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AHHOTauus: B OaHHOU pabome u3710#EHA KBAHMOBAA mMeopus Mnosas 8 obbveme,
Heobxodumom 014 u3lyvyeHus KeaHmosol paduogu3zuxku. OCHOBbIBAACL HA Knaccu4vecKoli u
KeaHMosoli MexaHuKke, 8800uMCcA npoyedypad BMOPUYHO20 KBAHMOBAHUA 4epe3
popmanusm onepamopos bosze (onepamopos poxcdeHus u yHuYymoxmceHusa). Ha moodenu
K8AHMOB020 OCYUAnaAmopa o0b6bvbAcHAemca CywHOCMbs K8aHMosaHus noqell. Takice
8b1800UMCA OCHOBHOE YypaBHeHUe K8AHMOB0ol meopuu nona — ypasHeHue KneliHa-lfopdoHa-
®oKa. lNocobue bydem rnose3Ho 0718 cmy0eHmos, CMaparoUUXCca MOHAMb Meopemu4ecKyro
6a3y, Ha Komopoli NTocmMpoeHa KBAHMo8as paduogu3uKa.
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1. Knaccnyeckas mexaHMKa KaK OCHOBA KBAHTOBOI MEeXaHUKWU U KBAaHTOBOMU Teopuu nona

AHanuTMYeckan (TeopeTuMyecKas) MEexXaHWKa CTOMT Ha AByX croanax: [aMUAbTOHOBOM MU
NarpaHxkeBom  dopmanmamax. [lamunbToHOB dopmannam (Ha  KOTOPOM  OCHOBaH
MaTeMaTMYecKMii annapaT KBaHTOBOM MeXaHWKM) 6bin 3agymaH Yunbamom PoysHOM
[aMWABTOHOM B KayecTBe MPUAOXKEHUA MexXaHUKM JlarpaHKa (OCHOBbI KBAHTOBOM Teopuu
nons) K reometTpuyeckon ontmke. MexaHuKa JlarpaHKa, B CBOIO ouyepenb, MMeeT Hayaslo B
pabotax dinepa. B camom ke obuwem suae, dopmanmsam JlarpaHxa u FamuabToHa 6bin
NocTpoeH Ha ¢yHAameHTe, 3anoxeHHom euwe B XVII Beke Mcaakom HblOTOHOM. Takum
06pasom, maTeMaTUYECKM KBAHMOBAA MEXAHUKA U K8OHMOBAA Meopus MoaA KOPEeHAMCA 8
mexaHuKe HetomoHa.

1.1. dopmanusm JlarpaHka

JlarpaHkunaH

B dopmanusme JlarpaHska ABuiKeHWe o0bbeKTa onucbiBaeTca 04HOM yHKuUMen L, HasbiBaemoi
yHkyuel JlaepaHica wan JlaepaHxuaHom. Belbop cucTemMbl KOOPAMHAT SR ONUCAHUA OBUKEHUA
ABNAETCA NPOWU3BOJIbHLIM, UYTO ABAAETCA CW/AbHOM CTOpPOHOWN JlarpaHxkeBa (M lamuabTOHOBA)

dopmanmsma. KoopauHatbl  ¢,...,q, (Tak HasbiBaemble 0606weHHble  KOOPOUHAMBGI),

onpeaensitolme MecTononoKeHne obbeKTa, OTHOCATCA K Pas/IMYHbIM TOYKaM KOHOUIYPALUMOHHOTO
NpocTpaHcTBa. BbibpaHHOMY Habopy 0606 EeHHbIX KOOPAMHAT COOTBETCTBYET Habop "0606wWeHHbIX

~n

ckopocmeii" q,,...,q,

_dq, . _dq,
1~ 1y T

dt dt

NarpaHxuan L asnaetca pyHKUMeln Bcex 0606LEeHHbIX KOOPAMHAT U CKOPOCTEN.
L =L(g1 9,3 G10:4,),

rae ¢, ABNAETCA He3aBUCMMOW NMepemMeHHON (He3aBUCUMON Takke U oT ¢, ). OBbiuHaa dusnyeckas

WHTepnpeTauma JlarpaHxunaHa — pasHuya mexwody KuHemudeckol 3sHepauelli cucmemel u ee
rnomeHyuansHol sHepauel:

L=K-U (1.1.1)

Mpn WHTerpupoBaHMM JlarpaH)KMaHa NO BPEeMEHW MNoAyyaeTcs Apyras BaHasa B ¢usuke
Benn4nHa — delicmsue

S =|Ldt, (1.1.2)

L}



KOTOpOe, MO CyTW, ABAAETCA NPOU3BEAEHMEM WM3PACXOLOBAHHON BO BPEMA ABUMKEHUA SHEPrUU Ha
3aTpayveHHoe Bpema: S ~ AEAfL .

MuHUMU3NPYS Bapuaumilo (M3MeHeHue) [OeNCTBUA, MOMKHO OonpedennTb MyTb, KOTOPbIN
“BblbUpaeT” yacTnLa, Tak KaK OHa BCerga ABWMKETCA MO NyTM HaMMeHbLlero Aenctesna (To ectb no
NyTM HaMMeHbLLIEro pacxoda 3HepruM u 3aTpaTt BpemeHu). ITo — NPUHYUN HaumeHblwe20 delicmeaus
(npuHyun FramunbmoHa), KoTopblit 3anNucbiBaeTcA Kak

55 =0 (1.1.3)

roe O0S - sapuayus delicmsusa ([o6aBKa K MUHUMaNbHO BO3MOXHOMY 3HAYEHUIO AeicTeud Ana
nepemeLLeHnsa Mexay AByMma GUKCMPOBaHHbIMU TouKamm). MNyTb, BbIGMpPaemMblil YacTULEN —3TO NyTb
c Hynesoli Bapuaunen aenctema, 65 =0.

YpaBHeHusa dnnepa-JlarpaHka

MpuMmeHAs NPUHUMN HaumeHbluero aeincteua, 05 =0, MOXHO HaANTU ypaBHEHUA ABUNKEHUN
cuctemsl. lencTBUTeNIbHO, NOACTaBAAA BbipaxkeHue (1.1.2) ana gencrema B (1.1.3),

5 j L(g,g)dt =0

Mbl MOAy4aeM ypaBHeEHMA, OMucbiBaloWMe roBeAeHWe CUCTeMbl Yepe3 NpPou3BOAHble OT
NarpaHXunaHa, Ha3biBaemble ypasHeHuamu laepa-/laepaHia:
d oL oL

i=1..,n)(1.14
P ) (1.1.4)

YpasHeHus (1.1.4) Kak pa3s M OTpaxKatoT NPUHLMN HAaWMMEHbLUEro AencTBMA, U3 KOTOPOro OHMU
NONYyYeHbl.
MNpumep. CBasb JlarpaHxesa ¢popmannsma ¢ HblOTOHOBbBIM.

PaccmoTpum npuMmMep OAHOWM YacTulpbl C Maccol m, ABWNKYLLIENCS B  MNPUCYTCTBUU
2
rpaBUTaLMOHHOIO NOAA 3EeM/IM, TaK YTO ee KMHeTudeckas aHeprna K =1/2mv , @ NoTeHUManbHas

sHeprua U = mgz . Torga, cornacHo (1.1.1), cooTBeTcTBYOWMI JlarpaHxunaH byaer

L ==mz? - mez.
5 g-

oL o0,1 . )
MpoussogHaa JlarpaH»KMaHa MO CKOPOCTM BAOAb ocu z ByaeT —'=—‘(—mzz—mgz):mz,
oz 0z 2
. d, . d’z
NPoOM3BOAHAA NO BPEMeHM OT MONYYMBLUEWCA BENUYMHbI byaet ——_z—(mz):m—z,
dt 0z dt dt



npoussogHaA No KoopauHaTte a—z—mg, TaK 4YTO ypaBHeHuA dinepa-/larpaHxka (1.1.4) pator
z

2
d°z
mF=—mg, OTKyZJa Mbl NOoAy4Yaem W3BECTHOE M3 HbIOTOHOBON MeXaHUKM BblpakeHue ana
t
2
dz
NOCTOAHHOTO rPaBUTALLMOHHOIO YCKOPEHMA: ra =-g.
t

1.2. dopmanuam NlammunbToHa

Ot JlarpaH:ka K lammnnbToHY

Ewe B 1830-x rogax MamuAbTOH NPUMEHUN ugen JlarpaH:ka K reomeTpuyeckol ontuke. Cpeam
APYrvX HOBLUECTB OH MPEeA/oXNA USMEHEHWE NPUHLMMA HAMMEHbLLEro AEUCTBUA:

"XoTA 3aKOH HaMMeHbllero AeWcTBMA WU AOCTUT 3BaHWUS OAHOM. M3 CaMbiX BbICOKMX TEOpem
®U3MKK, OOHAKO €ero MPeTeH3MM Ha KOCMONOTMYECKYD HeobxoAMMOCTb, Ha OCHOBAHWU
3KOHOMWK BO BceneHHoW, ceryac, Mo 6ONbLWIOMY CUYETY, OTKNOHEHbl. M 3TOT OTKas, cpeau
Npo4YMx MNPUYMH, CcAenaH BCAeACTBME TOrO, YTO Be/AMUYMHA, NPeAnoNOoXUTENbHO
COXPaHAIOLWAACA, Ha CaMOM Ae/ie YacTo Wweapo pacxoayetca."

