHHBIX 3JEMEHTOB

¢ p® ssementamu u, mosb3ysick 3ajaueil 1673, mokasaTh, 4TO

ao +aip+azp” + - =p".
6) Paccmorpers rpynny {Z,a}, rne a ¢ Z.
B) S3 X 53.

labd
r) [pynma marpuu Buaa (0 1 c> Haj noJieM Zp.
001

1676. Yxasanue. Ecnu H copepxut uuka (afBy) u o, 3, v —
Jo0ble pasiuuHble yucaa ot 1 10 n, To Tpanchopmuposath uuka (a37y)

MOJICTAHOBKOM
o s v & e ...
o ﬂ, ’Y, 5 & )

rae &' u & BbIOpaHBl TaK, YTO MOACTAHOBKA ¥ yeTHa. Mcmosabsosath 3a-
nauu 1667 u 1658 B).
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1677. Pewenue.

a) Bce 60 Bpauienuii, coctapasolKe TPYNNy HKOCA3Apa, yKA3aHbI
B oTBeTe 3aiauu 1662 B). ToxkmecTBeHHOe BpalleHWe SBJASET-
csl elMHULIeH TPYMNIBl U cOCTaBJsieT OAUH Kiacc. ConpsizKeHHble
9J1EMEHTHl UMEIOT OZMHAKOBBIH MOPSALOK. DJIEMEHTAMH NATOrO M0~
psiika siBasitorest 24 Bpaienust Ha yrusl 2kw/5, k = 1,2,3,4,
BOKPYT KaxX[0H M3 LIECTH OCel, NPOXOAALIUX Yepe3 NPOTHUBOIO-
JIo>KHBle BepiiKHbL. [Ton BpalieHreM BOKPYT BeplIMHBI A Ha yroJ
o OyfeM NOHHMAaTh BpallleHWe BOKPYT OCH, MPOXOASIEH depe3
A ¥ IPOTHBOINOJIOKHYIO BEPIIHHY, Ha YroJ ¢ IPOTHUB YACOBOH
CTPEJIKH, €CJIH CMOTPETb BIOJb OCH OT A K NPOTHBOMOJIOXKHON
BepIINHE. ¥ KaXKI0H BEpPIUIMHBI OTMETHM OJMH M3 MJIOCKHUX YTJIOB
¢ naHHo# BepmnHOH. Kaxknoe BpamieHne ukocasipa BIOJHE Xa-
pakTepHusyeTcsl yKasaHHeM BepLIMHBI I3, B KOTOPYylO MepexXoauT
naunas BepiHa A (B MoxeT coBnagath ¢ A), U MJI0CKOro yria
npu B, B KOTOPHIH Ne€PeXOIUT OTMeueHHbIH yroa npu A. [Toato-
My Kaxjoe BpalleHue x, nepepopsuiee A B B, npencrasJsercs
B BHUJE TPOMU3BElEHUS & = Yz, IJ€ Yy MepPeBOAHUT OTMeYeHHBIH
yros A B oTMeueHHbI# yros B; a z eCTb BpallleHHe BOKPYT Bep-
wrHe B Ha yron o. O6parHbiii afeMeHT x ' = z 'y~ ecTh

npou3BejieHHe BpalleHus Z~ | BOKPYT B Ha yroJ —q M Bpaie-

HUS !, MepeBOAAIIEro OTMeueHHLI yroi B B OTMedeHHBIH

yroan A. Ilycte Temepp g — BpalleHHe BOKPYT BepliMHbl A Ha

yrojq o ¥ — J0O0H 3/7eMeHT Ipymmnbl, nepeBonduuit A B B.

[IpencraBnss @ B BUAE NPOU3BEEHUS & = Yz, KAK yKa3aHO Bbl-

le, HaklaeM; 4TO CONPSIKEHHBIH 3JeMeHT ac’lga: = z’ly’lgyz

SIBJISIETCS. TOBOPOTOM CHOBA Ha YTOJl ¢, HO YK€ BOKPYT BepLIHHbI

B. ByacrHocty, ecit A 1 B — MpOTHBOMOJIOXKHbBIE BEPLIHHBI, TO

MOBOPOT BOKPYT B Ha yroJs o coBNajaer ¢ NOBOPOTOM BOKpYr A

Ha yros 2w — c. Takum o6pa3om, Bce BpallleHHs BOKPYT BepLIHH

Ha yribl 27 /5 1 87 /5 NpUHAL/IEXKAT OMHOMY KJaccy COMpsiKeH-

HBIX 3JIEMEHTOB, TaK »Ke KaK W BCe BpalleHHs Ha yribl 4w /5 u

67 /5. TTokaxeM, 4TO BpallleHHsl g1 U g2 BOKPYT BeplIMHb A Ha

yrasl 2w /5 U 47 /5 npuHanexaT pasanuHbIM KaaccaM. Ecau x

nepesomuT A B Ipyrylo BepiiuHy B, T0 £~ 'g12 ecTh BpalleHHe

BOKpYT B u 60 He 6yjer BpaiieHnueM BOKpyr A, muo (ecam

B nporueonosoxxHa A) Gyner BpalleHueM BOoKpyr A Ha yrosa

87/5, 1. e. x ‘g1 # go. Ecan e & — BpamieHue BOKpYT A, To

g1 ¥ T — 3JEMEeHTBl IHUKJIUYeCKOH (M, 3HAYMT, KOMMYyTaTHBHO)

MOArpPYTIBl BpalleH il BOKPYT A, U CHOBa =~ 'g1x = g1 # go.
Hrak, Bce 3/eMeHTH MATOro Mopsiika pa3bHBalOTCs Ha JBa

Kjacca 1o 12 asneMeHTOB. AHAJOrMYHO, OTMeuasi MO MJIOCKOMY
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yIJy KaKJ0H IpaHM W MO BeplIMHe KaxKJIoro pebpa, ybeaumcs,
yTo 20 3/IEMEHTOB TPeThero nopsinka (Bpallenus Ha yrasl 2 /3 u
47 /3 BOKPYT OCeH, MPOXOASILIMX Uepe3 LEeHTPhl MPOTHBOMOJIOXK-
HBIX TpaHell) COCTABJSIOT ONMH KJacc U 15 3/eMeHTOB BTOPOro
nopsnka (BpalleHHs Ha yroJ 7 BOKPYT ocei, NPOXOASIIMX uepes
CepeNMHbl MPOTHBOMOJIOXKHBIX pebep) TakKe COCTAaBJSIOT OIMH
KJacc.

6) HopMaJbHBIH JAenuTeab JOMXKEH COCTOATh M3 LeJBIX KJAacCOB,
JIOJKEH COLEPKaTh eIMHHUILY, U er0 MOPSAOK H0JKeH AeJUTh [0~
psinok 60 rpynmer ukocasapa. 1o MyHKTY a) KJIacchl COmpsisKeH-
HBIX 3JIEMEHTOB cofiepkat cootBerTcTBeHHO 1, 12, 12, 20,15 aJe-
MEHTOB. 1/13 3TUX YUCEJ MOXHO COCTaBUTb JIUIIb IBe CyMMbI,
BKJIIOYaIIre caaraemoe 1 u gessimme yncso-60, umenHo 1 u
60. dto [aer JUIIb [BAa HOPMAJIbHBIX AEJIUTENST — €AHHHUYHYIO
MOATPYIIY W BCIO IPYIIY.

1678. Yxasanue. [pumenuts 3anauu 1662 8) u 1677 6).

1681. Tomomopduam BrosiHe ompefensercss 06pa3oM 006pasyrollero
s/eMeHTa a. Huxke yKaszaHbl BO3MOXKHbIe 00pa3bl 3TOTO 3JeMeHTa:

a) JI0GOH 3JEMEHT TPYMIbl; YHCJAO TOMOMOP(HU3MOB PaBHO n; 0) e,
b3, b8, 1%, b2, 1'% B) e, b, b2, b, B, % 1) e, B°, b'0; 1) e.

1683. a) Llukauueckas rpymnna {p} 4eTBepToro Mopsjka, rie ay =
= a?; ;0) uMkauMueckas rpynna {yp} BToporo mopsmka, Tie ap = a°;
1) TI0JIe BBHIYETOB 110 MOAYJHO D; €) KOJIbLO BBIYETOB M0 MOLYJO 6; 2K) KOJIb-
110 BBIYETOB MO MOLYJIO. 70.

1685. a) Lluxkauueckas rpynna nopsaka n 6) LMK/JAXYecKas rpymnna
nopsinka 5; B) UMKJAMUYECKas TPyNna mopsijaka 6; ) NMKJIHYecKas rpyrnmna
nopsinka 2.

1688. Yxasanus. B caydae r), 1) ¥ 3) paccMOTpeTb 0TOOpaKkeHHe
f(z) = 2™, a B caydae ) — otobpaxenue g(z) = 2" /|z|".

1691. B rpynmne Ss moarpynmna {(12)} umeer uHIeKc 3, HO He cO-
Iep:KHUT s71eMeHTa (13) mopsnka 2.

1693. Ykasanue. [lpennonoxus, uto G/Z — uMK/IHYeCKas rpymnmna,
BEIOpATh B KJacce, CJAysKalleM [Js1 Hee 0OpasyIoLUM 3JeMEeHTOM, 3Jje-
MEHT @ W 10Ka3aTh, UTO ¢ U Z MOpOXKAaloT Bclo rpynmy G.

1694. Pewenue. TlpuMeHUM HHAYKLMIO 110 MOPSAAKY n rpynnsl G.
Jas n = 2 rpynna G — UMK/IMYecKas BTOPOro MoOpsiika, M Teopema
1J1s1 Hee BepHa. [lycTb TeopeMa BepHa 1Jisl BCEX TPYII, MOPSAOK KOTOPBIX
MeHbllle n, © G — rpynna nopsiaka n. Ilycth cHavyana G KOMMYTaTHB-
Ha. Bepem /1060# a/1eMeHT @, OTIHUHBIN OT eqUHHLE! e Tpynnbl G. Ero
nopsinok k > 1. Ecin k nenutcs Ha p, k = pq, 10 aneMeHT a? nme-
er mnopsnok p. Ecan k He nemutcest Ha p, TO Mopsfiok n' (GakToOprpymmbl
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G' = G/{a} rpynne G no umkmueckoit mogrpymnne {a} pasen % < n
u neautcst Ha p. [o mpeanosioxeHuto UHAYKUMH G’ COIEPKUT STEMEHT
b mopsinka p. Ilycte b — ssement rpynnsl (G, BXOAAUMH B CMEXHBIH
kaacc b’'. Us b'P = €', rne ¢’ — enunwna rpynne G, caenyer, uto b?
comepxutes B moarpynne {a}, T. e. b¥ = a', otkyma b** = a'f = e.
Ecin b* = e, To b'* = ¢ u k menutcs Ha NOPANOK p dJeMeHTa b,
4TO HeBO3MOXKHO. 3HaunT, b*P = e, Ho b* # e, T. e. anement b* umeer
MOPSIZIOK D.

[Tyctp Temepp rpynma G HeKOMMyTaTHBHA. Ecau cyriecTByeT OJ-
rpynna H, otnuuHasi ot G, UHAEKC KOTOPOH He IeJUTCS Ha p, TO MOPSIOK
H wmenblie n 1 penutcs Ha p. [lo npennosoxeHuto HHAYKUUU H conep-
JKHT 3JIeMeHT nopsinka p. Ec/n ke MHOeKchl Bcex moarpynm rpymmnsl G,
OTIHUUHBIX OT (G, HeJATCs Ha p, TO YUCJIO 3JEMEHTOB, COMPSXKEHHBIX JIHO-
GoMmy 3JieMeHTy Tpynnbl G, He BXOAsIIEMY B ee LeHTp Z (3amaua 1664),
nemvtest Ha p (samaua 1671). Tak kak mopsiAok m Tpynmbl G Takxke Je-
JIUTCS Ha p, TO W MOPSAOK LEHTpa Z NEJUTCS Ha p U MeHblle n, Tak
kak G HekoMMyTaTHBHA. [l0 MpennosioxKeHWI0 HHAYKUHH Z CONEPXKUT
3J1eMeHT TOPSIAKA P.

1695. Yxazarnue. Bocrniosnb3oBaTbes Mpenblaylieit 3agadei.

1701.

a) {a} ={3a} +{2a};

6) {a} ={4a} + {3a};

B) {a} = {15a} + {20a} + {12a};

r) {a} = {225a} +{100a} + {36a}.

1702. Ykasanue. B ciyuae B) ucnoab3oBaTh 3anady 1700 6).

1703. Yxasanus. a) [IpuHATH COOTBETCTBEHHO 3a A M B MHOXeCTBa
BCeX 3JIeMeHTOB @ U b u3 G, s KoTophix pa = 0 u gb = 0; 6) paccMoT-
peTh pasnoxenus n = piipk? | pFe nopsuka n rpynmsl G Ha mpocTee
MHOXHTEJH ¥ PUMEHHTD ).

) bl
G(2,8,3), G(4,4,3), G(2,2,4,3), G(2,2,2,2,3); M) G(4,3,5),
G(2,2,3,5); n) G(9,7), G(3,3,7); 0) G(8,9), G(2,4,9), G(2,2,2,9),
G(8,3,3), G(2,4,3,3), G(2,2,2,3,3); m) G(4,25), G(2,2,25),
G(4,5,5), G(2,2,5,5).

1705. Ecau Z), — uukaudeckasi rpynna nopsianka k u Z — 0Gecko-
HeuHasl UMKJIWYECKasi TPyTa, TO UCKOMOe MpsSMOe pasjoxkeHue (hakTop-
rpynnsl G/H umeeT BHJ:

a) Za+Za+Zs; 0) Zs+ Za; B) Zo+Zs+Zs; 1) Za+ Zay 1) Za+ 7,
e) Zo+Zo+ Z;, %) Zs; 3) Z+ Z; w) Z; x) G/H — Hynesas rpynna.
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MckoMOro pas/ioKeHHsl He CYIIeCTBYeT.

1706. B) Tpynna G' equMHCTBEHHBIM 00Pa30M Pa3iaraeTcs B MPSMYIO
cymmy noxrpynm: G = Ay + A + -+ + A, rie A; — UMKJIHUYecKas
noarpymnna nopsinka p;. Jlodas nogrpynna H rpynnsl G, oTIH4HAS OT
HYJI€BOH, SIBJISETCS MPSIMOM CYMMOH HeKOTOpbIX M3 moxarpymn A;. Uucnao
BCeX MOATrPYMN paBHO 2°. Ykasanue. Hcnonb3oBaTb MyHKT 6) U MOKa-
3aTh, 4To ecnu h — obpasytowui noarpynnel H, 1o H sBaseTcs npsMon
CYMMOH TeX MOArpynn A;, KOTOpble COLep:KaT HeHyJ/eBble KOMIOHEHTH
sJeMeHTa h.

1707. Ykasanus.

B) Jlis nokasatenbctBa pasaoxkenuss G = H + K B3aTb m0060#
9JIeMeHT a1 BHe H, 3aTeM J1060H aneMeHT az BHe {H, a1} U T. 1.
u nosoxkuth K = {a1,az,...}.

r) Jlo6as noarpynna H nopsinka p' pasnaraetcs B MpAMYIO CyMMy
| LUMKIMYecKMX MoArpynn nopspaka p. IlycTb 310 passoxeHue
MMeeT BHJ

H={ai}+{az} + +{a}.

Haxomum umcno Bcex cucteM .(ai,az,...,a;), ONpeleNeHHBIX
yKasaHHBIM 006pasomM ajs Beex nourpynn H nopsaxa p'. Tak
KaK a1 # 0, To 1151 a1 umeem p® — 1 Boamoxuocredt. Tak Kak
a2 JEXKUT BHE LUKJIMYECKOH moarpymmel {ai}, TO A1 az HUMe-
eM p* — p Bo3MOXKHOCTEl M T. . AHAOTHYHO HAXONLUM YHMCIIO
Bcex cucreM (ai,a2,...,a;), AA0IWKX OQHY rpynny H mnopsia-
ka p'. Uneo Beex MOArpynm nopsiika p' paBHO 4aCTHOMY JIBYX
HallIeHHBIX YHCeJl.

1708. YVxasauue. CHayana paccMOTpeTh caydaidl MPUMapHOH Tpyr-
Mbl, 3aTeM B3ATh Pa3JoXKeHWE TPYIIbl HA MPUMapHble KOMIOHEHTH (3a-
nada 1703 6)) 'u npumenuts 3anady 1700 6).

1709. Kosbno.

1710. Kousbmo.

1711. Kosbno. Ilpu n = 0 nosyuaem HyseBOe KOJbLO, COCTOSILEE
u3 onHoro uncsaa O, KOTOpbIH OyfeT eIUHHIEH KoJsblla M caM [IJs Cce-
651 o6paTHbIM. HyseBoe Kosblio He OyneT moJieM, Tak Kak IMoJe TOJKHO
coziepKaThb 00J1ee OHOTO 3J1eMEeHTa.

1712. Tlone.
1713. Tlone.
1714. Tlone.
1715. Kousblo.
1716. Ilone.

1717. Kouab1o.
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1718. Tlone.

1719. Kousnbro.
1720. Kosnbuo.
1721. Koasblo.
1722. Koasblo.
1723. Kosblo.

1724. Marpuupl ¢ pauuoHaJbHEIMH a, b 006pasyloT moJse, a ¢ Ael-
CTBUTEJIBHBIMU @, b — KOJIbLIO, HO He TOJIe.

1725. MHorouJ/ieHbl OT CHHYCOB M KOCHHYCOB M MHOTI'OUJIEHBI OT Of-
HUX KOCHHYCOB 00pa3yloT KOJIbLIO, @ OT OLHHUX CHHYCOB He 00pasylorT.

Yraszanue. JInst noKasaTesbCTBA, YTO MHOTOYJEHbl OT .CHHYCOB He
06pa3yIoT KoJblia, HCIOJ/b30BaTh TO, YTO NIPOU3BELEHHUE JBYX HEUETHBIX
(byHKUMH siBseTcss (QYHKLHMEH 4eTHOH.

1726. He o6pasyior. Yxkazanue. Vlcnonb3ysi HepHBOAUMOCTb MHO-
rousiena 2® — 2 Haj ToJeM palHOHAJBHBIX  YMCes, 10Ka3aTh, UTO
/2 - /2 = {/4 He mpuHAnIeKUT paccMaTPHBAEMOMY MHOXKECTBY.

1727. (5+93/2 — V/4)/43. Yxkasarue. Jlns 10Ka3aTe bCTBa OLHO-
3HAYHOCTH HCIOJIB30BaTh HETPUBOIMMOCTL MHOTOUIeHa &> —2 Haj| noJem
palHOHANbHBIX uHces. [l OTbICKAHUsT 0OPaTHOTO 3JeMeHTa PUMEHHTh
METOJ HeolpeaeseHHbIX KO(P(PHUIIUEHTOB.

1728. z=' = (19 — /54 11/25)/208.

1729. Ykasanue. Vcnonb3oBaTb CBOHCTBO HENPHUBOAWMOTO MHOTO-
yjieHa ObITb B3aMMHO IPOCTBIM C JIIOOBIM MHOTOYJIEHOM HHU3LLIEH CTeNeHH.

1730. 57! = (101+37a+4a?)/405. Yrasanue. Ecnu p(x) = 2° —
—x+3, TO METOAOM HeONpefieNeHHbIX KO9((HULHEHTOB HAlTH MHOroY/e-
Hbl f1(x) mepBo# cTeneHH W 1 () BTOPOH CTENEHH, yHOBJIETBOPSIOLLNE
paBeHcTtBY f () f1(x) + ¢(x)pi(x) = 1, ¥ NOJOKHUTL B 9TOM PaBEHCTBE
T =a.

1732.
x
Hanpuwmep, fi(z) =
x

1734. Jenutenu uynas umeior Bun (a,0), rme a # 0, u (0,b), rme
b # 0.

1737. Marpuubl, B KOTOPbIX 3JEMEHT B JIEBOM BEpXHEM YTy OTJIH-
YeH OT HyJisl, He OyayT JeBbIMU (HO OyNyT MPaBBIMU) JIEJUTESIMU HYJS.