FaMUNBTOH NpeanoXKua NpUHYyUNbl CMayuoHAapHO20 U MEHAOW,e20CA delicmesus.

B 1834 roay, B cBoem "flepsom ouepke obuje2o memoda 8 OuHamuke" FamunbTOH Npegnaraet
cBeCTU MeTog, peweHusa 6(n - 1) ob6bIKHOBEHHbIX AnddepeHLManbHbIX YPaBHEHWI NepPBOro nopaaKa
(npeanoxeHHbIW JlarpaH:kem) K metody. "nMouvcka u guddepeHuMpoBaHUA OCHOBHOU QYHKUMK",
YA0BNETBOPAIOLLEN ABYM YPAaBHEHUAM NEepPBOro NOpsAAKa B YACTHbIX MPOU3BOAHbBIX (KOTOpble Mo3Ke
CTaNIM U3BECTHbI KaK ypasHeHUs [amunemoHa).

FaMUABTOH BBOAMT M#U3HEHHYIO CUsy (KOTOPas HbIHEe Ha3blBaeTca KuHemuyecKoli sHepauu)
1 .2 .2 .2
KZEZm(x +y°+2%)

a TaKXXe BBOAUT 30KOH Xuebix cusn (3CIKOH COXpaHeHUA 3Hepauu):
H=K+U, (1.2.1)

rae U asnaetca nomeHyuansHoli sHepaeuel, a sennunHa H (FfamunbmoHuaH cucmemeol) — noaHoli
3Hepaueli cucmembl, KOTOPas He 3aBUCUT OT BPEMEHM NPU ABUNKEHUU CUCTEMDbI:

H =H (¢, Prns 2,),

TO ecTb [aMUAbTOHMAH eCcTb MNONHAA 3JHEPrna CUCTEeMbl, BbIPAXEHHAA 4Yepe3 KAaHOHUYecKue
rnepemeHHbsle — KOdHOHU4YecKue KOOanHGmbI U KGHOHU4YecKue umriyrocel.



[eicTBUTeNbHO, B raMUIbTOHOBOM GpOPManM3Me, Tak:Ke KaK U B arpaH»KeBoM, Mbl UCNONb3yem
0606U1eHHble (KAHOHMYECKME) NepemMeHHble, 0A4HaKo, BMecTe C 0606LeHHbIMN (KaHOHUYECKUMK)

KoopaunHatamun (,,...,{4, , onncbiBaloWMMN MeCTONON0XKEeHNE, Mbl NPUHMMaem cooTBeTCTBYylOLLME

0606weHHble  (KQHOHUYEecKue) uMmyascol  p,...,p, (@ He cKkopocTn). BblpaxeHne ana

KaHOHWYECKOro MMMy ibca MOXET 6bITb NOYYeHO 13 JlarpaHxnaHa:

= (122

l .

q;

[encTBuTeNbHO, ANA OAHOM YacTUubl, ABWXKYLENCA B OAHOM HanpasieHUW, ¢ =V ,no3Tomy
oL oL &
=== 2 (K-U)=mv=p-
P og Ov av( ) P

FamunnbTOHMaAH nosy4yaeTtcAa U3 l'larpaH»(VlaHa KaK

oL
H=¢%_L (123
Z,.:q’aq (1.2.3)

l

MNpumep. NAMUNBLTOH KaK NOJIHAA SHEPrua CUCTEMbI.

JoKaxkem anAa yacTtHoro csyvas, 4to NamunbTOH No ¢M3MH€CKOﬁ CYyTHN ABNAETCA NosHOM 3HepFMEVI
Cncrembl. ,ﬂ,eﬁCTBMTe}'IbHO, B CAay4ae OAHOI‘;1 4acTuubl, ,CI,BM)KVLLI,GI‘/’ICFI B OAHOM HanpasaeHWUN,

NUCnonb3ays 8_ = p, BbipaxkeHue (1.2.3) paet
q

H =w-L=m*-(K-U)=2K-K+U=K+U=E

total *

(1.2.4)

KaHoHWYecK1e ypaBHEeHUA ABUXKEHUA [aMnabTOHA

MoaobHo ypaBHeHMam Idinepa-flarpaHka, NaMUAbBTOH B cBoem "Bmopom ovepke obujez2o
memoda 6 OuHamuke” BbiBen u3 (1.2.3) ypaBHEHMs, OMNUCLIBAIOLLME 3BOJIIOLMIO CUCTEMbI BO
BpemeHUn He yepes yHKUMIO JlarpaHxa L, a ¢ nomowbto GyHKUMKM MamunbtoHa H (6n ypaBHeHUI
ANnA n yactmu). OHM CTann HAacTONbKO NONyAApPHbI B GU3MKe, YTO NOYYUAN Ha3BaHUE “KaHOHUYecKue
ypasHeHus  0suxceHUs”. BOT 3T 3HamMeHUTble ypaBHeHMA (B To ¢dopme, B KOTOPOM OHMU Oblau
nepenucaHbl nosgHee Kapnom Axkobu):

94,

1

_dH dp, __dH 4 5 5
dt dp, dt dq,

[elictBUTENbHO, AN OoA4HOM CBOOOAHOM YacTUubl, ABUXKYLLENCA B OAHOM HanpaBieHUU

dp dv y
E = mE =ma=F, uto ABnAeTcA BTOPbIM 3aKOHOM HbIOTOHa B OpUrMHanNbLHON dopme.
dH dE

= ——total :i(K+U) :d—U, Tak uTo ypasHeHue (1.2.5) gaer F'=———. ut0 ABnseTcA
dg dx dx dx dx



MU3BECTHbIM pe3yNbTaTOM HbloToHOBOWM ¢M3MI-(MZ Chnna eCtb OTpuuatTesbHaa nNpomsBoaHaA OT
I'IOTGHLI,ME]/'IbHOVI 9HEPIrnn No KoopauHarte.

o 2 .
Kpome Toro, ana nepsoit yactu ebiparkeHusa (1.2.5), 3Haa, uto K = Emv , UMeem.

@:@:V, dH =ldEm’“l =ii(K+U):ii(lmvz):iEva:v, TaK 4To NepBgas
dt dt dp m dv m dv dv 2 m 2

YyacTb BbipaxeHus (1.2.5) paet Ham TOXKAECTBO. V=1V .
Mpumep. YpaBHeHUA NaMUABTOHA ANA YacTULLbI B TPABUTALMOHHOM none 3emnau.

Ona ogHOM YacTULbl C MAcCoM 1, ABMXKYLLENCA B FPaBUTAaLMOHHOM Mnosie 3emau, Tak 4YTo ee
2 N
KMHETMYECKas 3Heprua 1/2mv , @ noTeHUManbHaa SHeprMa mgz, COOTBETCTBYHOLMIA

FamuabTOHMaH, cornacHo c (1.2.4), ectb

2
H =K+U=p—+mgz.
2m
Mcnonb3ysa ypaBHeHUa FamunbToHa (1.2.5), noayuum Ansa YacTuubl, ABUKYLLENACA B TPAaBUTALMOHHOM
dq, dz dH d p° p
none 3emmm; —-=—=v, —— =——(=—+mgz) =< =V, uT0 yA0BNETBOPSAET NEPBOMY 13
m

dt dt ' dp. dp, 2m
ypaBHeHuit (1.2.5).

Bonpocbl u 3apaHuA K rnase 1.

Ne 1. [laiiTe BblparkeHUn, onpeaenatome /laepaHucuaH n FamunbmoHUaH. B yem ux pasHuua?

OTBeT.

NarpaHunan L = L(ql, g, G149, ) ,rae g g - 06061weHHble KOOPAMHATI,
FamunbToHnan H = H(ql,...qn,pl,...pn),rp,e g, p - KOOPAMHATbI U KAHOHUYECKME UMMNYAbCbI

B otnnume ot JlarpaHxunaHa, laMUIbTOHMAH He DAET ABHO PeENATNBUCTCKN-MHBAPUAHTHOIO ONMUCAaHUA
CUCTEMbI — 3HEPIruUA B PasHbIX MHEPLMAAbHbIX CUCTEMAX OTCYETA PA3/INYHA.

Ne 2. M3obpasuTe rapmoHMYEcKUit ocumnnaTop (670K maccbl m, Konebawwmiica ¢ Kpyrosow
YaCTOTOM W Ha NPYKMHKE C Ko3ahPUUMEHTOM ynpyroctu k). BoiBegute U3 KAHOHUYECKUX YPaBHEHUI

. 2
FamunbToHa (1.2.5) KaHOHUYecKoe ypasHeHue 2apMOoHU4ecKo2o ocyunnamopad, X+ w x =0.

PeweHnwune.

op O(mx) .

o o <K
m



2
L N I SN (R
oq Ox ox 2 ox Ox

K
m

Mo ypasHeHnam MamunbToHa (1.2.5), c ucnonb3oBaHvem @ = , mX=—kx —> X+ @’x =0.

2. MpyumeHeHUe Teopun IMHEUHbIX ONepPaTopoB K MUKPOMUDY

Ona nepexoda OT KNACCUMYECKOM MEXaHWKM K KBAaHTOBOM HEObBX0A4MMO BCMOMHUTb MOHATUE
onepamopa’.