1738. Ykasanue. PackpeiTh ckoOKH B mpoussenenuu (a + b)(e + €)
ABYyMsl Pa3HBIMH CHOCOOaMH.
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1740. Marpuupl nopsjaka n > 2 ¢ /1eMeHTaM1 U3 JaHHOTO MoJs pU
YCJIOBHH, UTO BCe CTPOKH, HaYHHAsl CO BTODPOH, COCTOAT M3 HyJeH, o6pa-
3YIOT KOJIbLO C HECKOJbKMMH JIEBBIMH €MHULIAMH, a TPHU aHaJOTHUHOM
YCJIOBHM JUJISt CTOJIOLIOB — C HECKOJbKMMH NPAaBbIMU €MHHLAMH.

1742. Yxazanue. TlycTb @ — 3J€MeHT KOJbLA, OTJIUYHBIH OT HYJIS.
[Tokasatb, 4TO COOTBETCTBHE T — A, Ile £ — JIOOO0H 3/1eMeHT, sBJsieTcs
B3aMMHO OJJHO3HAuHbIM O0TOOpa’KeHHeM JaHHOTO KoJblla Ha cels.

1743. Yxaszanue. Vicnonb3oBath 3agauy 1742,

1747. Yxasanue. Halitu matpuusl E, I, J, K, cooTBeTCTBYOLINE
emununam 1, 4, j, k, ¥ NpoBepUTH TabIMIy YMHOXeHHs 15 HUX: [2 =
=l =K'=-E 1J=-JI=K, JK=-KJ=1 KI=-IK =
=J.

1749. Bo3MOXHBI JMIIb JBA TAKHX aBTOMOP(HH3MA: TOXKEeCTBEHHbIH
Y MepeBOAsIINH KaXK[10e UMCJ0 B CONPSIKEHHOe.

1750. Yxazanue. Tlokasatb, uTo JI060€ YKCJIOBOE TOJIE CONEPKUT
4heso 1, 3aTeM Lesible U, HAKOHeL, APOGHbIE HHCIa.

1751. Yxazawnue. PaccmoTpeTh 00pa3bl € AMHHIIbL, LeJbIX U IPOOHBIX
quced.

1752. Ykasanue. Tlokazarb, 4TO TOJIOKHTENbHOE UHCJIO, KAK KBaJ-
paT IeHCTBUTENbHOrO YHCa, EPEXOIHUT B MONOXKHUTEIbHOE. 3aTeM, MOJb-
3ysiChb TeM, UTO MEXJAYy IBYMS Pa3JUUHBIMH AeHCTBUTENbHBIMU UHCJIAMH
JIEXXHUT pallMOHAa/bHOE, U COXPaHEHHEM palMOHAJbHBIX UHCeJ, 10KasaThb
HEU3MEHHOCTb JI0G0r0 NEHCTBUTENBHOTO YHCHA.

1753. Bo3MOXHbI JTHIIb ABa TAKHX O0TOOpPAXKEHUs: TOXKAECTBEHHOE H
nepeBojsiliee JNH060e KOMIJIEKCHOE YHC/IO B COMPSIKEHHOE.

1756. Ilo Mmony.io 3 cucTeMa HECOBMECTHA, a [0 MOAYJIO D OHA MMe-
eT eJIMHCTBeHHOe pelleHue x =2, y = 3, z = 2.

1757. Tlo momy.io 5 cucTeMa HECOBMECTHA, a M0 MOAYJI0 7 OHa hMe-
eT e[IMHCTBEHHOe pelleHue z = 2, y = 6, 2 = 5.

1758. a) z+2; 6) 1.

1759. a) 1; 6) 5z + 1.

1760. a) 2> +z +2; 6) 1.

1761.

a) Pewenue. Tlpennonoxum, uto f(z) u g(x) UMeT Hajl moJeM
paLHOHAJBHEIX YHCes OOLHUH nenutesb d(x) MOJOXKHUTENbHOH
crenenu. Torna f(z) = a(z)d(z), g(x) = b(z)d(z), roe a(x),
b(z), d(z) — MHOTOUJIEHBI C pallMOHAJIbHBIMU KO3((PUIIHEHTAMH.
BeiHocst  ofuipe  3HameHaTenwm W o0mMe  HauOoJblINe
IeJUTeNN 4YHUCauTeNed KOI(P(ULUHEHTOB M MPUMEHsS JeMMy
[aycca o mpou3BeieHHH MPUMHUTHBHBIX MHOTOYJIEHOB, MOJTYUYHM:
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f(x) = ai(x)di(x), g(z) = bi(z)di(x), rme Bce MHOrOUJIEHBI
UMeIOT LeJible KOI((ULHUEHTbI, cTeneHb di(x) paBHAa CTeNeHH
d(x) u crapumit kospduuueHt di(x) He nenurcst Ha p. [lepe-
XOJis1 K TIOJIF0 BBIYETOB 10 MOAYJIIO P, TMOJYYHM OOLIME JeJHTeb
TI0JIOKUTENbHOH cTeneHd aasi f(x) U g(x) HaL 3THM TMOJEM, UTO
HEBO3MOXKHO.

6) Muorounens f(z) = x, g(x) = x + p B3aUMHO TPOCTHI HAJ TO-
JIeM PaLHOHA/bHBIX YHCE/ U PaBHbI T, T. €. He B3aUMHO MPOCTEL,
HaJ{ MoJIeM BBIUETOB 110 MOAYJIO .

1762. Ykasanue. Ecnmu f(x) v g(x) B3aHMHO MPOCTHI, TO, TONYUHB
paBeHctBO f(z)u(z) + g(x)v(x) = ¢, tae u(z), v(r) — MHOTOUMEHDI C
IeJBIMH KO3((PUIHEHTAMH U ¢ — 1eJI0e YHCJIO0, J0KasaThb, uTo f(x) u
g(z) B3aMMHO TPOCTHI HAl TOJEM BBIUETOB IO JIOOOMY IPOCTOMY p, He
LeJISieMy c.

IIpu nokasaresbcTBe 0OPATHOrO YTBEPXKAEHHSE HCIONb30BATh 3aja-
gy 1761.

1763. (z + 1)*(2® +z +1).

1764. (z + 3)(z® + 4z + 2).

1765. (22 + 1) (2 +z +2).
1766. (z* +x 4 1)(2® + 2z +4).

1767. f1 =2°, fo=2>+1=(z+ 1) fs=2>+z=2z(x+1),

fa = 2% + 2z + 1 HenpuBOAKM.

1768. f, = 2, f2:1‘3+1:(23+1)( + +1), fa=a* 4z =
—x($—|—1) f4—a: + 2% =2*(x+1), fs = 2? + = + 1 Henpusonum,
f(;:ac —|—a: + 1-uenpusonum, fr = z° + 2% + 2 = z(z? + = + 1),

fa =z + 22 —|—m+1—(x+1) .

1769. f; =241, fo =22 4+ax+2 fs =22+ 22 + 2.

1770. f1 = 2 4+ 22 + 1, fo = 23 4+ 22 + 2, fs = 2 4+ 2% + 2,
fo=w3 4222+ 1, fs =+ 22 +2+2, fo =23+ +20+1,
fz =22+ 2%+ +1, fs =% +22% + 22 + 2.

1771. Ykasauue. Tlpumensst nemmy laycca, u3 pasnoxenust f(x)
Ha [1Ba MHOXHTE/IS C pallHOHAJbHBIMH KO3(Q(HUIIHEHTAMH MOJYUUTh pas-
JIO)KEHHE Ha JBa MHOXKHTEJS C LeJbIMH Ko huuueHTamu. MHorodseH
f(x) =pz*+(p+1)z+1= (pr-+1)(x-+1) NPUMBOLKM Haj MOJEM PALUO-
HaJIbHBIX YMCeJ, HO 110 MOAYJI p paBeH x + 1 M, 3HAUMT, HENPHUBOIUM.

1772. Pewenue. Tlyctb n — nopsinok rpynnsl G U m — HaUMeHb-
iee o6lee KpaTHOe MOPSIAKOB BCEX ee 3JieMeHTOB. Torna m [ejuT n H
g™ =1 nns Bcex g € G. Ho ypaBHeHne "™ = 1 He MOXeT UMeTb B T0JIe
P 6onee m pewennii. 3Haunt, m = n. [lyetb n = p’fl7 o phe — pas-
JIOXKEHHE M B MPOHM3BENEHHE CTENeHed PasJHUHbIX MPOCTHIX UKCEJ, TOrAa
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a7 Kaxaoro ¢ = 1,...,s B rpynne G cyllecTByeT 3JeMeHT h; MopsiaKa
pf”’qi. dneMeHT g; = h* uMeeT NopsiIoK pfl [To 3anaue 1648 a) snement
g =gi...gs UMEET NOPSJIOK N U siBJIsieTCcst 00pasyomum rpynmnsl G.

1773. Pewenue. CHauana J0KaxKeM JeMMy U3 TeopuH rpynin. Ecau
dsa asemenma a u b yuxkauueckoi epynnot G He asasromces ksadpama-
MU, Mo ux npoussederue 843emcs K8AOPAMOM.

MtuoxectBo H 37eMeHTOB M3 (, SIBASIOUIMXCS KBapaTaMH, eCThb
noxgrpynmna. ®Paxroprpynna G/H unknaudeckasi. Ecmu C = cH — ee
obpasywomuii, To u3 ¢> € H cnenyer C? = ¢*H = H. 3uauut, M
H = G, wan G/H — rpynna BToporo nopsinka u ab € aH - bH = H,
T. e. ab ecTb KBajgpar.

Orciona cjenyert, 4To MO JIOOOMY MPOCTOMY MOAYJIO- p ONHO H3
yucen 2, 3, 6 cpaBHUMO ¢ KBaapaToMm. B camom pene, npu p = 2 uMeeM
2 = 0% npu p = 3 Takxke 3 = 0%, Ecou p > 3, 1012 U 3 MoxHO pac-
CMaTpUBAaTh KaK 3/1eMEeHTbl MYJbTHIIIHKATHBHON TPy bl G MO BEIUETOB
no moayaio p. CorsacHo 3anade 1772 rpynna G — UMK/HYecKasi, U MO
JleMMe, JI0OKa3aHHOW BbIllle, eci 2 ¥ 3 — HE KBajapathl, TO 23 = 6 —

KBajpar.
MHorouJjieH
f@)=(x—V2—=V3)(z —V2+V3)(x+ V2 - V3)(x+V2+V3) =
=z' —102% +1

HENIPUBOAMM HaJ M0JIeM PAlHOHANBHBEIX UHCEJ, TaK KakK JHHEeHHble MHO-
JKUTENM U UX NPOU3BEIEHHS 110 1Ba He SBJSIOTCS MHOrOUYJeHaMH C pa-
LMOHANbHBIMU KO3 (hHULIEHTAMHU.