2.1. /InHeiiHble onepaTopbl U UX MaTPUUHOE NpeacTaBaeHne
MycTb KakAOMy BEKTOpY X M3 npocTpaHcTsa [1” cmasumca e coomeemcmeue BekTop )y U3
npoctpaHcrea ", uto oBo3HauaeTcs Kak 2:2—)}. Torga rosopsaT, 4To B npocTpaHctea [ ”
onpeaeneHo npeobpasosaHue Yepes onepamop A (untaetca “A c Kpblwkol”), AeicTByOWNN 13
0" e U". Torpa ¥y HaxoauTtca nytem Oelicmeus onepaTopa A ha ¥ )7:;1)? Kak ¢yHKuMA ecTb

peuenT HaxoXAeHUA No 3a4aHHOMY YWUCAY APYroro uucaa, ' y = f(x), Tak onepaTtop — 3TO peuent

HaXoXaeHuA No 3aZaHHoM GYHKLMM apYror yHKUMK.

NMobaa ¢u3nyeckana BeNMYMHA B KBAHTOBOWM- MexaHWKe 3a4aeTca suHeliHbiM OonepaTopom.
JluHeliHblli onepamop L - onepatop, conocTaBastowmin (otobpaxkatowmin) yHkumio (BeKTop) X Ha

00HY U MosbKO 00Hy dYHKUMIO (BEKTOP) )7, T.e. ¥ :]:fc O[HO3HaYHoO.

CBoWCTBa IMHENHbIX ONEPaTOPOB:

]:(X1+X2)=i(X1)+£(X2)

A ~

L(CX) = CL(X) , Te ¢ — KOHCTaHTa.

YMHOKeHMe u guddepeHLMpoBaHNE €CTb NPUMEPDLI NMHENHbIX onepaTopoB. [eicTBUTENbHO,
06a 3TMX onepaTopa yA0BAETBOPAOT NPUBEAEHHbIM BbllLe CBOMCTBAM JIMHENHbIX ONEpPaTopoB.

MaTtpuyHoe npeacTaBieHUEe ONepaTopos

Myctb A — NuHelHbIM onepaTop (4bA MaTpMua MMeeT paHr 2), npeobpasylolwmii BeKTop X
ZBYMEPHOro NPOCTPAHCTBA B BEKTOP ) TOTO e NPOCTPAHCTBA. JIMHeHO-Npeobpa3oBaHHbI BEKTOP

| - o
CrypeHty, 386bIBLIJEMy BBOAHbIN KYpPC MO OCHOBaM KBAaHTOBOUW MeXaHWUKHN, peKomeHAayeTCA O6paTMTbCﬂ K
Hawemy metoanyeckomy nocob6uto “KBaHTOBO-MeXaHUYeCKne OCHOBbI HaHOE)J'IeKTpOHMKVI".



a, 4

ay Ay

y=AX HaxoguTca Kak npoussBeaeHVWe maTpuubl onepatopa A, A= , Ha MCXOAHbIi

BEKTOp X =
X2

V_ a;  Ap | [ %X _ a;;X; +85,X, 3 Y

a'21 a22 X2 a'21)(1 +a22X2 y2

2.2. MPOCTPAHCTBO KET-BEKTOPOB KaK MMAb6epToBO NPOCTPAHCTBO

AHanorom ¢a30BOro NPOCTPAHCTBA KAacCMYECKOM PU3MKM B KBAHTOBOM MEXaHWKe ABAAEeTCA
funebepmoso  npocmpaHcmseo. [unbbeptoBo (H) npocTpaHcTBo — - HecKOHeYHo-mepHoe

NPOCTPAHCTBO BEKTOPOB // C KOHEUHOW HOPMOW (a/MHOM),

|V|| = (17,17) < 00, COOTBETCTBYlOLLEE

I 2
MHOXeCTBY KBaZpaTUUHO-UHTETPUPYEMbIX YHKUUI [ I |f| dx <o

—00

BosHoBble ¢yHKumMm LWpeanHrepa, Y (ymosneTtBopsiowme ypaBHeHuto LpeguHrepa
n? ~
—— VW +U¥Y =EWY), - HenpepbiBHble KOMMIEKCHO-3HauHble GYHKLMAW OT AeNCTBUTE/bHBIX
2m
nepemeHHbIX. MHoXecTBo ¢yHKUMI Y o0AMHAKOBOro aprymeHTa (a MMEHHO TaKMMMK SBAAKOTCA
BO/IHOBble ¢yHKUMK LLpeaunHrepa) obpasyer auHeliHoe 8ekKMopHoe npocmpaHcmeo, rae GyHKLMU
Y aBnatoTca BeKTOpamu 3TOro NPOCTPAHCTBA (a, TOYHEE, OL4HOMEPHbIMM MOAMPOCTPAHCTBAMM 3TOrO
npocTpaHcTea). MNocTynpoBaB KOHEYHOCMb HOPMbI BOAHOBOW ¢yHKUMK, Monb Oupak “nogorHan”
NPOCTPAHCTBO BOJIHOBbIX GYHKUMUI nog MMnbbepToBO MPOCTPAHCTBO. 1A BblAENEHUA BEKTOPHbIX
CBOWMCTB BOJIHOBbIX QYHKUMIA [UpaK Npeasioxua UCnosb3oBaTb CKOBKM (bpa M KeT, 4To BmecTe
o3HavaeT “ckobkun”, aHrn. bracket), u conocraBun BonHoBoW ¢yHKUMKM LLpeauHrepa kem-eekmop

MnbbepToBa NPOCTpPAHCTBa:
¥, (x)<>|4).

Kaxgomy COCTOAHMIO 4YacTULbl COOTBETCTBYET NpAMasa JWHMA (KOOpAMHATHAA ocb) B
MnbbepToBOM MpOCTPaHCTBE. TaKMX COCTOAHMIA AN PeasibHOM KBAHTOBOWM 4YacTULbl B npupoge -
H6eckoHeYHoe YKo (C yueTom HECKOHEYHOTO YMCaa MOMOMKEHUIN YacTULbl), CNef0BaTe/IbHO, U KeT-
BEKTOPOB (a, TOYHEE, HE3aBMCMMbIX OCElM, COOTBETCTBYIOLWMX “U3mepeHnsm” npocTpaHCTBa),
OMUCHIBAIOLLMX 3TU COCTOAHUSA - TaKKe BECKOHEYHOE YMCIIO.

KET-BeKTop HEKOTOPOro COoCtoAHUA 4YacCTtuupbl A,

A>, COOTBETCTBYIOWMI BOSIHOBOM (YHKUUU

b A(x) , NpeAcTaBnAeTca B BUAe 6eCKoHeyHo20 cmonbua u3s 3HaveHul ¢pyHkyuii ‘¥, (x) B KakAO

'Touke' x:
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|4) | ¥, (x) | (2.21)

Takum 06pa3om, posib KOOPAMHAT KeT-BeKTopa |A> 8 MMnbbepToBOM MPOCTPaHCTBE UrpaloT BCe

BO3MOMKHbIE 3HaYeHwWs cooTseTcTBytowei emy dpyHkumm P (x).

2.3. Onepatop 3pMuUTOBaA CONPAXKEHUA

Onepamop spmumosa conpsweHus", T (“Kpect”), cooTBeTCTBYeT ABYM MOCAEAOBATENbHO

NPUMEHEHHbIM oOnepauMam: TPAHCMOHUPOBAHUIO U KOMMJEKCHOMY conpsaxeHuto. Onepauyumn
3PMMTOBA COMPAMKEHMA HaZ HEKOTOPbIM ONepaTopoM JaeT HOBbIM onepaTop, 3pPMUMOB0-
conpsaxceHHbili paHHoOMy. MaTpuueld, 3PMUTOBO-COMPAMKEHHON AAHHOW, Has3bIBAlOT MaTpuLy,
noayyaemyto M3 UCXOAHOM MaTpuubl NyTeEM ee TPaHCMNOHMPOBAHMA U Nepexofda K KOMMIEKCHO-
COMpPAXEHHOWN:

~t NaY
L :(L )(2.3.1)

Mpumep spMUTOBO-CONPAXKEHHbIX ONepaTopoB - onepaTtopbl bose, a, a' (cm. pasa. 4.2).

EcivM npumeHeHWe 3pMUTOBa omepaTopa K HEKOoemy onepaTtopy nepesoauT 3TOT onepaTtop B
camoro cebn, To TaKoi onepaTop Ha3blBAETCA 3PMUMOBLIM (CAMOCONMPAXCEHHbIM, 8eLLEeCMBeHHbIM).

Ycnosue spmumosocmu (8ewjecmseHHocmu)-onepatopa L B TepmunHax camoro onepatopa,
~1 ~
L =L (23.2),
1M B TEPMUHAX 3/1IEMEHTOB €ro MmatTpuLbl,
1, =(l,) (233).

Ba*HO MOMHUTb, YTO Habaodaemeble ¢M3l/1‘-IECKMe BeNNYnHbI NpeacTtaBaArTCcA COOTBETCTBYHOWMMU
BewecTBeHHbIMU (QpMMTOBbIMM) onepatopamu.

2.4. flyanbHoe NpoCTpaHCTBO 6pa-BeKTOpOB

B nuHeliHoM anrebpe M3BECTHO, YTO KaXKAOMY BEKTOPHOMY MPOCTPAHCTBY MOMHO COMOCTaBUTb
dyanvHoe (conpAaxiceHHOE) eMy BEKTOPHOE NPOCTPAHCTBO. MpocTpaHCTBO Bpa-BEKTOPOB - 3TO U eCTb

NpPOCTPaHCTBO, conpsaxeHHoe mnbbeprtoBy (o6o3Hauvaetca H ). Bpa-BeKTOopbl - 3TO suUHeliHbIl
(PYHKUUOHAAbI, OnpefenieHHble Ha H npocTpaHcTBe (NMHEWHOM BEKTOPHOM MPOCTPAHCTBE KeT-

BEKTOPOB). BcAKasa NMHenHana QyHKLMA OT KeT-BeKTopa, (p(| A>) , onpeaenseT BEKTOP HOBOro TMna -

Il
HasBaHue gaHo B YecTb ¢ppaHLy3cKoro matematuKa XIX seka Lapns Ipmuta.
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*
bpa-eekmop <A| MpoctpaHcteBa H w H  o6napgalotr AvHelHbIM  n3omopdusmom, T.e.
reomeTpuyeckn NogobHbl Apyr Apyry.
Ona BBeAeHWA Mempuku B BEKTOPHOE MPOCTPAHCTBO KET-BEKTOPOB  MPEAMNOONKMAN
CylLecTBOBaHME B3aWMMHO-OA4HO3HAYHOrO COOTBETCTBMA MEXAY BEKTOPaMW KeT-MPOCTPaHCTBA M

BEKTOpamM AyanbHOro emy 6pa-npocrpaHcTea. bpa— (<A|) N KeT- (|A>) BEKTOPbI, COMNOCTaBAsAEMble

APpYr ApYyry B 3TOM B3aMMHOM COOTBETCTBUM, ABAAIOTCA SPMUTOBO-CONPAXKEHHbIMU APYr APYry (Cm.
pasa. 2.3):

T T
(Al=|A) |A)=(A] (241)
HanomHMm, 4YTO onepaTop 3pMMTOBa cCONpsXKeHusa, T, ecTb TpaHCMOHMpOBaHWE MAKOC

KOMMAeKkcHoe conpsaxeHue. CneaoBaTesnbHO, ecau |A>, cornacHo (2.2.1), sasndeTcA BeKTOp-
ctonbuom, TO <A| - BEKTOP-CTPOKA, YbM KOOPAMHATbl ABAAIOTCA UYMC/IaMU, KOMMIEKCHO-

conpAXeHHbIMU COOTBETCTBYHOLWMM KOOPAMHATAM KET-BEKTOPA |A> :

(Ao (. P ).

MOCKONbKY KeT- M 6pa-BeKTOpbl NPUHAANENKaT pPa3HbLIM - BEKTOPHbIM MPOCTpaHcTBam (Ket-
BEKTOPbI — MPOCTPAHCTBY BEKTOPOB-CTONOL0B, Hpa-BEKTOPbI - NPOCTPAHCTBY BEKTOPOB-CTPOK), TO UX
He paspeuweHo ckaadbieams. COOTBETCTBUE MEXAY KeT--U 6pa- BeKTopamu aHTUAMHENHO.

2.5. FTaMmunbTOHMaH 1 JlarpaHKunaH B KBAaHTOBOW MexXaHUKe (KaHOHUYeCKoe KBaHTOBaHue)

M3noxeHHblt B pasgene 1.1 dopmanusm [amunbTOoHa ner B OCHOBY CTaHAapPTHOM
(HepenATUBMCTCKOI) KBaHTOBOW MexaHWKWU. lepexod OT KnacCcMYecKkon mexaHWKu FamuabToHa K
KBAHTOBOM MeXaHWKe MUKpommpa Obin ocyulectssieH BepHepom [ei3eHbeprom nocpeactsom
npoyedypbl KAHOHUYECKO20. KBAHMOBAHUA (TaK Kak B MUKPOMMPE BCE KBAaHTOBAaHO, TO eCTb
CyllecTByeT B BMAE OTAENbHbIX 4YacTel WM ypoBHen). dTa npoueaypa 3aKnlovyaeTca B 3ameHe
KOHOHUYECKUX KOOpPOUHAM U KAHOHUYECKUX UMIMY/abCo8 (a 8 HEeCcmauUuOHAPHOM cay4yade - U
KaHOHUYeCcKux sHepauli) Ha coomeemcmeyrowjue AuHeliHbie onepamopei:

X—X, p—> p=—ihV, E—)ihg, (2.4.1)
t

rae p =—ihV =—ih i.,.i.,.i
dx, dx, dx,

Mpoueaypa KaHOHUYECKOTO KBAaHTOBaHMA, MPUMEHEHHAsA K 3aKOHY COXPaHEeHWA 3Hepruu, aaet
ypasHeHue LLipeduHzepa 0415 37eKMPOHA KAK 80/1H08020 rnakemad. JeicTButenpHo, FamMmabToHMaH
cMCTEMbI NPU KAHOHNMYECKOM KBAaHTOBAHWM CTAHOBMTCA IMHENHbIM ONEPaTOPOM, M, COOTBETCBEHHO,
KMHEeTMYecKas W MNOTeHUMaNbHAasA 3SHEpPrunm TaKKe CTaHOBATCA JIMHEWHbIMM  OnepaTopamMu:
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~2

“om

2 2
N . . n’ oY (o d
H=K+U, rpe K :{pE—th}:——V2 (rae V2=|=—| +|=| +] = -
2m ox oy 0z
NannacmaH). Toraa 3aKOH COXpPaHEHMA 3HEeprMuM B OMepaToOpHOM BuAe, K+U=E, nepexoauT,
nyTem BblbOpa B Ka4ecTBe apryMeHTa onepaTopoB BOAHOBOW GYHKLUMM anekTpoHa, ¥, B ypaBHeHMe

WpeanHrepa:

h? ~
—Z—VZ‘P +U¥ = EY

m (cTaumoHapHoe ypaBHeHUe LLpeguHrepa),
n - o
—— VY +UY =ih—
m t (HecTaumoHapHoe ypaBHeHue LLpeguHrepa).

HanomHuUm KomMmymamopHsie (rnepecmaHo80YHbIe) COOMHOWEHUA ONA  KOMMYMmuUpyroujux
onepaTopos,

[Q,@} = AB-BU=0(242)
a TaKsKe A4/18 HeKOMMymupyloujux onepaTopos,

[Q,@} £0 (2.43).

Ol'lepaTOpr KOOpAWHATbl M UMNy/abCa B KBAHTOBOM MeXaHUKe AOJ/IXXHbI  YOOBNETBOPATb
cneayrowlMmMm KOMMYTAaTOPHbIM COOTHOLWLEHUAM:

[Qk’%] =0, [pk ' pz] =0, [pk’%] =iho,,(2.4.4)

Lk=I

0k #1

roe — cumBos KpoHekepa.

B pensTMBUCTCKOM KBAHTOBOW mexaHWKe (KeaHmoeoli meopuu nons), JlarpaH:kunaH gaet 6onee
€CTeCTBEHHYIO OTMPaBHYIO TOYKYy: B OT/AMYMe OT JlarpaH)KuaHa, aMunbTOHMAH He [aéT ABHO
pPeNATUBUCTCKU-UHBAPNAHTHOIO OMMCAHMA CUCTEMBI — 3HEPIrUA B Pa3HbIX MHEPLMaNbHbIX CMCTeMax
OTCYETA pas3IUYHa.

KBaHTOBan Teopua NoiA pacCMaTPMBAET HE MOsbKO YaCmuubl, HO U NoAA (YTO N 0BbACHAET ee
Ha3BaHWe). Takum 06pa3om, Mbl AOJIKHbI HaAyYUTbCA MPUMeHATb ¢opmanmam JflarpaHxka u
[amuAbTOHa K nonsam. 3TO OCyLWecTBAAETCSs MNOCPenCTBOM MPUMEHeHUs YypaeHeHUA KnaeliHa-

lopdoHa-doka, peyb 0 KOTOPOM NONAET B C/ieayoLeit rnase.
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Bonpocbl u 3aaaHusA K rnase 2.

N A~
Ne 1. [lokaxute ycaoBuMe 3pMUTOBOCTM onepaTtopa, L =L, B TepmMuHax 31eMeHTOB
COOTBETCTBYIOLLEN eMy MaTpuLbl, lnm:(lmn) , Ha npumepe maTtpuubl paHra 2. [loackaska:

npumeHuTe ycnosue (2.3.1) K maTpuue paHra 2.
PeweHwue.

~ ~T\*
Ycnosue J, :(L ) paet

Rel,+Im/, =Rel, —Iml,

Rel, +1m/, =Rel, —Im/,
Rel,, +Im/,, =Rel, —Iml,
Rel,, +Iml, =Rel,, —Iml,

W3 storo cnepyer [, =(1, )* .Q.E.D.

3. OcHOBHOEe ypaBHEHME KBAaHTOBOI Teopuu nons

MpUCTYNUM K NOCTPOEHUIO KBAHTOBOW TEOPWUWM MOAA Ha OCHOBE KBAHTOBOM MEXaHMKM, HO
BHayane npuseaem NpMmep noss.

3.1. Mona Xurrca Kak npyumep CKaNnApHbIX nonei

B cTaHgapTHON Teopuwm npoucxoxaeHus BceneHHol (Teopun 60AbLIOTO B3pbiBa) W3BECTEH
nepuog", Korga eupmyansHbie (HeseuwjecmeeHHbIe) YacTWLbl NEPBUYHOrO KBAHTOBOTO MOJA
(noxHoro ¢usmMyeckoro Bakyyma) npeobpasytoTcs B peasibHble 3NEMEHTapHbIE YacTULbl MaTepumu.
MosBNeHME Ke peafibHbIX YacTUL, MaTepuu HepaspbiBHO CBA3aHO C noaamu  Xueaca
(NpuHaanexalmMmmM K Knaccy  CKanapHbix nonen). Mona Xurrca 6binnM BBeAeHbl B GU3IUKY
anemMeHTapHbIx YyacTuy, B 1964 roay 6puTaHCKMM yyeHbIM MUTepom XUTrcom.