[lyctb Z,, — moJie BLIYETOB 110 NpocToMy Mozyito p. [To nokasaHHOMYy
CyleCTByeT 3JeMeHT a € Zp,, AJs KoToporo a® = 2, unu a® = 3, Wiu
a? = 6. Ecitv a® = 2, 10 2* — 102> + 1 = (2 + 2ax — 1)(2* — 2ax — 1);
ecan . = 3, 10 x* — 102% + 1 = (2? + 2ax + 1)(z? — 2ax + 1); ecaun
a® =6, 10 2* — 102° + 1 = (2° — 5 + 2a)(z*> — 5 — 2a).

1774. Yxaszanue. TlokasaTh, 4TO ecid a = ae, TO e — eIUHHULIA.

1775. 2a) a = p B KOJblie BLIUETOB MO MOAYJIO p°; 6) @ = p B KOJbLE
BBIUETOB 110 MOAYJI0 p'. 31ech p — Ji06oe unco, Gobliee 1.

1779. Yxasauue. Ilns uucaa z = a + by/—3 BBecTd Hopmy N(2) =
= 2-Z = a®>43b*. Jlokasats, uto N(z1-22) = N(21)N(z2), 1 nanHoro
M > 0 cyiiecTByeT JIMIIb KOHEUHOE MHOXKeCTBO uHcen z ¢ N(z) < M,
JeJUTeNMH eMHUIBl SBJSI0TCA JUllb £1, neJuTesb z ¢ HaUMeHblIeH
HOPMOH, GoJiblIel 1, siB/IseTCS NPOCTBLIM.

1780. Yxasanue. HeoOpaTumblii a/1eMeHT NpeoOpa3oBaHUs HEU3BECT-
HOTro TepeBeCTH B MHOT'OYJIEH CTEINEeHU 6ouJiblie ABYyX.
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1781. a) Wpeas; 6) MOAKOJBIO; B) WIeas; T) He SIBJSETCs TMOATPYTI-
10# aIUTHBHOH TPYIIIb; ) NOAKOJBLO; €) NOATPYINNa aaAuTHBHOK py-
bl 2K) Wjeas; 3) NOAKOJbLO; H) Maeas; K) Hieas; J1) He BJISeTCs MO/~
IPyNNoH afJAUTHBHON TPYIIIEBL.

1785. ¥Yxasanue. Ilokasatb, 4To /110000 Haean I nopoxnaercs cBo-
UM 3/JeMeHTOM a, OTJIMUHBIM OT HYJs M HaHMeHbIUMM B CJelylolleM
CMbICJIe: a) 1o abCOJIIOTHOM BeJMuMHe; 6) MO CTeNeHH; B) MO MOAYJIIO.
B KaXIoM CJydae WCIOJb30BaTh CyLIECTBOBAHHE MNEJEHHs C OCTATKOM
Ha 3JeMeHT b # 0, puUeM OCTATOK /M PaBeH HYJIO, UM MeHbLIE Jle-
JINTEJs1 B YKAa3aHHOM BBbILIE CMBbICJIE.

1791. Ecau ne # 0 nas modoro n # 0 U3 Z, 10 ¢ — H30MOP(HU3M,
i p(Z) usomoppuo Z. Eciu ne = 0 mast Hekotoporo n # 0 U3 Z u
no — HaMMeHbllee MOJOXKHUTENbHOE YHUCI0, AJsI KOTOporo noe = 0, TO
©(Z) 130MOpP(hHO KOJIbLY BEIUETOB MO MOAYJIO M.

1792. 6) UeThipe cMeXXHBIX KJacca, COCTOAMMe M3 yHcea a + bi co
cBoiictBaMM: 1) a U b yeTHBI, 2) a 4YeTHO, a b HeyeTHO; 3) a HEueTHoO, a
b uetHo; 4) a u b HeuetHbl; B) knacc B, comepxawmuii 1 + i, sBasercs
JeauTeNeM HyJsi, npuuem B2 = 0.

1799. Yucno 3/1eMeHTOB paBHO. ™.

1800. 1. R — KoJbLO C JEJNUTeIMH HYJ/sd, paccMaTpuBaeMoe Kak
MOAYJIb HaZl caMUM COOOH, A\ M @ — AeJUTe]H HYJd, /5 KOTOPBIX Aa =
= 0. 2. G = {a} — umkanueckas rpynna nopsnka n (¢ agIMTHBHOH
3aMUCBIO OTepalyHu), paccMaTpUBaeMast Kak MOLYJb Hal KOJIBLOM LEJbIX
yuces. Torna na = 0.

1804. Yxasarue. Tlpumenuts 3anauy 1647 B).

1807. 6) IycTb a u b — 1Ba pasIHUYHBIX 3JeMeHTa BTOPOro MOpAaKa
uetBepHOl Tpynnel (cM. oTBer 3amaun 1638 6)). Eciu paccmaTpuBaTth
3Ty TpyNNy Kak YHUTApHBIH MOMY/b Hal KOJBLOM LieJbX uucea (mpu
OOBIYHOM yYMHOXKEHHH 3JIeMEHTOB rpymnmnbl Ha uucaa), o O(a) u O(b)
COBIAJAI0T C MHOXKECTBOM YeTHBIX uuces, HO {a} # {b}.

1808. Ykaszarnue. JlokasaTb, 4yTo MHOXKecTBO I Bcex A\ € R, mis
KOTOpHIX Aa € A, ecTb naean Kosabua R.

1809. MHuoxecTBo A BCeX 3/1eMEHTOB C KOHEUHBIM UHCJOM HeHyJle-
BbIX KOMIIOHEHT.

1810. 6) ITpumep I. B Kosblie Zg BHIYETOB M0 MOAYJIO 6 Kak MOyJIe
Hal caMHUM cO0OH 3JeMeHThl 2 W 3 SBJSIOTCS MePUOIUUECKHMH, a HX
CyMMa 5 He SIBJISIETCS] MEPHOLHUECKUM 3JI€MEHTOM.

IIpumep 2. Tlyets R — Kosblo nap (z,y), roe £ U y — LeJble
qpcia, a CJI0XKEHHe M YMHOXEHHe Iap MPOM3BOASTCS 110 KOMIIOHEHTaM
(3amaua 1734). Anementsl a = (1,0) u b = (0, 1) ABAAIOTCA AJUTENIMH
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nyas. Ecan R paccmarpuBaTh Kak MOLYJb Haj caMMM coboi, To a U b
GyAyT MepHoavYeCKUMH 3/1eMeHTaMHt, Tak Kak O(a) — MHOXKeCTBO BCeX
nap Buza (0,y) u O(b) — Bcex nap Buna (x,0). Ho snement a+b = (1, 1)
“MeeT nopsinkoMm HyseBo# anement (0, 0).

1811. Yxasanue. Tlonoxuth o = 5, S = [('d ¥ nokasaTb, 4yTo
o'B'8(a+b)=0uayb=0.

1812. Ykxaszanue. IlokaszaTb, uto M ecTb mpsiMasi cyMMa HeHYJIEBBIX
noaMonysaed M;, KaxKAbl U3 KOTOPBIX COCTOMT M3 BCEX 3JeMeHTOB M,
MOPSIIKH KOTOPBIX MOPOXK/AEHb! CTENEHsIMH MPOCTOr0 djeMeHTa p; U3 R.

1813. Ykazawnue. PaccmoTpeTb 00benuHeHue mMopynei M.

1819. Ykaszanue. Ilokasath, uto b — A-+b ecTb roMmoMopdHoe 0T06-
paxenue B Ha (A+ B)/A, v IpUMEHNUTb TeOpeMy 0 TOMOMOP(HU3MAX AJIst
MopyJeH.

1820. Vxasanue. Ilpumenutb uHaykuuio no n. Ilppy n = 1 npu-
MeHuTh 3agauu 1815 u 1818. Ilpu n > 1 mpedanonoxurtb, 4yto B M
cyllecTByeT OeCKOHeUHas BO3pacTalollasi LeNb Pa3iHYHBIX MOAMOAYJeH
My C Mz C ..., monoxuts A = {z1}, B=;o, My, Mi = M;NAwn
oKasaTh, 4To Lenb M, crabunusupyercst Ha Hekotopom M, = AN B.
3arem mpuMeHHTH TeopeMy 06 uzomoppusme (cM. samady 1819) u uc-
M0JIb30BaTh TO, UTO (pakTopMonyib M /A umeer n — 1 06pasyomiux.

1822. Yxasanue. Tlpu mokasarenbCTBe MyHKTa 6) pacCMOTPETDH Bbi-
paxenue (1+1)(z +y).

1823. B) IlpocTpanctBo V' 6ecKOHEUHOMEpHO.

1825. Yxazawnue: JlokasblBaTb M0 WHAYKIHMH WJH TOJNOXKHTb B JIH-
HeiHOM COOTHOWeHMH = = 1,2,2% ... 2" 1,

1826. Ykasanue. B ciydasx B), ), 1) auddepennuposarth 1Ba pasa
¥ MPUMEHHTh HHAYKUHIO.

1827. Yxazanue. Vicnionb3oBaTb onpepnenutesb Banaepmona.

1829. PasmepHocTb paBHa C,f;nlfl = C”,§+n,1. Yxkasanue. Baatb

Qn

3a,6a3y BCe OfHOUJIEHBI M KAXKJIOMY OIHOUIEHY BHIa x|, x52, ..., To
[TOCTABUTH B COOTBETCTBHUE CTpOKy

1...1x11...1a2...1...12,.
N = N——

aq pas ag pas ap pas

k

1830. Cy ..

Yrasanue. Tlonoxutb x; = yyj}l M CBECTH K Tpeablayllel 3ajaue.
n

1831. 6) Pasmeprocth L paBHa n; B) pasmepHocTb Ly paBHa n —
—k+1; r) L' ne sBasieTcst MOANPOCTPAHCTBOM.