MpocTpaHcTBO BceneHHOW MPOHM3aHO MHOTMMWM CKaNSPHbIMU MOIAMM, 3HAYEHUS KOTOPbIX
onpedensaom 3Hepauro 8aKYyMa (HaMHU3LIYIO BO3MOMKHYHO SHEPTUIO), 0 MaKxe Maccel Yyacmuy u
e3aumodelicmsusa mexdy yacmuyamu. Hapagy ¢ nonsmmu Xurrca, MHOAALMOHHAA TEOPUA BKAOYAET
B ceba sekmopHble (6030HHbIe'") MONA, OMUCHIBAIOWME CUAOBbIE B3aMMOAENCTBMA (Hampumep,
3/1eKTPOMarHMTHoe). PasinyHble BUPTYasibHble YacTULLbl 3TUX HO30HHbIX MO/IEN B3aMMOAENCTBYIOT C
pasnYHbIMK noasaMmmn Xurrca. Macca YacTuubl HeKOToporo 6030HHOMO NoAA (M Apyrue ee CBOMCTBA)
onpegensercA ee B3aUMOLEWCTBMEM C COOTBETCTBYIOWMM nosem Xurrca. Hynesoe 3HaueHue
HeKoToporo nonsa XWrrca COOTBETCTBYET HY/IeBOW Macce 4acTuLbl COOTBETCTBYHOLLEro 6030HHOro
nonsa (Hanpumep, GOTOHA), a HEHYNEBOE 3HAYeHWe NoasA XUIrca cOOTBETCTBYET HO30HHOM YacTULe ¢
HEeHy/1eBOI Maccon.

1l

Tak Ha3blBaeMas “UHONALMOHHaAA 3pa”.
v o

CKanapHble 1 6030HHbIe (KaAMBPOBOYHbIE) NOAA MO CBOEN NPUPOLE PA3/MUYHbI. XUTTCOBCKME NONA OTHOCATCA
K NepPBbIM, @ 3/1EKTPOMArHMTHOE MoJe - K NoC/iegHNM
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3.2. YpaBHeHue KneiiHa-TopaoHa-PoKa ansa cCKansapHbIX noneun

HenHBapnaHTHOCTb ypaBHeHuA LLipeanHrepa

MNoctpoeHune KBaHTOBOM TEOPUN NONA HAYANOCb C pes1AamusucCmcKozo 0606LIJ,EHMFI YpaBHEHUA

WpeanHrepa. HanomHuMm HecTaumoHapHoe ypaBHeHue LpeauHrepa (cm. pasgen 2.4)
2
NPMMEHUTENbHO K YacTULe, ABUKYLLENCA BO BHeWWHeM nosie V (VICI'IOl1b3yFI H = _ivz 4V ):
m

i _ e (3.3.1)
ot

Ona paboTbl C PensTUBUCTCKMMM YaCcTULAMM (CO CKOPOCTAMM, BAM3KMMM K CKOPOCTM CBeTa),
KBaHTOBAA MeXaHWKA AO0/XKHa bblna ObiTb CKOPPEKTUMPOBAHA C y4emom crneyuansHoli meopuu

y . O
omHocumesneHocmu, NO3TOMY KBAaHTOBO-MEXAHUYECKUNM UMNYNIBC p = —Zha— AO0/IKEH 6b11 6bITb
X

a

0606LLeH Ha BpeMeHHYI0 KomnoHeHTy ¢ a@ = 0 (X, =t).

M3BecTHO, 4TO B cneu,maanoﬁ TEOPUN OTHOCUTENIbHOCTU MPOCTPAHCTBO U BpemMA ABAAKOTCA
CmewlaHHbiIMM  BMeCcTe B eAVMHOM NPOCTPAaHCTBEHHO-BpeMeHHOM KOHTUMHYyme, B KOTOPOM
NMPOCTPAHCTBO U BPpeEMA KaK OTAE/IbHble 06beKTbI, MOTYT U3SMEHATbCA (T.e. He UHBGpUCIHmeI). To ke
Ccamoe cCnpaseagsMBo AnAa sHeprmn . mMmMmnysbcCa penﬂTMBMCTCKOVI 4acTuubl: OHW He ABANAKOTCA
HE3aBUCUMbIMU OpPYr OT Apyra Be/IMHNHAMKN, HO CMELUNBAIOTCA, I'IO,D,O6HO TOMY, KaK CmMmelnBakoTCcA
NPOCTPaHCTBO U BpemA, U, TaKUM 06p330M, TaKXe ABNAKTCA HEUHBAPUAHTHbIMU BeENNYUHaAMWA.

CnepoBaTesibHO, 3HEPIUSA, BbiparkaeMas B KBAHTOBOW MexaHUKe Yyepes onepaTop iha—, NPUBOAUT K
t
0
BbIBOAY, YTO onepatop aAnddepeHUMpoBaHUA MO BPEMEHM 6_ He ABNAETCA WMHBAPWAHTHbIM, B
t
., 0¥
pesynbTaTe Yero ypasHeHue LLpeamnHrepa, zha— = HY , Takke peaamusucmcku HeuH8apuaHmMHo.
YpaBHeHUA  Ana . PenaTUBUCTCKOM  4YacTMUbl  AO/MKHbI  YAOBAETBOPATb  TpeboBaHMAM

PENATUBMUCTCKOM MHBAPUAHTHOCTM (MO OTHOLWIEHMIO K NPOCTPAHCTBEHHO-BPEMEHHOMY KOHTUHYYMY).
MoaTomy [upaK :He MOr WCNoib30oBaTb YypaBHeHWe LpeauHrepa ¢ ero  pensaTUBUCTCKM

HEMHBapMaHTHBIM OMepaToPOM CKOPOCTH U3MEeHeHMA BO BpemeHm O/ 0f .

dHeprua n NAMUNbLTOHWAH AN PENATUBUCTCKOM YacTULbI

Korga [Oupak pewmn maTemaTU4YecKM OnucaTb PENSTUBUCTCKYHO 4acTuLy, OH CTO/AKHYACA C
HECKONbKMMMK  TpyaHoCcTAMKU. COrNacHo penAaTUBUCTCKOM ¢opmyse 3SKBUBANIEHTHOCTM 3SHEPruu-
maccbl,

E 2= (me?)* = (uc*)’ + (po)’,
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rae 4 - macca nokosa (cobcTBeHHasa macca), ,u(:z - 3Heprua nokoa (cobctBeHHasa), p - UMNyabC U
(pc)2 - KMHeTu4yeckaa 3Heprusa (sHeprus [ABUNKEHMA) PenaTUBUCTCKOW 4YacTuubl. Torga
penamusucmckuli FamunbmoHUaH (KOTOPbIA COCTOUT U3 SHEPrMU NOKOA LI U SHEPrUN ABUXKEHWUSA)
ecTb
1 1
H=E=(E*)?=(u*+p*? (33.2)

Mbl MCnonb3yem penaTMBUCTCKYIO cucTemy eauHuy, rge ¢ = 1. B cucteme CH Bmecto 4 (macca

2 2 2 4 2
nokos) ucnonbsyetca LC” (3Heprus nokos), a Bmecto P -p C ,roe P aBnserca onepatopom
2v72
YaCTHbIX MPOM3BOAHBIX 2-r0 nopaaka, —h° V<.
EcTb HeckobKO Npobnem c BbipaxkeHuem (3.3.2) ana penatuBucTckoro NammnabToHnaHa. Mepeasn

CNIOXKHOCTb 3aK/Nko4YaeTcA B €ro cmblicnie. HEO6XOAMMbI cneunanbHble mMmaTemaTudyeCKkne npunembl,

1
4To6bl NpUAaTL husuyeckuii cmbicn Bbipaxennio (i’ —#7°V?)2. Eue oaHa TPyAHOCTL CBA3aHa C

HEOAHO3HAYHOCTbIO B 3HaKe (KoTopas fABAAeTcA CAeAcCTBMEM KBafpATHOTO KOPHA W TOro, 4TO
BOJIHOBblE QYHKLMM KOMMIEKCHO-3HauYHbl). B ciiyyae Haanuua KBagpaTHOro KOPHA B YpaBHEHUN OHO
MOET UMETb [1Ba PELUEHUA: NONOKUTENIbHOE U OTPULATENBHOE.