1832. Yxazanue. Tlpn nokaszaTesnbCTBe HEOOXOAMMOCTH MOJYUHTH
pasenctBo B = CA, rne C — HeBbpoXJeHHas MaTpula U3
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K03((PUIHEHTOB B BhIpaXkeHusix cuctembl (2) uepes (1). pu noxkasaTesn-
CTBE JOCTAaTOYHOCTH MPHUMHCATh K MaTpulle A CHH3Y CTPOKY KOOPAHHAT
BeKTOpa b; W, BHIUKC/ISAS PAHT METOIOM OKalMJeHHUs], 0Ka3aTb, YTO PaHT
MoJy4eHHON MaTpHulbl paBeH k.

1836. r) Ilyctb Ha naockoctd Oy L = Oz, M = Oy, L' — qo-
Gasi mpsiMasi, IPOXOAsIIasl uepe3 Haualo KOOPAUHAT U OTJIHMYHAS OT Ocel,
(1 — mnpoekTHpoBaHue Ha L mapannenbHo M, p2 — TPOEKTHPOBaHHE
na L' napannensno M. Torna pipa = p1 # @2 = @a¢p1. Yenosue (3)
He BBITOJIHEHO, HO @12 U @21 SBJASIOTCS MPOEKTHPOBAHHBIMH.

Ykasanus. 6) TlokasaTs, UTO €C/IM (1 U @2 UAEMIOTEHTHBI, TO P71 +
+ 2 HIEMIOTEHTHO TOra M TOJNbKO TOrHa, Koraa @iz + @ap1 = 0.
YMHOXKas 9TO PaBEeHCTBO CJeBa W CIIpaBa Ha i1, J0KasaTb €ro IKBH-
BaseHTHOCTL ycaosuio (1). B) Mcnoansys a), cectu B) K 6). r) Us
P1p2& = T BBIBECTH @1& = @2& = x. 3aTe€M MHCIONb30BaTh Mpe.-
CTaBjieHHe T = w2 + (€ — 2)T.

1837. Ykasanue. Pacemorpets (o(x1 + x2),y) U (p(Ax),y).

1838. 11/10.

1839. Ecan L — moanpocTpaHCTBO BCEX BEKTOPOB, y KaXKAOTO M3
KOTOPBIX JIMIIb KOHEUHOE YHUCJI0 KOOPAMHAT OTJIHUHO OT HyJs, To L* =
=0, L+L*"=L#V, (L") =V #L.

1841. Ilyctb A — marpuia npeo6pa3oBaHUsl B OPTOHOPMHPOBAHHOM
6asuce. a) [IoBOPOT MIOCKOCTH Ha HEKOTOPBIH Yrosl BOKPYT Hauana Koop-
IuHaT, ecan |A| = +1; 3epkanbHOe OTpaKeHHe MIOCKOCTH B HEKOTOPOH
NpSIMO#, IPOXOAsLLel uepes Hauano KoopauHar, ecau |A| = —1. 6) Ilo-
BOPOT MPOCTPAHCTBA Ha HEKOTOPBIH YTroJ BOKPYT OCH, POXOAsiIed uepes
Hayas0 KOOpAHHAT, eclH |A| = +1; noBopoT, yKasaHHbIH BbILLE, C T0CTe-
IYIOIIUM 3€DKajIbHbIM OTpaxK€HHeM IIPOCTPAHCTBA B IJIOCKOCTH, MPOXO-
Isiled yepe3 Hauyaso KOOPAMHAT W MepHeHIUKYJ/ISPHOH K OCH BpallleHHs],
ecan |Al =-+1.

1842. [ToBopoT BOKpyr ocH, ompeneneHHo# BekTopom f(1,1,0) Ha
yrosi.aw = 60° B OTpPULIATEIBHOM HAIPABJIEHHH.

Yraszarnue. Bextop f uiueM Kak COOCTBEHHBI BEKTOp, MpHHAAJIEKA-
IUH cOGCTBEHHOMY 3HaueHHIO 1. YTos1 MOBOPOTa v HAXOLUM M3 YCJIOBHS
2cosa+ 1 = a1 + a22 + a33, NOJNYyUYEHHOTO U3 MHBAPUAHTHOCTHU CJeaa
MaTpHuLbl peobpa3oBaHusi . JlJsi onpeneseHns: HaNpaBJeHHs] TOBOPOTA
GepeM BeKTOp, He JieXkallui Ha OCH BpAlleHHsi, HATIPUMEp e1, ero oopas
pe1 W BeKTOp ocH f, W HILeM 3HAK ONpeNe/NTe/s U3 KOOPAHHAT 3THX
TPeX BEKTOPOB, T. €. OPHEHTALHIO TPOHKH BEKTOPOB e1, pe1, f.

1843. a) Hynesoe npeo6pasopanue; 6) MOBOPOT Ha yroa 7/2 B To-
JIO)KUTENbHOM HJIH OTPULIATENbHOM HaNpPaBJEHHH C MOC/IeAYIOWIHM YMHO-
JKEHHeM Ha HEeOTPHLATEJbHOE YHCIO; B) ¢x = a X x. [Ipu a # 0 npe-
o6pa3oBaHue @ CBOLMUTCS K MPOEKTHPOBAHHIO BEKTOpa & Ha MJOCKOCTD,
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MePIIEeHANKYSPHYI0 K BEKTOPY @, TOBOPOTY BOKPYT @ Ha yroJ m/2 B
MOJIOKHUTENbHOM HalpaBJeHUH U YMHOXKEHHIO Ha IJIMHY a.
Ykaszanue. PaccMoTpeTh MaTpuIly Mpeo6pa3oBaHUs ¢ B OPTOHOPMH-
0

a2 a3
poBaHHOM Gasuce A = ( —aiz 0 az3 ) ¥ MoJoXKHUTH @ = (a1, az,as),
—a13 —a23
rae a1 = —aszs, a2 = —a31 = ais, a3 = —aiz.

1844. Yxasanue. Ilpu n0KasaresbCTBe JOCTATOYHOCTH PACCMOTPETh
ckansipHoe mpoussesenue (p(x +y),x + y).

1845. Yxkazanue. Haiitu 6asuc ei1, ez, ..., €n, I KOTOPOLO
ller)=1,l(ex) =---=1(en) =0.

1848. Ykasanue. Ilpeanonoxuts, uto li(a) # 0, l2(b) #0; u pac-
CMOTpeTb BeKTop a + b.

1849. Ykasanue. Jlokasatb, uto ecau b(x,y) # 0, 10

Li(x)  hL(y)
b@) ~ by 7"

Paccmotpers mpoussenenue (I(x) — Ala(x))l2(x) ¥ mpuMeHHUTH 3ana-
gy 1848.
1850. Yxazanue. IlpumennTs 3anaun 1846 u 1849.

1851. ¥Vxasanue. IlpumenuTsb sanauy 1848.

1852. Yxaszanue. [1onoxkuts y = € — % .

1853. Vkasanue. Jlnsi HeHYNEBBIX (QYHKUHE B3sITb BEKTOp @, He Jie-

Kalui B S, MOJOXKUTD A = f;(g) ¥ TIPUMeHHTh 3afauy 1852 6).

1854. a) OnHOMOMOCTHBIH rUMepGONOUT; 6) NBYMOJOCTHBIH THMEp6O-
Jnoun. Yxasarnue. IlepeliTi K OQHOPOAHBIM KOOPAHHATAM.
1856. Ecau e, . .., e, — nopmanbHblii 6asuc (B koTopom f(x) 3anu-

CBIBAeTCsl KBaJlpaTHIHOM (OPMOi HOpMaJbHOrO BUaa), puueM f(e;) = 1
(t=1,2,00.0p), flej) ==1 (G =p+1,....7), flex) =0 (k=7r+

+1,...,p), T0 32 UCKOMBIH GasuC MOXKHO B3ATh, HaNpUMep,
fi=ei+epn (i=1,...,p);
fi=-er+te G=p+1,....7);
fr=ex (k=r+1,...,n).

Ykazanue. JlokasaTb, 4TO BEKTOPEI

fij:ei+ej (i=1,...,p; j=p+1,...,7r);
gij:ei_ej (Z:177p7 ]:p+1,,7"),
hy = e (k=r+1,...,n)

M30TPOIHEl U Yepe3 HUX BBIpaXKaeTcsl 6a3uC e, ..., en.
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1857. Yxasanue. Ucnonbsosars 3amaun 1306 u 1856.

1858. Yxasanue. PaccMoTpum ciydaii 6) npu ycsioBuu p < q. B3ss
sanuch f(z) = 2 + -+ + a5 = xo — - — Thy, HOPMOH HOpMasb-
HOTO BH[A, TPOBEPUTD, UTO K COMEPIKUT MOATNpPOCTpaHcTBO L, 3amaHHoe
ypaBHEHUSIMU

331—331;4,.1:0,...,3,’1;—3321;:0, $2p+1:0,...,l‘p+q:0, (1)

npuueM pasMepHocTb L paBHa n — ¢. 3aTeM NpPeANONOXKUTh, 4To K co-
JEPXKHUT MOANPOCTPaHCTBO L' pasMepHOCTH s > m — ¢, 3a1aHHOE ypaBHe-
HUSIMU

Zaijxj:O (i=1,2,...,n—3s), (2)
j=1
IlO6aBI/ITb K HUM ypaBHeHI/IS{
431:0,...,3,’1;:0, $p+q+1:0,...,l‘n:0 (3)

W NIPUHTH K NPOTHBOPEUHIO.

1859.
a) Pewenue. Ecin f(x) B moaxomsiueMm Gasuce 3amucatbh B HOP-
MaJjIbHOM BH[E, TO YPaBHEHHE MOBEPXHOCTH S 3alULIeTCs TakK:

w?+~--+x§—x§+1—-~~—xi:1. (1)

Ecnu p =0, To Ha S HeT nelicTBUTENbHBIX ToueK. [Ipu aTOM
min(p — 1;¢) = —1. Teopema BepHa, €C/I CYUTATb PA3MEPHOCTD
MyCTOro MHOXKeCTBa paBHOH —1.

[Tlyete p > 0. Torma Ha S uMelOTCS TOYKM, HampUMep
(1,0,...,0), 1. e. Hy/J1BMEpHBIe MHOr006pa3usi. [Tycte P — MHO-
roo6pasue MakCHMaJbHOH pasmepHocTH k, BXoasulee B S.
P 3anaetcs cucteMod n — k JIMHEHHO HE3aBUCHMBIX YpaBHEHHH

Zaijwj:bi (i:1,2,...,n—k). (2)
Jj=1

OTa cucTeMa He MOXKET ObITb OLHOPOAHOH, TaK Kak HyJeBoe pe-
meHue He ynoBJeTBopsieT ypasHenuto (1). Jlis mpocToThl mpej-
MOJIOXKKM, YTO Olpene/uTenp d mnopsinka n — k U3 Koapduuu-
€HTOB IPH MePBbIX 7 — kK HEU3BECTHBIX OTJIMUeH oT Hyss. Torna
obmiee peurenue cucteMsl (2) MOXKHO 3amucaTh Tak:

Ti = Ci,n7k+l~rn7k+l+' . '+Cin$n+Ci,n+1 (Z = 17 27 sy n_k)

(3)
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Paccmotpum (n + 1)-mepHoe mpocTpancTBo V ,y1. Bepem B
HeM /000U 6asuc W cuuTaeM, uto V', HaTAHYTO Ha NepBble N
BEKTOPOB 0asHuca.

PaccMOTpHUM OHOPOIHYHO CHCTEMY YpaBHEHHH

n
Zaijxj—bia:n+1:0 (121,2,...,11—]{); (4)
j=1
Ko3(phuuMenTsl Takue xe, Kak B (2). Ee obuee pemenue nmeer
BUJ

Ti = Cijn—k+1Tn—k+1 T "+ CinTn + Cint+1Tn¥1 (5)
(i=1,2,...,n—k)

C TakUMH XKe Ko3(pduurentamu, Kak B (3).
3areM paccMoTpuM KoHyc K, 3aiaHHbIH ypaBHeHHeM

2 2 2 2 2
T4 Ty —Tpy — = Ty — Ty = 0. (6)

Jokaxem, uto (k + 1)-mepHoe noanpoctpancto L, 3anaH-
Hoe cuctemoii (4), nexut B KoHyce K. JIo6oe pelieHne CUCTEMbI
(4), B KOTOPOM Ty 41 = 1,-TIOCHE OTOPACBIBAHUS Typ41 HAET Pe-
wenue cucteMbl (2), T.'e. Bektop U3 P C S. Ho Takoe peluenue
ya0BeTBOpPsieT ypaBHenuio (6) u, snadut, nexutr B K.

Eciu = — io6oe peuenue cucteMbl (4), B KOTOpOM
Tnty1 = a #0, TO éw € K, otkyna ¢ € K. Ilyctb & =
= (01,5 Qnk, ki1, -, 0n,0) — pemenue cuctembl (4)

¢ Tn+1.=0. Cymectsyer pemenre ' cucremsl (4), B KOTOPOM

CcBOOO/IHbIE HEM3BECTHBIE UMEIOT 3HAUeHHUSs

1
Tp—ktl = On—kglyerry Tn=CQn, x"H:f (1=1,2,...).

Us dopmyn (5) scuo, uro lim; .. &' = z. Ilo HokasaHHOMY
Buie ' € K. Ilepexons B paseHctse (6) mocie NoiCTaHOBKH B
HeM KOOpAHMHAT &' K mpefesy npu [ — oo, nonyuum x € K.
HUrak, L C K. Vupexkcol uHepuun K paBHB p,q + 1.
[To 3anaue 1858 k+1 < min(p,g+1), otkyna k < min(p—1, q).

[Tycts K’ — KoHYC ¢ ypaBHeHHeM
ix%i---—xi+1—--~—xi:0, (7)

rJe 3HaK{h COBMAJAlOT CO 3HAKAMH COOTBETCTBYIOIIMX UJIEHOB
ypasuenus (1). Corniacuo 3anaue 1858 konyc K’ comepxut nop-
npoctpancteo L’ pasmepHocTd k = min(p — 1, q), Jexaiiee B
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MOANPOCTPaHCTBe ¢ ypaBHeHHeM x1 = 0. Bospmem B V', Bek-

Top ag = (1,0,...,0). Torna S comepxut MHOroo6pasue P’ =
= ao + L' pasmeproctu k = min(p — 1,q). Yrepxuenune a)
JI0Ka3aHo.

6) Ykasanue. Tlpu 7 < n cBecTH 6) K a) B T-MEPHOM NPOCTPAHCTBE.
1860.2) 1;6) 0:8) 1;r) 0; n) I;e) I; k) n—1;3) n—2wu) 0; x) 1,

ecan n > 2, 0, ecan n = 2; 1) 1; M) Lenas yacTb "7*1 WJIu %n— 1, ecan
1

7 Y4eTHO; 5(n — 1), eciu n HeyeTHo.

1861. 6) JVxasanue. HaliTu cucTeMbl TMHeHHBIX ypaBHeHWH, 3ana-
IOLIKX JIEBOE U TpaBoe SIAPO.

1862. Basuc L{ o6pasyer Bektop (3,—1), a 6asuc Ly — BeKTOp
(2,-1).

1863. 6) Vxasanue. Ilyctb 1 < r < n. Baars ¢yukumMio, MaTpuua
KOTOPOH B HEKOTOPOM Gas3nce UMeeT B JIEBOM BepXHEM. YTy KBaApaTHYIO
HEBBIPOXKIEHHYIO KJETKY TOpsiiKa r, He SIBJSIOLLYIOCT HU CUMMeTpHUe-
CKOH, HM KOCOCHMMMETPHUYECKOH, a Ha OCTaJbHBIX MeCcTaX — HYJH.

1864. Ykasanue. Vcronb3oBaTh HyJeBOEe MOANPOCTPAHCTBO (PYHK-
unn b(z,y).

1865. Yxazanue. TlokasaTb, 4TO KOOPAHHATH BCEX BEKTOPOB U3 L™
VIOBJIETBOPSIIOT MaTpPUUHOMY ypaBHeHHi0o BAY = 0, rie A — marpuua
b(x,y) B HeKoTOpOM Gasuce mpoctpaHcTBa V,,, B — maTpula, 1Mo cTpo-
KaM KOTOPOH CTOSIT KOOpAMHATBHI JtoGoro 6asuca moanpoctpancTsa L B
naHHoM 6asuce V,,, Y — cronbel KoopauHat BekTopa y € L* B TOM ke
6asuce.

1866. [lepsoe dokasamenrvcmso.

Tak kak b(x,y) # 0, HO b(x,xz) = 0, TO CYUIECTBYIOT BEKTOPHI
1, T2 Takue, 9T0 b(x1,T2) # 0. YMHOKAs ONMH U3 3THX BEKTOPOB HA
m, TIOJIYYHM BEKTOPHI €1, ez, AJIsI KOTOpbIX b(e1, e2) = 1. BekTophl
e1, ey JUHENHO HE3aBHCHMBI, TaK Kak eciu ez = aei, To b(e1,e2) =
= ab(ey, e1) = 0. Ilycrs Ly — gByMepHOe MOAMPOCTPAHCTBO, HATSIHYTOE
Ha ey, e2 U Ly — MHOXKeCTBO Beex y € V,, Takux, uto b(x,y) = 0 s
qioboro € Li. Ilo 3anaue 1865 Ly — MoanpocTpaHCTBO pa3MepHOCTH
> n — 2. [lepeceuenuie L1 u Lo cOLep:KUT JHUIIb HYJNEBOH BEKTOp, TaK
Kak, ecnmt & € L1, 10 & = aje; + azes. Ecim @ € Lo, 1o b(er, x) =
=b(e2,z) =0ub(e,e1) =b(ez,e2) =0; b(e1, e2) = —b(ez,e1) =1,
otkyna a1 = 0, aa = 0, * = 0. Tlo 3anaue 1296 pasmepHocTb Lo
paBHa n — 2 u V,, ecTb npsamas cymma Ly u La. Eciu Ha Lo eue
b(x,y) # 0, To, KaK Bbille, CYLIECTBYIOT BEKTOPH €3, e4 € Lo, mJs
KOTOpHIX b(es, eq) = 1 u 1. 1. [Tocsie KOHEUHOTO YKC/IA [IATOB MPHUIEM K
noanpoctpancTBy Ly 41, Ha KotopoM b(x,y) = 0. Eciu L1 HeHyJeBoe,
To GepeM B HeM /060N 6a3uC €2k1,...,€En. BEKTOPH €1, €2, ..., €y
00pasyIoT UCKOMBIH 6asuc.
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Bmopoe dokasamenocmso.®

OTo 10KA3aTeJbCTBO AAeT MPAKTHUECKHH METOI HAXOXK/EHHS HeBbI-
POXKIEHHOTO JIMHEHHOTO MPeoOpa3oBaHKsT HEU3BECTHBIX, MPUBOASIIETO
JNaHHYI0 OWJIHHEHHYI0O (OPMYy K YKa3aHHOMY B 3ahade KaHOHHYECKOMY
BULLY.

Ilycrb B Hekotopom Gasuce b(x,y) = > 7', , ai;jTiy;. 3a cuer us-
MEHEeHHH HyMepaluu HEeHW3BECTHLIX MOXKHO CUHUTATb @12 # 0. 3aHI/II_H€M
(opmy B BHIE

b(x,y)=z1(a12y2+--+a1nyn) —y1(a12224 -+ a1,2n) +b1 (z,y)
¥ COBEpIINM HEBLIPOXKIEHHOe MPeo6pasoBaHHe HeM3BECTHBIX
i =21, X9 =a12T2 +cc+ Qan, T3 =Ts,.. T = Tn
¥ TaKoe ke Mpeo6pasoBaHHe A1s y;. [logyunm
b(z,y) = hys — 2ys + b2(2,9).

Ecau ba(x,y) He comepKuT b, yh, TO NMOCTyNmaeM ¢ Hefl aHaJOTHy-
no. Mnaue ba(x,y) = Y7 ,_, aj;aiy;, THe ay, # 0 ans mexoroporo k,
2 < k < n. CoBeplIMB HeBbLIPOKAEHHOE NPe06pa3oBaHHe HeM3BeCTHBIX

"o ! ! ! i ! n / " A
Ty = X1 — A23T3 — *** — A2pTyp, Ty = T2y, Ty — Tp

W Takoe xe mpeobpasopanue y,, noayuum b(x,y) = x{yy — xyl +

+bs(x,y), tae bs(x,y) He conepxut x7, x4, yi, y4 . Ecam bs(x,y) # 0,
TO MOCTYNaeM C Hell aHaJOTHYHO.