YpaBHeHue KnelHa-TopaoHa-Poka

B cootseTcTBUM C d)opmynoﬁ 9KBUBANEHTHOCTU 3HEPrnn-maccobl E = mcz, Bcnegcreune
HEWHBAPUAHTHOCTU SHEPTNUN MaACCa penﬂTMBMCTCKOVI YaCTULUbl TaKXXe OKa3biBaeTCA HeMHBapMBHTHOVI
OTHOCUTENbHO U3MEHEHMA NONOMKEHMNA YAacTULbl B MPOCTPAHCTBEHHO-BPEMEHHOM KOHTUHYYyMe. Tem
Heé meHee, macCa MoKoAa K 4YacTtuubl (TaK)Ke Ha3blBaemasi COBCTBEHHOM MaCCOVI), namepAaeman B

COMYTCTBYIOLLEN CUCTEME KOOPAMHAT, ABNAETCA MHBAPUMAHTHOM (He 3aBMCALWLEN OT CUCTEMbI OTCYeTa)
BE/IMUMHOMN, MNO3TOMY OHa _MOXeT 6biTb WCMNONb30BaHa [ANAA MOAYYEHUA PeasmusucmcKu
UHBAPUAHMHO20 yPaBHEHMA ON1A ABMMEHUA YacTuubl. B cneunanbHoOM TEOPUM OTHOCUTENIBHOCTY,

ucnonbaya  (MC?)° =(ue?)? + (pc)®,  cobctBeHHan macca  (HEpriA) HaxoauTca Kak (8

PeNATUBUCTCKOMN cucTeme eguHuL, rae ¢ = 1)
2 2 2
H =m"—p°.(3.3.23a)
2 o
Mbl MCMONb3yem 3Ty PenATUBMUCTCKYIO dHepruio nokos 4 (4C°) BMECTo HeumHBapWaHTHOM
2
3Heprn MC” B ypasHeHuu LpeanHrepa (3.3.1). Toraa KaHOHUYeCKoe KeaHMosaHuUe (3ameHa m Ha

L 0 .
lha_ np Ha —ihV), npumeHeHHoe K (3.3.2a), ,uz = m? —p2 , AaeT:
t

2

1 =(ih)’[ % -V?]=(ih)’0, (3.3.3)

2
2 o o
rae U=|— | —V° - JanambepuaH (BonHoBOI onepaTtop [anambepa), KOTOpbIA ABAAETCA

ot

MWHBAPUAHTHbIM OTHOCUTEJ/IbHO npeo6paaoBaHm7| NPOCTPaHCTBA U BpeEMEHMN. anMEHFIFI TOXAEeCTBO
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(3.3.3) K BONHOBOW GYHKUMM PENATUBMCTCKOM 4YacTuubl, Mbl MOAYYUM PENATUBUCTCKUIA aHanor
ypaBHeHus LLipeanHrepa - 80s1Ho80€ ypagHeHue 0717 peaamusucmckol Yyacmuybl ¢ Maccoli MOKoA L

(34ecb Mbl NepeLwwnu B eCTECTBEHHYIO CUCTEMY eanHuL, rae i =1):
2 2
uo=-4lgp—{U+u)p=0. (3.3.4)

370 - OCHOBHOE ypaBHeHWe KBAaHTOBOW Teopuu NossA v 6bl1o nonyyeH B nepsblit pas WpeanHrepom,
Jake npe)Kae, YeM OH BbiBe/ CBOE 3HAaMEHWTOe HepenATUBUCTCKoe ypasBHeHue (3.3.1). B
HacTosAllee BpeMsa OHO Ha3blBaeTcs ypasHeHuem KneliHa-MfopdoHa-Poka.

Mpobnembl c ypasHeHMem KnenHa-FTopaoHa-Poka

PelweHnem ypasHeHua KneiHa-lopaoHa ABAseTcs, B 4acTHOCTM, cBoboAHOE CKanapHoe nose
(3anmcaHHOe B ecTecTBEHHOW cucTeme eamHuL, rae h=1),

o(X,)=e™e™ (3.3.5)

OencreutensvHo, noactasnas (3.3.5) 8 (3.3.4), nonyyaem

1
m=(u’ + p°)?

Takum 06pasom, Mbl 4OMKHbI PACCMOTPETb PELUEHMUA € "oTpuLaTeNbHOM 3Heprmeit" Kak ogHo U3
dM3NYECKM BO3MONKHBIX. Mbl MOXEM MOAYMaTb, YTO YacTULLA C NOJOXKUTENIbHON SHeprnen HUKorga
He nonana O6bl B COCTOAHME C OTPULATE/IbHOM 3Heprvein (4To cnpasBedsiMBo AnA CBOOOAHOM
YyacTuubl). Tem He MeHee, B NPUCYTCTBUWN 3NEKTPOMArHUTHOTO NOAA PENATUBUCTCKME YacTuLbl C
3/IeKTPUYECKMM 3apAdoM (Hampumep, 3AEKTPOHblI) MOryT, BCAeACTBME B3aMmMOAEWCTBUA C 3/m
nosiem, NepenTn U3 COCTOAHMA NOJIOKMUTENbHON SHEPIUM B COCTOAHUE OTPULATENBHOM SHEeprunu. IT1a
BO3MOXHOCTb CyLLECTBOBAHWUA YacCTUL, C OTPULLATENIbHOW SHEPrUEl N COCTaBAAET KOHPAUKM mexdy
cneyuanbHol meopueli omHocUmMenbHOCMU U K8aHMoBoU MexaHuKoli”.

Bonpocbl U 3agaHuA K rnase 3.

= p%_—iFt
Ne 1. [lokasuTe, uto cBoBoAHOe ckanapHoe none @(X,f)=e™e™ (h = I) aBnaetca peweHnem

ypaBHeHuem KneiHa-lopaoHa-doka (3.3.4).

Y 370T KOHOAMKT 6bin paspeleH Monem [IMpaKkom, KOTOPbIN BbIBEN ypaBHEHWE AAf PENsTUBUCTCKOrO
3/1eKTPOHA. ITO YpaBHEHWE NPUBEJO K 3aMeHe 3/1eKTPOHOB C OTPULLATENbHOW SHEPTUElt Ha aHTU-3NEKTPOHBI C
NONOMKUTENbHOW 3HeprMeir U 0613aJatoWMNX 100K UMESbHLIM — 3apAAOM, MNOAYYMBLWIKMX  Ha3BaHUe
“nosumpoHsl”.
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4. KsaHTOBaHue noneu

4.1. BropyHoe KBaHTOBaHue

Mpobnembl c ypaBHeHuem KnelHa-FopgoHa-Poka (BO3MOXKHOCTb OTpULATENbHbIX 3HEPrui
YyacTul M OTpULATENIbHANA BEPOATHOCTb HAXOMKAEHWA YacTULLbl B HEKOTOPOWM 06,1aCTM) NOKasanu, 4to
3TO ypaBHEHME He MOMKEeT OMNUCbiBaTb peasibHble YacTUubl BelectBa (Hanpumep, 3/EKTPOHbI).
®OU3MKM NPeanoNoKMUAK, YTO OHO OMMUCLIBAET CKaNApPHbIE NOAA (TaKMe Kak nons Xurrca).

[na nocTpoeHWa maTemaTUMUYecKoro annapata KBAaHTOBOW Teopuu Nosas HeobXxogumo BBECTU
KeaHmMosaHue noseli. BCNOMHMM, YTO Knaccuyeckas mexaHuka HbtoToHa-J/larpaHxa-famMnabToHa B
KBAaHTOBOM MexXaHMKe NepexoauT B KBAaHTOBYIO MeXxaHUKy [elizeHbepra-LUpeanHrepa-Aunpaka nytem
KaHOHMYeCKOoro (nepsuyHO20) KBaHTOBaHMUA, KOTOPOE 3aKNOYaeTCA B

1) NpeBpaLLeHNN KAaHOHUYECKME KOOPAMHAT M UMIMYAbCOB B COOTBETCTBYIOLLME ONEPATOPLI
XyP,
2) HA/IOXKEHMM HA HUX KOMMYTALMOHHbIX (MepecTaHOBOYHbIX) COOTHOLWeEHMM (2.3.1):

[)’ek’;&l]:07[ﬁk1ﬁl]:O1[ﬁk'5€-l]:ih§kl

B KBaHTOBOW TeOpUM NONAA MPOBOAMTCA aHaNOrMyHaa npoueaypa, HasbiBaemMas 8MOPUYHbIM
KeaHmoeaHuemM (KBaHTOBaHWEM MOel, a He KOOPAMHAT U UMMNY/bCOB), NPU KOTOPOM:
1) onepatopi ¥ u P tepslor cratyc OnepaTtopoB M CHOBA CTaHOBATCA OBbIMHBIMM
KoopAMHaTaMu U UMMNYNbCaMK;

2) nons npuobpertatoT cratyc onepatopos: ¢ -9,

3) Ha onepaTtopbl nonem 4 N conpAXKeHHbIX C HUMU MMNY/IbCHbIX nonen 7 HaKN1a4blBakOTCA
KOMMYTaUMOHHbIE COOTHOLLEHUA.

B KBaHTOBOW TEOPWM MOAA, TAKKE KAaK M B KBAHTOBOM MEXAHWKE, CYLLECTBYIOT KBAHTOBbIE
COCTOSIHMSA, HO OHM ABAAIOTCA HE COCTOAHUAMM CUCTEMbI YacTul, (Hanpumep, aTOMa Kak CUCTEMbI
AOPO-3NEKTPOHDI), @ cocmoAaHUAMU rnonel. OnepaTtopbl MONEeA AEUCTBYIOT Ha 3TU COCTOAHWA,
YHUYMOXAA Unu poxoas yacmuybl. Takum o6pasom, B KBaHTOBOM TEOPUK NONS Hapywaemca 00uH
U3 OCHOBHbIX 1OCMY/AMO8 K8AHMOBOU MeXAHUKU: COXPAaHHOCTb YMCNA YacTUL, B U30AMPOBAHHOM
cucteme. dM3MYECKM KBaHTOBAHME NOAA O3Ha4yaeT NpeacTaBleHMe Nona Habopom omoesnbHbIxX
usnyqarowux ocyunnamopos. Mo3aTomy mMaTeMaTMYecKMidi annapaTt, OMMCbIBAOWMIA KBAHTOBYIO
CUCTEMY C U3MEHSAOLWMMCA YUCIOM HaCTUL, OCHOBAH HA 20PMOHUYECKOM OCYUs1IAMOope.

4.2. KBaHTOBbIN FAPMOHUYECKUIA OCLUNNATOP

PaccmoTpuM KaccMyeckuii ocLMAnaTop (4actuua macchl m Ha NPYXUHKe, Konebatowanca BA0/b
ocn — cMm. 3agaHme Ne 2 K rnase 1). YacTvua rapMoHMYecKn KonebaeTcAa € YacTOTOW @ OKOJ/o
MOJIOXKEHUA paBHOBeCUA (Ha4yanbHOM KoopauHaThl). MycTb ¢ — KOOpAMHATa NMOJIOMKEHUA YACTULLbI Ha
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N 2
ocu, p — eé umnynbc. Torga F = - kg = —M®"( - BO3BpaLialowan cuna. YpaBHEHUA ABUNKEHUS
BbIBOAATCA U3 GYHKLUMU [aMUAbTOHMaHa (NONHOM 3Heprum),

2

2
H=K+U :p—Jrki(p2 + mza)zqz)i (4.2.1).
2m 2 2m

KBaHTOBbIN OCLUMANATOPA — aHaNOr KAAaCCUYECKOro OCUMANATOpPa, HO Konebatowanaca yactmua
y)Ke He MoAUYMHAEeTCA 3aKoHam HbHOTOHOBOW MeXaHWMKW, HO KBaHToBOM. Onepatop FamunbToHa and
KBaHTOBOr0O OCLMNNATOPA NOyYaeTcs U3 Knaccuyeckoro NammabToHnaHa (4.2.1) nytem nposeaeHus
NepBUYHOro KBaHTOBaHMA, X — X, p —> p (cm. pasa,. 2.4):

~ 272
H:K+U:p_+m

4.2.2),
2m 2 ( )

npuyem é 7 f) CBA3aHbl KOMMYTaTOPHbIM COOTHOLWEHMEM (2.4.4),
[9. p]=in (4.2.3).

FamunbToHWaH TMNa (4.2.2) BCTpeyaeTca B 3a4a4aX O KBAHTOBbIX KoNebaHMAX — TEOPUU BTOPUYHOIO
KBAHTOBAHMA, UCMO/Ib3YIOLLENCA B KBAHTOBOW TEOPUM MOJIA, TEOPUM KPUCTANAMYECKMX KosiebaHui
(KBaHTOBOW TEOPUM TBEPAOrO TENA), TEOPUMU MHOTUX TEN, U T.A.

BblpaxkeHne onepaTtopa [@amMu/ibTOHa Yepe3 onepaTop YMcaa Yactuml,

Haligem  cobcTBeHHble  3HayeHWss M CoBCTBEHHble  BeKTopbl  onepaTtopa  (4.2.2),
~2
a=L 4
2m

212
ma) q o ~ ~
———— . lepeiigem K HOBbIM KoopauHaTam, () u P, cBA3aHHbIM CO CTapbiMu

cnegyrowMm obpasom:

=20, p=Smnab @24

maw

Torpa (4.2.2) npeobpasyeTtcs:

H=

~ 2 ~ ~ ~
P2 MO 5o =h—"’(P2 +0?),(4.25)
m 2mo 2

rfe 3pMWUTOBbI ONEPaTopbl (ABAAIOLMECA NO CYTU NPUBEAEHHbIMM KOOPAMHATON U umnyascom) O u

13 YAOBNETBOPAKOT KOMMYTAaTOPHOMY COOTHOLWUIEHUIO
[0.7]=i (4.26)

3To AOKasbiBaeTcA NyTem noacTaHoBkM (4.2.4) B (4.2.3).
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Mbl MoKem BbIbpaTb KOOpAMHATHOE NpeacTaBleHne U pewmnTb ypaBHeHue LpeamHrepa B aTom
npeacrasneHuMn. Ho nydywe npamoli metoa [JuMpaKka: NocTpouTb cobCTBEHHbIE BEKTOPbI H, aeicTeyn
Ha OAMH M3 HWUX COOTBETCTBYHOLLMMM oOnepaumamm (3To ecTb MeTon, MOCTPOEHUS BEKTOPHOro
NPOCTPaAHCTBA & ANHAMMUYECKUX COCTOAHUI CUCTEMBI).

BBEAEM 3pPMUTOBO-COMpPSKEHHble (CM. pasa. 2.3) onepamopel Gose 4,4 v onepamop wucaa

A

yacmuy, N :

o s 2

&zT(QHP), a' =7(Q—if>), (4.2.7)

N=d'a.(4.2.8)

MpuBegeHHbIE KOOPAMHATY U MMMYJIbC MOXKHO BbIPasuTb Yepes onepatopsbl bose:

- s A o
Q_}/\/E(“a)'l)_/\/i(a a).(4.2.9)

Tak KaK[Q,ﬁJ —;,TO

[Qﬁ] - QP-PO =é[(&* +a)(a" -a)- (@' -a)a' +a)|=iaa" -a'al=ia,a"l=i,  omyna
cnepyet, uTo

[a,a"]1=1(4.2.10).

Bbipasum H us (4.2.5) yepes a' u a nytem noactaHoBKwM (4.2.9):

[:[=h7a)(132+éz)=h7a){i—( —a)’+= (a+a ) } 2 ata+aa']. 4.2.11)

2

Bbipasum H yepes ' onepatop uucna vactuy, N . [Ona 3toro wucnonbsyem (4.2.10):

aa'—a'a=1—aa' =1+a'a= {&T& = ]Q} —1+N. Torpa us (4.2.11) cneayet

ﬁ:h—w(N+N+l) ha)(N+—) (4.2.12)

CobcTBEHHble 3HaYEHUA M cOBCTBEHHbIE COCTOAHMA (BEKTOPbLI) onepaTtopa M[aMunabToHa

[lomHOsKeHue 0bewnx yacTeit (4.2.10) Ha a paert
[6,4'1=1|d=d4'a-a'da=da= Na=aN-a= Na=a(N -1).

CnepoBaTtenbHO, oOMepaTop d ymeHblWdem YWCAO YacTul, Ha 1, nostomy OH HasblBaeTcs

onepamopomM yHuU4YmoxceHuUs (cmepmu). AHanNornM4yHo, AOMHoXKeHne obeunx yacten (4.2.10) Ha al
naet
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Na"=a"(N+1).

CnepoBaTenbHO, OMepatop @' yeeauyusaem YMCAO YacTUL, Ha 1, MOSTOMY OH HasblBaeTcs
0rnepamopom poxoeHus.

N N
3agaya Ha cobcTBeHHble 3HauyeHUA [amMuIbTOHMaHA HZE[aaT]+:N+ 9KBMBANIEHTHA

N |-

A

3aja4ye NoCTpoeHunA COBCTBEHHBbIX BEKTOPOB onepaTtopa N , K4eEMY Mbl U nepexognm.

Teopema 0 co6CTBEHHbIX 3HAYEHUAX M COOCTBEHHbIX BEKTOPAX onepaTopa N

Ecnn |V> cobcTBeHHbIM BekTop onepatopa N, a V- cooTsetcTBylouwiee CO6CTBEHHOE 3HAYeHUe
(N|v>:v|v> ), TO
1) v=>0;
2) ecmrv=0=> Ez‘ V> =0 (onepaTop yHunuTOXEHUA aaet 0)
B ocTtanbHbIX cnyyasx &|V> ectb #0 Bektop ¢ Hopmol v<v|v>, npuyem 310 COHCTBEHHbIN

BEKTOP onepaTopa N=a'a , npuHaaneskawmin cobcTBEHHOMY 3HaYeHuIo
v-1e &T&(&‘ v>) =y —1(&‘ V>)

3) BekTop d*‘v>¢0, ero Hopma <V‘ddT‘V>=(V+1)<V‘V>, npuyem 3TO COBCTBEHHbIA BEKTOP

N =a'a, npunagnexawmit coberseHHomy 3HaueHuo v +1

JoKa3atenbCcTso

Mo npeanonoKeHunio, N|v> = v|v> ,(Tak Kak V - cobCTBEHHblEe 3HaYeHus N ), (<v|v>)> 0.

Wcnonbaya N=a'a w [a,d']=1= <V|&T&|V> = <V|N|V> = <V|(V|V>) = V<V|V> =HopMa BeKTopa

~ ~ 2
a| V> CnepoBaTtenbHoO, a|v>‘ .