1867. b(x,y) = uiv2 — u2v1 + Usvs — U4V3; U1 = T1 + 34,
Uz = T2 + 203 — X4, u3 = X3, us = 6T4 U TaKoe XKe BbIPAXKEHHE v;
yepes Y.

1868. b(x,y) = wiva — uzv1 + usva — uavz; w1 = 1 — 4,
Uz = T2 +2x3, U3 = T3, us = —8x4 U TAKOE XKe BbIPaXKEHUE v; Yepes Y.

1869. Ha marpruHOM 5i3bIKe TOJTyyaeM yTBEpKAeHHe: JJIsT TOrO 4To-
Obl, fIeHCTBUTENBHAST CHMMeTpPHUecKkass MaTpuua A Obla OPTOrOHAJbHO
nono6Ha MaTpule, Y KOTOPOH BCe 3J1EMEHTHI IVIaBHOH AHAroHasld paBHBI
HYJ10, HEOOXOIUMO U I0CTATOUHO, UTOObI clefl A OBl paBeH HYJIO.

Ykasanue. Ilpu nokasaTesbCTBe AOCTATOUHOCTH NPUMEHHTb HHAYK-
uuio o n. Ilpy n > 1 B3sATb J11060H OPTOHOPMHUPOBaHHBIH 6asuc f,
fo ..., f,. Ecu oH He JIeXHT Ha KOHYCe, TO 110Ka3aTb, YTO CYyLIECTBY-
o1 BekTopul f;, f;, nas xotopwix f(f;) > 0, f(f;) <0, u 3a neppuiii
BEKTOP HCKOMOT0 6a3uca B3sTb BEKTOpP €1, NOJyYeHHbIH HOPMUPOBAHHEM
sektopa f, + Af;, rne A nafineno us yenosus f(f; +Af;) =0.

j’

6 Masvyes A. H. OcHosel JuHeiHO# anreGpsl. — 2-e usia. — M.: Toctexussar,
1956, c. 217.
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1870. ¥Yxasanue. TIpuMeHHTb CBOHCTBO: YeTbIpe pa3/MYHbE TOUKH
TOTZA M TOJNBKO Toraa o6pasdyloT napasjesorpamm, KOTAa HMX panuyc-
BEKTODPbI YAOBJIETBOPSAIOT YCJAOBHIO X1 + X3 = X2 + X4.

1875. x1 = —1 + 3t1 — 4to, 10 = 2 — t1 + t2, x3 = t1, T4 = to.

1876. xr1 = —%-F%tl—‘r%fa, xro =11, T3 = 3—4132, T4 = 0, T5 = t2.

1877. 321 — 22 — 23 =8, 11 — 2202 + x4 = 3, bx1 — 2220 — 15 = T.

1878. x1 —4xo +x23+2=0, 201 — 322 —24+7=0, 321 — Hxs —
— x5 +8=0.

1882. IlycTb 7 ¥ 1’ — COOTBETCTBEHHO PaHTH MaTpPHIL

a1 b1 ar b1 a dv
l
A= az b2 Cc2 U A = az b2 C2 d2 ;
az3 bz c3 a3 b3 _c3 ds

Tij W rj; — COOTBETCTBEHHO PAHTH MATPHIL U3 ¢-f M j-H CTPOK MaTpHUIL
Aun A
BosmokHBI cienytoliye nATh caydaes, A5 KOTOPbIX HEOOXOLHUMBI
JIOCTaTOYHbl yKa3aHHbIE 3HAYEHHUS] PAHTOB:
1) Tpu MJIOCKOCTH MPOXOAAT Uepes OfHy TOUKy: 7 = 71’ = 3;
2) TpM MJOCKOCTH HE MUMEIOT OBLIMX TOYeK, HO MOMapHO MepeceKa-
1oTcs Mo mpsAMbIM (06pasyioT mpusMy): © = 712 = 113 = rag = 2,
r =3;
3) JZBe MJIOCKOCTH MapajylesibHbl, a TPeThs UX MepeceKkaer: riz = 1,
7 =rlo =713 =7re3 = 2, v’ = 3 U 1Ba aHANOTMUHLIX CJyYas;
4) TpM NJOCKOCTH MPOXOAAT Yepes OfHY MPAMYIO: 7' = 712 = 13 =
= 723 — 7‘, = 2;
5) TpH MIOCKOCTH TapasiesbHel: 7 = 1, iy = 713 = 153 =1’ = 2.

1883. IIycTh 7 1 r’ — COOTBETCTBEHHO PAHTH MATPHIL

ai b 1 Cc1 a1 bl C1 d 1
as by o az by c2 d2
as bz c3 " az bz c3 d3
as bs as by cs da

BoaMoskHEI YeThIpe caydas:

1) r = 3, v = 4; npsamble ckpewwmBaiores; 2) r = r’ = 3; npsMble
repeceKkaroTes; 3) r= 2, ' =3; npsMble NapaJJesbHbl; 4 r=1r"=2;
npsiMble COBMAaAAoT.

1884. Ilyctb 7 M 7’ — COOTBETCTBEHHO PAHTH MPOCTOM M PaCLIMPEH-
HOH MaTpuIil 06beauHeHHOH cucTembl ypasHenuil (1) u (2). BoamoxHbl
NATb CJy4aes:

1) » = v = 4; nyocKoCTH TepeceKawTCs B ONHOH Touke; 2) r = 3,
r’ = 4; MJOCKOCTH CKPEUIHBAIOTCA W TapaJJie/bHbl MPAMOM, 3a1aHHOH
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Temu TpeMsi u3 ypaeHenuil (1), (2), y KOTOpHIX JeBble yacTH JuHE-
HO He3aBUCHMBL; 3) r = 7’ = 3; MJIOCKOCTH EepeceKkanTcs Mo NpsMoii;
4) r = 2, v/ = 3; WIOCKOCTH mapaenbHs;; 5) r = r’ = 2; muocKocTH
COBMAMAIOT.

1885. IlycTb 7 ¥ 1’ — COOTBETCTBEHHO PAHTH MATpPHIL

ail a2 . an - ail a2 . an C

b1 b2 ... by br b2 ... bn d)°
Bo3MoxKHEI TPH Ciyyas:
1) 7 =17" = 2; rUNepnioCKOCTH NepecekanTes no (n — 2)-MepHo#i

MJ0CKOCTH;
2 r=1,7 =21 e b= b =t = 3> # g THIEPIIOCKOCTH
n
napaJiie/IbHEl;

3) r =17 =1, ruNepmIoCcKOCTH COBNAAAIOT.

1886. Yxasanue. Ilpumenuts 3agauy 1874 u coorBeTCTBYIOLIEE CBOH-
CTBO TOANPOCTPAHCTB.

1888. Yrazanue. [1pumenuts 3anauy 1887.

1889. YVxaszanue. [1pumenuts 3agauy 1887.

1890. Yxazanue. [1pumenuts 3anauy 1887.

1891. Eciu my || 72, TO w3 = r1; ecau w1 }f w2, TO w3 = a1 +
+ (L1 + Ly).

1893. IlycTb mI0CKOCTb 7r1 3aaHa CUCTEMOH ypaBHEHHH

......................... (1)
Qs T1 + o+ AsnTn = Cs,

a TJOCKOCTh T2 — CHUCTEMOH
biixi + -+ binxy = di,
......................... (2)

byrxy + - + benn = d,

W TIYCTb 71, T) U T2, Ty — COOTBETCTBEHHO PAHTU MATPHI[b U3 KO DHULH-
€HTOB NPH HEW3BECTHBIX W paciinpeHHoid matpuusl cuctem (1) u (2), r u
r’ — paHTH MaTpHIB U3 KO3(D(HUIHEHTOB TPU HEU3BECTHBIX U PACIIMPEH-
HOH MaTpulbl 00beIMHEHHOH CHUCTEeMbl, COCTOSIIIeH U3 BCeX ypaBHEHHUH
cucrem (1) u (2). Uro6wr cucremst (1) u (2) 3anaBanu niocKOCTH, HEOHXO-
JIUMO ¥ IOCTATOYHO, YTO0BI KaXK/1ast U3 HUX Obla COBMECTHA, T. €. 1 = T}
v ro = ry. [Ipd BHIMOJHEHUH 3THX YCJIOBHME [JIsl MapasJiebHOCTH JaH-
HBIX MJIOCKOCTeH HeOOXOAMMBI M AOCTATOUHBI YCJIOBHs: r = max(r1,T2),
r=r+1.
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1895.

a)

6)

MHororpanHuk P 3anaercs cucteMoil HepaBeHCTB x1 > O,
22 20, w3 20, 24 20, z1 +23 < 1, 21 + 24 < 1, 2 +
+a3 <1, w2 +wa < 1

TpPeXMepHBIMH I'PAHIMH SIBJASIOTCS YeThlpe YeTBIPeXyToJ/bHbIe MTH-
pamuas: OABCD c BepunHoit D, OABCE ¢ BepuinHO# F,
ODEFA c Bepunnoit A, ODEF B ¢ BepmwHO# B, u ueTblpe
rerpasapa ACDF, ACEF, BCDF, BCEF.

Ykasanue. Uepes Kaxkable YeTblpe TOUKH, He JieXKall1e B oJl-
HOH ABYMEPHOH IJIOCKOCTH, NPOBECTH TPEXMEPHYI0 IJIOCKOCTb.
Ecnu Y a;x; = b — ypaBHeHHe TakoH IMJIOCKOCTH M AJIsi KOOP-
JIMHAT BCeX NAaHHBIX TOUEK WM Y a;z; = b, WK Y a;x; < b, TO
COOTBETCTBYIOII€E HEPABEHCTBO BXOAWUT B CHCTEMY HEpPaBEHCTB,
3a/1al0LIUX MHOTOTPaHHUK P. BrimyKi/0e 3aMbIKaHHe BCeX TOUeK,
JleXKalluX B JaHHOH TpexMepHOH MJI0CKOCTH, OyneT TpexMepHoH
rpaHbl0 faHHOro MHororpaHHuka. Hampumep, touku O, A, B,
D onpenensiioT TpeXMEPHYIO MJIOCKOCTb C ypaBHeHHeM x4 = 0.
Jlnst Bcex maHHBIX Touyek x4 > 0. TlosTomy HepaBeHCTBO 24 > 0
BXOIUT B MCKOMYIO cucTeMmy. Ha TpexmepHOH MIOCKOCTH T4 =
= 0 jexat naTh gaHHelx Todek: O, A, B, C, D. lx Beinykioe
3aMbIKaHMe eCTb MHPaMHAA, SBJAIOLIAACT TPEXMEPHOH I'paHblo
MHororpanHuka P. Hamporus, uetsipe Touku O, A, B, F omnpe-
NeJISI0T TPEXMEPHYIO TJIOCKOCTh C ypaBHeHHeM x3 — x4 = O,
npuueM Ajas ToukH D nmeeM z3 — x4 > 0, a aas Touku E
uMeeM x3 — a4 < 0. 3HaYMT, 3Ta MJIOCKOCTb He TPUBOAHUT K HC-
KOMOMY HEPaBEHCTBY M HE COIEPXKHT I'PaHH MHOrorpaHHuka P.
J1nsi yMeHblIeHHs YKc/Ia pacCMaTpUBaeMblX YeTBEPOK TOYEK Ha-
10 y4ecTb, uTo aBe yeTBepkd OABC u ODEF paBHONpaBHH U
JIeXKAT B ABYMEPHBIX MJIOCKOCTSX.

1896.

a)

6)

MHororpanHuk P 3ajaercsi CUCTeMOH HepaBeHCTB x = 0,
22 20, w3 20, 24 20, 21 + 24 < 1, 22+ 24 < 1, 23 +
+x4 < 1

TpPeXMepHBIMU T'paHsiMH siBasitoTes Ky6 OABCDEF(Q u wecTb
YeTbIPeXyToJbHBIX NUPaMHUI ¢ o0lleld BeplUMHOH H, a UMeHHO:
OBCFH, OACEH, OABDH, ADEGH, BDFGH,
CEFGH.

1897. Ilsatb BepuuH

A(1,1,1), B(1,1,-2), C(1,-2,1),

1 1 1
D(-2,1,1), E (—57—5,—§> .
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MHororpaHHHK HMeeT L1ecTb TpeyroJbHbX rpaneit ABC, ABD, ACD,
BCE, BDE, CDE wu npexacrasasier co6oi nsa terpasapa ABCD wu
BCDE c ob6uum ocHoBanveM BCD.

1898.
a) Terpasap ¢ Bepmmmamu (1,0,0,0), (0,1,0,0), (0,0,1,0),
(0,0,0,1);

6) okrasap c Bepumunamu (1,1,0,0), (1,0,1,0), (1,0,0,1),
(07 17 17 0)7 (07 17 07 1)7 (07 07 17 1);
B) TpexyrosbHasi TNpusMa C OcHoBaHusiMH B Toukax (1,0,0;0),
(0’ 1’ 07 0)7 (07 07 1’ 0) H (1’ 0’ 07 1)7 (07 17 0’ 1)7 (0’ 0’ 17 1);
r) xBagpar c¢ BepmumHamu (1,0,1,0), (1,0,0,1),-(0,1,1,0),
(0’ 1’ 07 1)
1899. a) 8;6) 28;8) 14;1) 2; 1) 7; ) 4; x) 7; 3).6; 1) 3; k) 3; 21) 1;
M) 6; H) 5; 0) 12.
Ykasanue. BBecTy B CHCTEMY KOOPAHHAT U PACCMOTPETH MapaMeTpH-
YecKHe ypaBHEHHs MPSIMOH M MJIOCKOCTH B BEKTOPHOH (hopme.
1901. a) a; = @(ei) (’L = 1, 2, PN n).
1902. F(p) = ¢(x), ¢ € V.
1904. A’ = C*AC, rne C — MaTpuia mepexojia oT CTaporo 6asuca
K HOBOMY, 3allHCaHHasi 10 CTOJAOIAM.
1905. A’ = D*AD, rne D = (C*)™' u C' — marpuia nepexosa ot
craporo 6asuca K HOBOMY, 3allMCaHHast 110 CTOJIOLAM.
1906. A’ = C7YAC = D*AC, rne C — wmarpuua nepexoma oT
cTaporo 6asuca K HOBOMY, 3alHcaHHas 1o ctoaduam, u D = (C*) ™t
1907. 6) F(x,0) = p(x), * € V,, 0a; € V.

1908. Vkasanue. 6) Baath cBepTKy ainb®’ Tensopa a;;b*, rae b —

TEH30p € KOOpAHWHATaAMH bkl — akl B OJHOM 0asuce. HpHMeHI/ITb 3ajaa-
gy 1907.
1913. a/j112...jq _ w(j1)7(G2)...7(dq)

i1%2...0p (i) mw(ig)...m(ip)
J1j2---Jn __ s+t o
1914. @i /2 /" = (=1)°"", re s — uUMC/IO0 MHBEPCHI B NEPECTaHOB-
Ke %1, 42, ..., %n, @ t — B [IEPECTAHOBKE j1, j2, jn, €CJAU HHIAEKCHl CBEPXY
U CHU3Y PAas3JIMUHBl; B IPOTHBHOM CJlyyae yKa3aHHas KOOpAMHATA paBHA

HYJIIO.
1917. VuBapuant, paBHbIi uncay O Bo Bcex 6asucax.

1918. Ykasanue. a) TIpoBepuTb 3TO N/ KaXKAOTO M3 MPABHJ K-
BUBAJIEHTHOCTH, YKa3aHHBIX BO BBEJEHHM K 3TOMY maparpady; 6) ajs
[0Ka3aTeqbCcTBa HEOOXOOMMOCTH MpPH & # 0 B3sThb CBEPTKY MO ¢ €O
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coiictBOM @(x) # 0. s nokasaresabCcTBa TOCTATOUHOCTH IS MAPBI
20’ nonoxuts 0 = Ox B mape 00'; B) B3ATb cBepTKy ¢ ¢ € V, 14
Kotoporo ¢'(xj) =1, ¢'(x}) = 0 (j # 4); r) ucnonbsosars B).

1923.

6) g11 =922 =1, gi2 = go1 = cosq;

11 22 1 . 12 21 5 .
B) 9 =97 = e g =90 = iy
r) e'=_t—(e1 —excosa) = (1,—ctga),
62 = s,inzoz(_e1 COSOA—'—CQ) = (07 sina);

1 (x,y) =z yt+(zry? +2%yh) cos ad-2y?, e ¢ = zlesfrles,
y=y'el +y’e;
e) e12=—€91 = \sina\, €11 = €22 = 0;

x) S = ey x'y! = |sinal

.’L’1 x
1’/1 1’/2

1924. Ilpu nepexone K HoBOMY 6asucy ¢ TOH 2Ke OpHeHTallMed y He
U3MeHseTcs, a C APYrodl opueHTaluell — MeHseT HarnpasJeHue. BekTop
Yy TO0JIy4yaeTcsl U3 & MOBOPOTOM Ha YroJ m/2.B OTpHLATEJIbHOM Hampas-
JIEHUHU 10 OTHOLIEHHIO K OpHeHTalluK 6asuca e, es.

Yrasanue. TIpu BbISICHEHUH 3aBUCHMOCTH Y OT 6a3uca HUCIOJb30BaTh
WHBapPUAHTHOCTb TEH30PHBIX ypaBHEHHH. I/l BBIICHEHHS reoMeTpHue-
CKOH CBSI3W @ W Y PacCMOTPeTb OPTOHOPMHPOBAHHBIH 6a3uc.

1925. Tlpu nepexone K HOBOMY 6asHCy C TOH Ke OpHeHTalMel Besu-
YUHbI b;; U3MEHSIOTCS KaK KOOPAMHATHI 1BaX/1bl KOBADHAHTHOTO TEH30pa.
Ipu nepexone kK 6a3ucy ¢ IPOTHBONOJOKHON OpUEHTaLlHel BeJUUHHBL b;;
JIOTIOJIHUTE/IbHO MEHSIOT 3HaK.

1926. a;ji = giag;sa)’ (i, 4, k=1,2,...,n).

Ykazanue, CBepHyTb 00e 4acTH JaHHOTO B 3ajaue paBeHCTBA C
Jia’gjp’ TO 1 M j, UCIONb30BAaTh COOTHOIIEHHE Giarg'™ = 6% 1 mocae
3TOr0 M3MeHMTh 0603HauyeHus 4, j Ha «, B u o', B’ Ha i, j.

1928. S =3/2, h = 1. ¥kasanue. [lnowanb uckath no opmye
S = %bc sin A WM KCnosib30BaTh 3anady 1935.

1929. Q(—4,2,0).

Yxaszanue. Hanncatb nmapaMeTpuueckde ypaBHeHHsl mpsMod PQ B
KOHTPaBapUaHTHBIX KOOPJHHATAX.

1930. Yxasanue. Tlpu noKasaTejbcTBe 6) B3ATb OPTOHOPMHPOBAH-
HBIH 6asuc ei, ez, es, ey, TJie €1 HANPABJEH 0 U, A €2, €3, €4 JeXKaT
B OJIHOH TpPexXMepHOH MJOCKOCTH C &, Y, Z U OAMHAKOBO C HUMH OpH-
€HTHPOBaHBL. }crno/nb3oBaTh BbIpaXKeHHE OPHEHTHPOBAHHOIO 0ObeMa IO
dopmynam (17) u (18) us BBeneHUs K 3TOMy maparpady.

1931. MuBapuaHT, paBHBIH 4ucay n B JI060M Oasuce.

1933. 6.
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6 -5 2 s 1
1934.6) Gi=|-5 5 —2];8) (—, — —) ¢ Tou-
! Vi1 Vi1 Vil

2 =2 1
HOCTbIO JI0 3HaKa.

1935. Yxazanue. [lepBblil crioco6: NPUHSATL AaHHBIE BEKTOPHI 3a 6a-
3MC; BTOPOH croco6: BEIOpaTh OPTOHOPMHUPOBAHHBIN GasucC.

sinw(axo + byo + ¢)
Va2 4+ b2 —2abcosw
Yrasanue. TlpumenuTs 3anauy 1936.

1937. d =

1938. Yxazanue. IlepeiiTi K OPTOHOPMHUPOBAHHOMY 0a3HCy C TOH XKe
OpUeHTaLueH.
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