AHanormyHo,
<v|EzZzT|v> = <v|(]\7+1)|v> = <V|(](7|V +]4v>) = <v‘(v|v>+]4v>) = <v| (v +1)|v> =(v +1)<V|V> :
OaHako, HopMa BekTopa B MMabbepToBOoM npocTpaHcTee AM60 > 0, 6o = 0, Npuyem PaBeHCTBO

HY/l0 HOPMbl BeKTOpa — HeobxoAumoe M A0CTaTOYHOE YC/0BME PaBeHCTBA Hy/lo BekTopa. [ns

BbIMOJIHEHUA 3TOrO MOCTy/NaTa HeobxoAMMO M aocTaTouHo, utobbl v >0 (csoiictso (1)). Ycnosue

paBeHCTBa HY/0 BeKTopa &|V> - YaCTHbIA cayd4ai ypaBHeHMs <v|&T&|V>:V<V|V>. C apyroi

CTOPOHbI, BEKTOpPbI ClT|V> n a|V>p,EVICTBMTEI1bHO YAO0BNETBOPAKOT YPAaBHEHUAM Ha cobCcTBEHHbIE

3Ha4YeHuA. ,ﬂ,eVICTBMTEHbHO,

N(@|v) = Va = a(W - 1)) = a(8 -1)v) = a@V)v) —1v) = al]v) - 1)) = av —1)v) = (v - Dav) = alv) -
COOCTBEHHDIV BEKTOP OnepaTopa ZQT, COOTBETCTBYIOWMI cOBCTBEHHOMY 3HadeHuto (V —1) (T.k. u3

ycnosus |:| |> = <|||> => | - cobcTBEHHOE 3HaueHMe BeKTOpa |l> )b
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AHanoruyHo,
N@'|v) ={Na" =a'(V+1)f=a"(F+1)v) = a' W) +1v) = a" () + 1)) =" (v + 1)) = (v +1)a|v) = a'|v) -
&T|V> COBCTBEHHbIN BEKTOP onepaTopa ](f C COOTBETCTBYHOLMM COBCTBEHHBIM 3HaYeHnem (v +1).

A~

CnekTp u ba3ncHasa cmcrema cobcTeeHHbIX GYHKUMM onepaTtopa N

Ecnm cobetBeHHble 3HaueHua onepatopa N, Vv > 0(gokasaHo), To Teopema O COBCTBEHHbIX

3HAYeHUsAX U CcOBCTBEHHbIX BEKTOpPaAax N NMPpUMEHUMA U K BEKTOPY d‘v>, COOTBETCTBYHOWLEMY

cobcTBeHHOMY 3HadeHuio vV —1. [eicTBuTensHo, &‘V> - COBCTBEHHbIN BEKTOP C COBCTBEHHbLIM

sHayeHnmem vV —1 = T.k. cobctBeHHoe 3HaveHne >0 = v—-1>0= v >1.Echn v >1, 1o Teopema

PN A2
NpMMEeHMMa W K BeKTopam aa‘v>=a ‘v>, COOTBETCTBYIOWMM COBCTBEHHOMY & 3HAYeHMUI0

~ A2 ~
vV —2 = obpasyem nocnefosatesbHOCTb COBCTBEHHbIX BEKTOPOB a‘v>, a ‘V>, ., ap‘v>, v C
cobcTBeHHbIMU 3HaueHuamn V—1, v—2, .., v — p, .. - OHa KOHEYHa, T.K, COBCTBEHHbIE 3HAYEHUs

N orpaHuueHbl cHu3y Hynem. T.e., HauMHaa ¢ n+1, Bce BeKTOpbl NOCNeA0BaTENbHOCTU PaBHbI

HYJII0: INCTBME d Ha CODBCTBEHHbLIN (OTANYHbBIN OT HYANSA) BEKTOP d"‘v> C cOBCTBEHHbIM 3HaYEHNEM

(v—n) paer 0 = cornacHo yTBepsaeHuio (2) Teopembl, d‘v> - COBGCTBEHHbIN BEKTOP C

cobcTBeHHbIM 3HaveHnem vV —1. 310 3HAYUT, 4TO V =1

AHasIorMYHO, MPUMEHAN TeopemMy O COBCTBEHHbIX 3HAYEHUAX U cOBCTBEHHbIX BeKTopax N K BeKTopy

dT‘ V> (#0), cootsetcTBytOLULEEMY COBCTBEHHOMY 3HauYeHuo V +1, 3aTem K BeKkTOpy (dT)z‘ v> nT.4.,

~ ~ 2
noJiydyaem HeorpaHMYeHHYo NocAeL0BaTe/IbHOCTb OT/IMYHbIX OT HY/1 BEKTOPOB aT‘ v> , (aT) ‘V>, .

A

(&T)p‘v>, ..., ABNAIOWLYIOCA HAabOPOM COBCTBEHHbIX BEKTOPOB onepaTtopa /N, COOTBETCTBYIOLLMX

A

cobcTBeHHbIM 3HaveHuam vV +1, ., V+ p, .. = Cnektp cobcTBeHHbIX 3HayeHuit onepatopa N

o6pa303aH nocnenoBaTe/IbHOCTbIO Le/iblX HeoTpuuaTesibHbiX uucen, n. [locneposaTtesibHOCTb

COBCTBEHHbIX BEKTOPOB, Ka)KAbIl‘a N3 KOTOpPbIX COOTBETCTBYET OAHOMY W3 3HaAYeHNM CNeKTpa

MOJIYYaeTCA NOBTOPAIOLWMMCA AeCTBUEM onepaTopos Bose d u @'

1,....

cuctemy. eicTBUTENBHO, MOXKEM MOKa3aTb, 4To Ntoban GyHKUMA oT d U d

Ha OOUH N3 3TUX BEKTOPOB. 3710

MHOYECTBO BEKTOPOB, ‘O>, n>,..., obpasyeT MOAHYI0 (3aMKHYTYIO0) OPTOHOPMMPOBAHHYIO

", kommyTtupyrowas ¢ N,

asnaetca ¢yHrumert N => N obpasyeT noaHbili Habop Kommymupyrowux Habawdaemsix C
HeBbIPOHOEHHbIMU CcOBCMBEHHbIMU 3Ha4YeHuUAMU. [locnefoBaTeNbHOCTU OPTOHOPMUPOBAHHbIX

1.,

BEKTOPOB ‘0>, n>,..., COOTBETCTBYIOT CneaytolimMe cobcTBeHHble 3HavyeHus onepaTtopa N : 0, 1,

N,

COBCTBEHHbIE BEKTOPbI CBA3aHbI PEKYPPEHTHBIMMU COOTHOLLIEHWUAMM:
&T|n> =/n +1|n+1>,51|n> :\/;|n—1>, (n# 0),&|O> =0.

CobcTBEHHbIE BEKTOPbI MOY4aoTCsA U3 BEKTOpa |0> no ¢popmyne:
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- L@y = aT0)[2) =L (a")2[0) = |1y = a']1) =
)= @10} =[1)=4'10)]2) = (@)]0) = =-a"1) = &'}1) = v2[2)

CobcTBEeHHbIE BEKTOPbI Y/A0BAETBOPAIOT YPaBHEHNIO HA COBCTBEHHbIE 3HAYEHUA U HOPMMUPOBAHbI Ha

1 <—><n|n'>=5 = Ln=n

nn'

O,n-n'

3an1caB onepaTtop YMcna Yactul, B MaTpudHon popme B N-npeactasieHnn (No cobCTBEHHbIM
BEKTOpPaMm 3TOro oneparopa),

N =

o O O
o - O

0
01 (4.2.13)
2

Mbl  YBUOUM ¢M3VI‘-I€CKMVI CMbIcn cobCcTBEHHOrO BEKTOpa |I’l> onepatopa. 4ncna 4acrtuu: |I’l>

NOKa3blBa€T Yucsi0 4Yacmuy 8 daHHOM cocmosHuu. Ocobblit cmbICA “UMeeT BEKTOP |0>- 3TO

COCMOSIHUE C HY/EeB8bIM KOAUYECMBOM PEAsbHbIX Yacmuy (pusudeckuli 8akyym).

CobcTBeHHble 3HaYeHMa famMuibTOHMaHa KBaHTOBOIo OCLMANATOPA

®opmynbl (4.2.12) n (4.2.13) patoT FamnabTOHMAH Hs maTpuyHon dopme B N -NnpeacTaBieHUn:

X 0 0
2
~ 3
H=ho|0 E 0| (4.2.14)
0 0 >
2

dopma (4.2.14) nokasbiBaeT GpU3MUECKUIA CMbICA MaTpuubl H KBaHTOBOro ocUMANATOpa: aHepaus

1
cucmemsl ocuun1aAmMopos paccyumeoslieaemca KAk ha)(n+5), roe n — 4ncno 4actuy B COCTOAHUU

).

LA yero mbl Bce 370 BbIBO,CI,MIIVI? [naBHOe 34eCb — YACHUTb, YTO ¢M3M‘-IECKOQ none (Hanpmmep,
3ﬂeKTpOMaI'HMTHoe) MOXKeT bbITb npeancraBneHo B suge Ha6opa KBAHTOBbIX OCLMNNATOPOB. [1pun
3TOM ¢OpMaﬂM3M onepatopoB bo3e maTemaTUUYeCKM N eCTb CyTb BMOPUYHO20 K8BAHMOBAHUA.

Bonpocbl u 3apgaHusA K rnase 4.
Ne 1. [lokaxkuTe, 4to [Qj)} —;.NoacKkaska: noacrasbTe (4.2.4) B (4.2.3).
Ne 2. MpeAnonoXKum, 4TO Mbl KBAHTYEM 3N1E€KTPOMArHUTHoe nosie. KBaHT 3NeKTPOMarHMTHOro nons

Ha3blBaAETCA ¢OTOH. CKonbKoO d)OTOHOB MOXET HaxoautbCA B OO4HOM MUKPOCOCTOAHUU nona?
Nopackaska: KaKoM CTaTUCTUKe NOAYUNHAKOTCA d)OTOHbI?
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